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Abstract. Some recurrence relations among moments of order statistics
from two related sets of variables are quite well-known in the i.i.d. case
and are due to Govindarajulu (1963a, Technometrics, 5, 514-518 and
1966, J. Amer. Statist. Assoc., 61, 248-258). In this paper, we generalize
these results to the case when the order statistics arise from two related
sets of independent and non-identically distributed random variables.
These relations can be employed to simplify the evaluation of the
moments of order statistics in an outlier model for symmetrically distri-
buted random variables.
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1. Introduction

Let Xi:n < X2:n < -+ < X:n denote the order statistics obtained from n
independent absolutely continuous random variables X; (i = 1,2,..., n), with
X: having pdf fi(x) and cdf Fi(x). Then, Vaughan and Venables (1972) have
shown that the density function of X,.. (1 <r < n) can be written as

(1) hn() = m
Y Fi(x) Fi(x) - Fux) |"r—1rows
X Si(x) f(x) e fal() ,
Il-Fi(x) 1-F(x) -+ 1—-F,(x)| n—rrows

where “| A|" denotes the permanent of a square matrix A4; the permanent is
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defined just like the determinant, except that all signs in the expansion are

positive. Let us now denote the single moments of order statistics by 2%,
1 <r<n, where

(1.2) 1 = Bk = [ hea(x)d

Vaughan and Venables (1972) have similarly shown that the joint
density function of X;., and X;.» (1 < r < s < n) can be written as

I hrenle )= 6 rl— i(n - s)!
’ Fi(x) Fa(x) F,(x) “r—1 rows
Si(x) S2(x) g Ja(x)
x | Fi(0)— Fi(x) Foy)— F2(x) - Fu(p)— Fu(x) | s—r— 1 r1ows.
Si(y) £ () Jn(y)
1 - Fi(y) I - F(y) 1 - F.(p) n—S rows

Let us denote the product moments of order statistics by g, 50, | S r<s<n,
where

(1.4) Ur.sin = ff xyhy. sn(x, y)dydx .

- o X y<oo

Let us now assume that the density functions fi(x) are all symmetric
about 0. Then for x > 0, let

(1.5) Gi(x)=2F(x)— 1, gilx) =2fi(x).

That is, the density functions gi(x), i = 1,2,...,n, are obtained by folding
the density functions fi(x) at zero. Now, let Yi., < Y5, < -« < Y,., denote
the order statistics obtained from » independent, absolutely continuous
random variables Y; (i = 1, 2,..., n), with Y; having pdf g:(x) and cdf Gi(x).
Let us denote vt " for the k th single moment of Y,[',L """ I and vt for
the product moment of Y1y 7™ and Y&:7", where Yy "] denotes the r-th
order statistic in a sample of size n — / obtained by droppmg Yi, Yi,..., ¥i
from the original set of »n variables Y1, Y>,..., Y,

For the i.i.d. case, that is, Fi = F» = --- = F, = F, Govindarajulu
(1963a) has derived some relationships among these two sets of moments of
order statistics. He (1966) also employed these relations successfully to
compute the moments of order statistics from a double exponential dis-
tribution. These results have been recently generalized by Balakrishnan



RELATIONS AMONG TWO SETS OF ORDER STATISTICS 325

(19884) to the case when the order statistics arise from a sample containing
a single outlier. Furthermore, Balakrishnan and Ambagaspitiya (1988)
have made use of these relations in studying the robustness properties of
various estimators of the location and scale parameters of the double
exponential distribution in the presence of a single outlier. Interested
readers may refer to the recent monograph by Arnold and Balakrishnan
(1989) which presents a compendium of these and many other relations.

In this paper, we generalize all these results to the case when the order
statistics arise from two related sets of independent and non-identically
distributed random variables. These results are established by using some
properties of permanents. Similar work has been done recently by
Balakrishnan (19884) while generalizing the results of Govindarajulu
(1963b), David (1981), Balakrishnan (1986) and Balakrishnan and Malik
(1986) to the case when the order statistics arise from » independent and
non-identically distributed random variables.

