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Abstract. Some recurrence relations among moments of order statistics 
from two related sets of variables are quite well-known in the i.i.d, case 
and are due to Govindarajulu (1963a, Technometrics, 5, 514-518 and 
1966, J. Amer. Statist. Assoc., 61, 248-258). In this paper, we generalize 
these results to the case when the order statistics arise from two related 
sets of independent and non-identically distributed random variables. 
These relations can be employed to simplify the evaluation of the 
moments of order statistics in an outlier model for symmetrically distri- 
buted random variables. 
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1. Introduction 

Let Xt: ,  < )(2:, < ... < X,:~ denote  the order  statistics ob ta ined  f rom n 
independen t  absolute ly  con t inuous  r a n d o m  variables  Xi (i = 1, 2,. . . ,  n), with 
Xi having pd f f i (x )  and cdf  Fdx). Then,  Vaughan  and Venables  (1972) have 
shown that  the densi ty funct ion  of  Xr:, (1 _< r _< n) can be wri t ten as 

(1 .1 )  hr:n(X) = 
( r -  1)!(n - r)! 

+ FI(X) F2(x) "'" F,,(x) [ + r -  1 rows 

I x f l  (x) f2 (x) "" f i  (x) 

1 - F I ( x )  1 - F 2 ( x )  --" 1 - F . ( x )  n - r r o w s  

where  +[A[ + deno tes  the pe rmanen t  of  a square  mat r ix  A; the pe rmanen t  is 
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defined just  like the determinant,  except that all signs in the expansion are 
positive. Let us now denote the single moments  of order statistics by #~:k2, 
1 < r < n, where 

(1.2) f SooXkhr:n /A:k2 : E ( X L ) :  ( x ) d x .  

Vaughan and Venables (1972) have similarly shown that the joint  
density function of Xr:, and As:, (1 _ r < s _< n) can be written as 

(1.3) hr, s:n(X,y)  = 

+ 

× 

( r -  l ) ! ( s -  r -  1 ) ! ( n  - s ) !  

F1 (x)  F2 (x)  "'" Fn (x)  

A ( x )  f (x) "" in(X) 

F ~ ( y )  - F , ( x )  F 2 ( y ) -  F2(x )  . . .  F n ( y ) -  Fn (x )  

f l ( y )  f 2 ( y )  "" f , , ( y )  

1 - F , ( y )  1 - F2(y )  . . .  1 - F , , (y )  

+ r -  1 rows 

s - r - l r o w s .  

n - s rows 

Let us denote the product moments of order statistics by Pr, ~:~, 1 ----- r < S ___ n, 
where 

(1.4) tZr,~:,, = f f  xyh,,,~:,7 (x ,  y ) d y d x  . 
~<x<y<~ 

Let us now assume that the density functions f ( x )  are all symmetric 
about  0. Then for x > 0, let 

(1.5) Gi(x) : 2F (x) - I, gi(x) = 2 f , ( x ) .  

That is, the density functions gi(x), i = 1,2,.. . ,  n, are obtained by folding 
the density functions f ( x )  at zero. Now, let Yt:n < Y2:n-< "" -< Yn:n denote 
the order statistics obtained from n independent, absolutely continuous 
random variables Yi ( i - -  l ,  2 , . . . ,  n) ,  with Y/having pdf  g i ( x )  and cdf Gi(x) .  
Let us denote • (k)v ...... i,] ~,rti, . . . . .  i , ]  " ' v,:n-i for the k-th single moment  of l,:n-t and Vrt'?~:~,:'] 1 for 
the product  moment  of Yti~"i'/'l and y t~.:),/,l, where y~i].:.;i,l denotes the r-th 
order statistic in a sample of size n - l obtained by dropping Yi,, Y,~,..., Yi, 
from the original set of n variables Y~, Yz,..., Y~. 

