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Abstract. Expressions for the entries of the information matrix and
skewness tensor of a general multivariate elliptic distribution are obtained.
From these the coefficients of the a-connections are derived. A general
expression for the asymptotic efficiency of the sample mean, when
appropriate as an estimator of the location parameter, is obtained. The
results are illustrated by examples from the multivariate normal, Cauchy
and Student’s s-distributions.
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1. Introduction

In recent work on multivariate analysis there has been some emphasis
on the class of elliptic distributions as a source of alternative models to the
normal. Chmielewski (1981) provides a review and bibliography of specific
results and areas of application.

Most of the statistical work reviewed involves testing problems, although
Maronna (1976) has studied the robust estimation of the location and scale
parameters. Maximum likelihood estimation arises mainly in the context of
likelihood ratio tests. Some work on finding maximum likelihood estimates
is described by Maronna (1976) and Hsu (1985). It would appear that no
work has been done on finding general simple expressions for the entries of
the information matrix. Its inverse is the asymptotic variance-covariance
matrix of the maximum likelihood estimators under suitable regularity
conditions and is relevant in determining asymptotic efficiencies of esti-
mators of parameters.

The entries of the information matrix also play an important role in
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the differential geometry approach to statistical inference, since they define
a covariant, symmetric tensor of the second degree. Together with the
skewness tensor, they define the a-connections basic to the general approach
of Amari (1985) and are fundamental to the study of higher asymptotic
properties of estimators, tests and confidence intervals for exponential
models. Some results for elliptic distributions in special cases have been
given by Mitchell and Krzanowski (1985) and Mitchell (1987, 1988).

It is the purpose of this paper to derive simple, general expressions for
the entries of the information matrix and the skewness tensor of a general
multivariate elliptic distribution. From these, expressions for the coeffi-
cients of the a-connections will be deduced. This provides a basis for future
studies of the a-geometry of the class of multivariate elliptic distributions,
whose members are not exclusively exponential models, and for the
resolution of related statistical inference problems. The results for the
information matrix are used to find a general expression for the asymptotic
efficiency of the sample mean as an estimator of the location parameter,
when the location parameter is the mean. The results will be illustrated by
some particular well-known multivariate elliptic distributions. We began
with some simplifying probability results.

2. Some simple probability results for elliptic distributions

A p-dimensional random variable X is said to have an elliptic distri-
bution with parameters u' = (.. pp) and ¥, a px p positive-definite
matrix, if its density is of the form

2.1) Su(xlp, ) = (det ¥) hi(x — )" (x — )}

for some function A. We say that X has an EL}(u, ¥) distribution. Its
characteristic function is

gn(t) = exp (it wyyi(t" 1)
for some function ;. Provided they exist,
E(X)=pu and cov(X)=k¥,

where k; 1s a constant given by
d
kp=-2 [ E wi(u) ]u=0 .

The class of elliptic distributions includes the normal, Student’s ¢,
Cauchy, or, more generally, the Pearson VII, and the generalized Laplace
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or Bessel distributions. For a Ny(u, ) distribution, for example,

h(u)=(2n)_"/zexp(—%u), =0,

1
Wh(u)=€Xp(—7u), kn=1.

Properties of elliptic distributions have been studied by Lord (1954)
and Kelker (1970) and are summarized by Muirhead ((1982), pp. 32-40). In
particular, any ELL’(,u, ¥) random variable X can be reduced to an
EL}(0, 1) random variable Z by the transformation

2.2) Z=P'(X-uw,

where [ is the p x p identity matrix and P is a non-singular p X p matrix
such that

(2.3) Pylp=1p.

Such a random variable Z is said to have a spherical distribution. If
Z"'=(21,Z,...,Zy), the Z: have identical univariate spherical distributions,
but are not independent unless Z is normal. Any odd function of the Z; will
have zero expectation, provided the expectation exists.

When Z" = (Z\, Z»,..., Zy) is an ELL(0, ) random variable, it is well-
known that

1ZIl =(Z'2)"* and V=2/||Z|

are independent, ¥ having a uniform distribution on a unit sphere.
Moreover, if V' = (V1, Vs,..., V,), it is clear that, for any positive integers r,
s and ¢, E(Vi), E(ViVi) and E(VIViV) (i#f;, j#k, i#k; i, j, k=1,
2,...,p) can be found assuming Z to be N,(0,7). Using this and the
independence of || Z|| and V, it is easy to show that

(r—1)(r—3)-1
24 EWH={pp+2)-(p+r-2)

0 otherwise,

r even,

(2.5) EWViV))

r—Dr-3)-1s-DE—-3)--1
= pp+2)--(p+r+s-2)

0 otherwise,

r, s both even,
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and

(2.6) E(ViViVi)

(r—D(r=3)--Us—I)0s—3)--- 1t =1} (t--3)--- 1
pp+2) - (ptr+s+t-12)

r,s, t all even,

0 otherwise.