2. Recurrence relations

In this section, we derive some relations which express the moments
i (1<r<n)and g, s» (1 <r<s<n)in terms of the moments v and

vl‘, sn-

Relation A. Forl<r<nandk=12,...,

r=1

@2.D pf=2m"1'% Yy Klaei)

1=0 1=ihi<-<hsn

=r 1Sh< o <ip-1=n

n : .
+H(-DFE X v } :

PROOF. From equations (1.2) and (1.5), we have

2‘"
2.2 W —=
@2 = T !
* k k(™ &
x{ J b ydx + (= D x I,,-,,,-l(x)dx},
where
114+ Gi(x) 14 Gox) =+ 14 Gu(x) |'r—1r10WS
Ly n-r(x) = gi1(x) g(x) - gn(x) ,

[-Gi(x) 1-Gix) -+ 1—Gu(x) | n—rrows
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and a similar expression for I,-,,-1(x). By using the Cauchy expansion of
permanents (Aitken (1944), p. 74), we have

T 1+ Gux) 14+ Gs(x) - 1+ Gu(x) |"r—2rows
L1.n-1(x) = g2(x) gx) - g(x)
1 =Gix) 1-Gs(x) -+ 1—Gu(x) | n—rrows
OGix) 1+ Gx) - 1+ Ga(®) |
L+ Gi(x) 1+ Gx) -+ 14 Gu(x) | r—2rows
e em 8@ '
I-Gi(x) 1-GxAx) -~ 1—=Gu(x) | n—rrows

By repeated application, we get
Loin-r(x) = 0[“3 2.0-r(X) + J1r-2.0-1(X)

where J§!7-5 »-,(x) is the permanent obtained from /-1, .-,(x) by dropping
the first row and i;-th column, and Ji,,-2.»-,(x) is the permanent obtained
from 7,-1..--(x) by replacing the first row by G(x), G2(x),..., Gn(x). Pro-
ceeding in a similar way, we obtain

Lotnr(x) = 2 (r— 1 - 1)t ( r-1 ) i x)

lsi<-<ip-1-1<n

where
Gi(x) G:(x) -+ Gu(x) |"Irtows
e = g g2x) v gl ,
1-Gi(x) 1-Gax) -+ 1—-Gu(x) | n—rrows

with columns (i1, i,..., - 1-1) having been dropped. By realizing that
f F I ) dx = N n — AP
and

ST o x)dx = (r — DI~ )V,
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we immediately obtain that

—l

f X Ir l.n- r(x)dx = 2 v’(k}[;:._...,i,] '

1 0 Isii<--<i;=n

__1___
r—NDHn-

Proceeding exactly on the same lines, we also obtain that

__1____
(r—D(n-

f x In rr— 1(x)dx— Z vl(k)r[-:-‘ l‘

l=r Isii<<ip-i=n

Making use of these expressions on the RHS of (2.2), we derive the
required relation.

Remark 1. If we set Fi=F=--=F,=Fand fi=fa=--=f=f,
Relation A then reduces to

r—1 n
,Ur(:kn):Z’"{Igo(rll)vr(lf)lzn—l‘*'(' 1) Igr( )V] r+ll}

a relation that has been derived by Govindarajulu (1963a).

Remark 2. If we set Fi=F,=--=F,.1=F and fi=f,=
fa-1=f (that is, a single outlier model), Relation A then reduces to

r=1 — n —
rn—2¢ [2 (nll) (k)lnl’*‘("l) l;(’;_l)vl(—krjﬂ:l

=0 1
'S em A R R
+l§1(l—l) “im-1+(— 1) Izr ] )vlr+11

a relation that has been established recently by Balakrishnan (19884) and
has been used by Balakrishnan and Ambagaspitiya (1988) in studying the
robustness properties of various estimators of the location and scale
parameters of the double exponential distribution in the presence of a
single scale-outlier; here, v*® denotes the k-th moment in the non-outlier
case.

In the following, we present a relation which expresses the moments
Ur.s:n (1 £ r<s<n)in terms of the moments v.., and v, ..

Relation B. Forl<r<s<n,
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1
(23) ,ursn_‘2 2 2 V£Il.sl]ln !

1=0 l<sii<---<i)<n

n
+X Z Vzl's'i'i"z’]mI

s-1
D D IR L R et
I=r lsii<--<ij=n

The above relation may be proved by following exactly the same lines
as in the proof of Relation A.

Remark 3. If weset Fi=F,=--=F,=Fand fi=f,=-=f,=/,
then Relation B reduces to the corresponding result for the product
moments that has been derived by Govindarajulu (1963a).

Remark 4. 1If we set Fi=F,=-=F,.1=F and fi=fi=- =
fr-1=/f (that is, a single outlier model), then Relation B reduces to the
corresponding result for the product moments that has been established
recently by Balakrishnan (19884), and has also been applied by Balakrishnan
and Ambagaspitiya (1988) in robustness studies.
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