For  the i.i.d, case, that  is, FI = F2 . . . . .  Fn = F, Govindara ju lu  
(1963a) has derived some relationships among these two sets of moments  of 
order statistics. He (1966) also employed these relations successfully to 
compute the moments of order statistics from a double exponential dis- 
tribution. These results have been recently generalized by Balakrishnan 
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(1988a) to the case when the order statistics arise from a sample containing 
a single outlier. Furthermore,  Balakrishnan and Ambagaspitiya (1988) 
have made use of these relations in studying the robustness properties of 
various estimators of the location and scale parameters of the double 
exponential distribution in the presence of a single outlier. Interested 
readers may refer to the recent monograph by Arnold and Balakrishnan 
(1989) which presents a compendium of these and many other relations. 

In this paper, we generalize all these results to the case when the order 
statistics arise from two related sets of independent and non-identically 
distributed random variables. These results are established by using some 
propert ies  of permanents .  Similar work  has been done recently by 
Balakrishnan (1988b) while generalizing the results of Govindarajulu 
(1963b), David (1981), Balakrishnan (1986) and Balakrishnan and Malik 
(1986) to the case when the order statistics arise from n independent and 
non-identically distributed random variables. 

2. Recurrence relations 

In this section, we derive some relations which express the moments 
p~k2 (I _< r ___ n) and p~.s:, (1 _< r < s < n) in terms of the moments v~:~ and 
Vr, s:n. 

Re la t ion  A. F o r l _ < r _ < n a n d k = l , 2 , . . . ,  

r - I  
(2.1) . tk) 2-" v(k)ti ...... i,J ~r:n = ~ ~ r-l:n-l 

l =0 I%i~<.-.<iz<_n 

v(k)[i ...... i~ tl } 
-~- ( - -  1 )  k l ~ ~.d l-r+l:l • =r l<-fi<...<i.-t<-n 

PROOF. From equations (1.2) and (1.5), we have 

(2.2) /~[~) = 
2 

- .  

( r -  1)!(n - r)! 

{s: k s: × x I,-  I, , - , ( x ) d x  + ( - 1) k xkL-r,  ~- 1 ( x ) d x  I '  

where 

I . - , . . - , (x )  = 

+ 1 + GI(X) 1 + G2(x) 

g (x) g2(x) 

1 -  GI(x)  1 -  G2(x) 

• . .  1 + G . ( x )  

• . .  g . ( x )  

• . .  1 - a . ( x )  

+ r -  1 rows 

F/ -- r rOWS 
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and a similar  express ion  for  L- , , , - , ( x ) .  By using the C a u c h y  expans ion  of  
pe rmanen t s  (Ai tken (1944), p. 74), we have 

+ 1 + Gz(X) 1 + G3(x) "'" I + G,(x)  + r -  2 rows 

g2(x) g3(x) ... gn(X) 

I - G z ( x )  1 - G 3 ( x )  "'" 1 - G , ( x )  n - t r o w s  

+ 

+ Gl(x)  

1 + Gl(x)  

g l ( X )  

1 - GI(x) 

l + G 2 ( x )  ... l + G , ( x )  

1 + G2(x) ... l + G ~ ( x )  

g 2 ( x )  - . .  g.(x) 

1-G2(x) "" 1-G.(x) 

+ 

r - 2 rows 

n - r rows 

By repeated appl icat ion,  we get 

I r - l , n - r ( X )  ~ jl[i,] z \ = O,r-2,  n - r t X  ) + J l ,  r -2 ,  n - r ( X )  , 
fi=l 

where  J0, r-~,n-r(X) is the p e r m a n e n t  ob ta ined  f r o m  L-l,, ,-r(X) by d r o p p i n g  

the first row and il-th co lumn,  and Jl,r-2.,-r(X) is the p e r m a n e n t  ob ta ined  
f r o m  L-l,n-r(X) by replacing the first row by G~(x), Gz(x) , . . . ,  G,(x) .  Pro-  
ceeding in a similar way,  we ob ta in  

r-I [ r - l l  v . V  ~ . , , ] . ~  . . . .  