The results obviously do not depend on i, j and k. The proof follows that
of Anderson and Stephens (1972) for the cases (2.4) with r =4, and (2.5)
withr=2,s=2andr=3,5s=1.

In deriving expressions for the entries of the information matrix of an
EL"(u, ) distribution and, indeed, in more advanced differential geometric
descriptions of such distributions, we come face to face with the random
variable

~ dlog (IZIIY)
W="a01ziP

In particular, moments of the following type are often encountered, viz.,
E(ZIWY, EZIZZW'Y and E(ZIZSZiW'),
for positive integers r, s, tand /and i, j, k= 1,2,...,p; i #j,j#* k and i # k.

Using the same type of argument as for (2.4), (2.5) and (2.6), these can be
written in terms of (2.4), (2.5) and (2.6) as

@7 E(ZiW') = EWDE(IZII W),

(2.8) E(ZIZ;W") = EVIVHE Z| W)

and

29) E(ZZZiW") = EVIVVDE(|ZI™ W)

In evaluating the non-zero moments for which r, s and ¢ are all even, it
can be useful to work with the distribution of S = || Z||°, whose density
function is well-known and given by

725" p(s)
fs)={ T(5p)

0 otherwise.

s>0,
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Moments of the type E(S? wh = E(1Z||*W", for positive integer g, can
be found very easily in special cases like the normal, Cauchy, Student’s ¢
and Pearson VII. For example, in the normal case,

(- 1)’2‘1"r(q+—;— )
r(3e)

and, in the case of Student’s ¢ on k d.f. (k=1 giving Cauchy) provided
21-2q+ k>0,

(2.10) E{|Z)* W'} =

(.11) E{||Z|*w"
N {1 | ) ( 1 1.
=( 1)(k+p)1"(—2k+-—2p B ——2p+q,l+—~2k q

- 1 \
Iy l-q 2 1
2k F(zp)l"(zk)

It is also interesting to note that, whatever the member of the elliptic class
under consideration,

(2.12) E(ZII’W)=(-p)/2.

Moreover, from (2.7), (2.8), (2.4) and (2.5), it is easy to see that, for
even r, s and ¢,

(r+s—D(r+s—3)---1

r+syrsly
2.13) E(Zi"W)= r—Dr—-3) - I(s=—1(s-3)--1

EZIZZwWh

and, similarly, using (2.9) and (2.6) also,

(2.14) E(Z7*"w)

B (r+s+t—D(r+s+t-3)-1
=D =3 Is—D(s=3) - 1t — 1)z~ 3) - 1

- E(ZIZZZiWYY .

There are many identities of the above type, but those in (2.13) and
(2.14) are useful in deriving simple expressions for the expectations of
(ZTAZ)W', (ZTAZ)XZ"BZ)W' and (ZTAZ)Z"BZ)(Z'CZ)W', where A, B
and C are symmetric matrices with constant entries a;;, b; and c;;, respec-
tively, (i, j=1, 2,...,p). These expectations arise naturally in the future
development. Before deriving them we introduce the following notation,
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P

d(A, B) = ;1 a,~,~b,~,~

and

P

d(A, B, C)= :21 aibiicii .
From (2.4), (2.5), (2.7) and (2.8), we obtain at once
|

(2.15) E(ZTAZW" = tr (A)E(Z:W") = > tr (A)E(I ZII* W)

and, from first principles,

E{(Z"AZ)ZTBZ)W'} = d(A, BAE(Z'W") - 3E(Z3Z}W")}
+{2tr (AB) +tr (A) tr (B E(ZiZiW'),

which, using (2.13), (2.8) and (2.5), gives
(2.16) E{ZTAZYZ"BZ)W"}
={2tr (AB) + tr (A) tr (B)}E(Z3Z3W")

= i) 2B i () w (BRENZI'W).

Again from first principles, using (2.7) and (2.8), we get

E{(ZTAZY(Z"BZY(ZTCZ)W"h
=d(A, B, OE(ZW") — I5SE(Z3ZIW") + 30E(Z3Z3Ziw'")}
+ {tr (A)d(B, C) + tr (B)d(A, C) + tr (C)d(A, B)
+4d(AB, C) + 4d(BC, A) + 4d(AC, B)}
AEZ2Z¢Wh - 3E(Z}Z2Ziw))
+ {tr (A) tr (B) tr (C) + 2 tr (4) tr (BC) + 2 tr (B) tr (AC)
+21tr (C) tr (AB) + 8 tr (ABC)ZE(Z3ZIZiw'"y,

which, by (2.13), (2.14), (2.9) and (2.6), simplifies to
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(2.17) E{ZTAz)Z"BZ)Z"CcZ)w"
= {tr (A) tr (B) tr (C) + 2 tr (4) tr (BC)
+2tr (B)tr(AC)+2tr (C) tr (AB)
+8tr (ABC)}E(ZIZIZiW)
1
T p(p+D(p+Y

{tr (A) tr (B) tr (C) + 2 tr (4) tr (BC)

+2tr (B)tr (AC)+2tr (C) tr (AB)
+8tr (ABCBE(| Z|I°WY) .