= - -  1 ]  /-, dl, Oi n'-'r I ,X) L- l , . - , ( x )  = t ~ o ( r -  1 l)t l I<i,<"'<L,t<-n 

where 

j l [ i  ...... i, ~ ~]¢X~ , O , n - r  ~ ) 

+ G1 (x) G2(x) "" G,(x)  + l rows 

g l (x)  gz(x) ".. gn(X) 

1 - G I ( X )  1 - G z ( x )  "'" 1 - G , ( x )  n - r r o w s  

with co lumns  (il, i2,... ,  ir t-l) having been d ropped .  By realizing that  

f°° ,kt[ i ,  . . i , ,  ,], , ,  ,. (k)[i~ ... i,, ,] 
= - -  r ) !Y l+l :n ' - r '+ l+l  JO .x~ all, 0 n r ~ x ) a x  l ! ( n  

and 

fo'~XkJr I ,o, ,-r(x)dx = (r - l ) l (n  - r ) ! v~  , 
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we immedia te ly  obta in  tha t  

1 fook r-l 
x I r - l , n - r ( x ) d x - -  Z Z ~k)ti ...... i,] Jo l ) r - l :n- I  • 

( r -  1)!(n - r)! t=o l<_/,<...<i,_<n 

Proceeding exactly on the same lines, we also obta in  that  

1 f °k 
X l n - r , r - l ( x ) d x  ~ Z . (k)[i ...... ,.-,] = Iq-r+l: l  • 

(r - 1)!(n - r)] l=r l<_/t<...</~ t<-n 

M a k i n g  use of these expressions on the R H S  of  (2.2), we derive the 

required relation. 

R e m a r k  1. If  we set F~ = F2 . . . . .  F~ -- F and f~ = f2 . . . . .  f ,  = f ,  
Rela t ion  A then  reduces to 

a relat ion that  has been derived by Govindara ju lu  (1963a). 

R e m a r k  2. I f  we set F I = F 2  . . . . .  F ~ - I = F  a n d f l = f 2  . . . . .  
f , -~ = f ( t h a t  is, a single outlier model) ,  Rela t ion  A then reduces to 

/~}k) = 2-n r~l n 1 v~_kt:n_ l + ( _ 1) k t:~r l - -  1 
l=0 l 

+ ~ ,Ik) vr-t:,-z + ( - 1) k n 
t=l l - 1  l 

a re la t ion tha t  has been established recently by Balakr ishnan (1988a) and 
has been used by Balakr i shnan  and Ambagasp i t iya  (1988) in s tudying  the 
robustness  propert ies  of  var ious est imators  of  the locat ion and scale 
parameters  of  the double  exponent ia l  d is t r ibut ion  in the presence of  a 
single scale-outlier;  here, v *tk) denotes  the k-th m o m e n t  in the non-out l ie r  
case. 

In the following,  we present  a relat ion which expresses the moments  
/-&s:~ (1 _< r < s < n) in terms of  the moments  Vr:n and vr, s:,. 

R e l a t i o n  B. For  l <_ r < s <_ n,  
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r - I  

(2.3) ¢tr,,:, 2 "  Y. Y, [' ...... "J ~ -  l ) r - l ,  s - I : n - I  
/ = 0  l ~ i l < . . . < i l s n  

+ ~ Z Vl~};'iiT']-r+l:l 
I=S  l_<i1<--.<i,, l<n 

~ ,  ~ ,  [i ...... it] , , I i  ........ i,] 
- -  l~ s - l : n - I  V l - r + l : l  . 

I = r  l ~ i l < . - - < h ~ - n  

The above re la t ion may  be proved by fol lowing exact ly  the same lines 
as in the p roof  of  Relat ion A. 

R e mark  3. If  we set F1 = F2 . . . . .  F,  = F and )q =f2  . . . . .  fn = f ,  
then Rela t ion  B reduces to the corresponding result for  the p roduc t  
moments  that  has been derived by Govindara ju lu  (1963a). 

R e m a r k  4. I f  we set F 1 = F z  . . . . .  F , - I = F  and  f l = f 2  . . . . .  
f,-~ = f  ( that  is, a single outl ier  model) ,  then  Rela t ion  B reduces to the 
cor responding  result for  the p roduc t  momen t s  tha t  has been established 
recently by Balakrishnan (1988a), and has also been applied by Balakr ishnan 
and Ambagasp i t iya  (1988) in robustness studies. 
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