In the refereeing process attention has been drawn to alternative
derivations using cumulants, see e.g., McCullagh (1987), and zonal poly-
nomials and invariant polynomials, see James (1964) and Davis (1979,
1981). Except possibly in the case of (2.17), both would seem to use heavier
and less immediately accessible machinery than is really warranted. More-
over, they do not reveal identities of the type (2.13) and (2.14) which are
useful in more applied contexts.

3. Entries of the information matrix

In determining the entries of the information matrix of X, an EL:(u, ¥)
random variable, we shall always use Z to mean the ELz(O,I ) random
variable defined by (2.2) and (2.3). We shall assume that all expectations
encountered exist.

From (2.1), log fu(x|u, ¥) is given by

log fr = — —;— log (det V) + log A(u) ,

where u = (x — )% 7' (x — ).
On differentiating with respect to u;

d log fx dlog h(u) Tore—1
. R N ;
(3.1 A T {x—w)'¥ e}
dlog h(“2||2) T pTyy-1
=—0—=———2=ASpy [
d(lizl|?) { }
=- 2wz’ P"¥ 7,

where e; 1s the p X 1 vector with 1 in the i-th entry and zeros elsewhere
@@=1,2,...,p). It follows at once, using (2.15), that, for i, j=1, 2,..., p,
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dlogfi dlogfi

3.2 E
G2 dp I,

) =4E{(Z"PT¥ e Z"PTY e ) W)

=4E{(Z"P"V et PZ)W?)

%tr (PT¥ e PYE(| Z)* W)
A E(|ZIP W)t e,
p J

= 4a,c” s

where ¢” denotes the (i, j)-th entry of %" and
1
(3.3) ah:;E(”Z”ZWZ)-

To find E{(d log fi/ du)(3 log fu/dow)} for 1=k, i, k, I=1, 2,...,p,
where ow denotes the (k, /)-th entry of ¥, we use the following results due
to Dwyer (1967) on matrix derivatives for the symmetric matrix ¥, viz.,

— log (det )= 9!

asv
and
9 Tys-1 -1 Tyr-!
(3.4 g G - ==V - px- )Y
Applying these, we get
dlo 1 ., dlogh(u _ _
0.5 Dol gty LOBM gy e
| S dlogh(]]z})z) ~lp. TpTas-1
=—— @l —= = (_ylpTpTy
2 izl ¢ )
=—; T wlp P

which, combined with (3.1), gives
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dlogfi dlogfa

_ TpTy-1, g
oy |- EWZIPT e

3.6) E

+2E(WZTPTY W pZZTPTY Y
=0 R

since each term involves expectations of odd functions of Z.
Before finding the entries E{(d log f»/dai;)(d log fu/dow)} (j= i, [ =k, i,
J, k, 1= 1,..., p), we introduce the following notation,

N Ly i=j,

L= ..
Yl kit iy i#),

where I; ;) denotes the p X p matrix with (7, )-th entry 1 and 0 elsewhere. It
follows at once, from (3.5), that

3l - - :
Slogh L (k) - tr (7 P2 BT

3.7 Fy >

1 - - -
=— (¥ ') - TP ¥ T Pyw
and hence, from (2.12), (2.15) and (2.16), that

dlogfn dlogfu 1 . L
'y ql rs
Aok 40+ 4 tr ( Iyt (V] )

(3.8) E(

+ EZ:ZWH2 tr (W ¥ ' L)
+tr (Y ) tr (P L)Y,

which, using (2.8) and (2.5), can be written as

(3.9) E( 9 ;‘;if" 9 ;‘;iﬁ’ ) = 2w tr (P 1u¥ ' L)

+ % @by — D tr (P 'Ly tr (P7'Ly)
where
(3.10) b E(IZI*W?) .

T p(p+2)
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It is a simple, if tedious, matter to now derive the expression in (3.9) in
terms of the entries 6” of ¥~'. Care must be taken with combinations of
different values of k, [, r and s with /> k, s > r.

To summarize, the elements of the information matrix are given by

ER dl i y
E( og f ogfh)= baneTW e, = dano”

8/1,- 3/1,-
dl d
3.11) E( o8 Ji logf")=0,
3,ui dou

adl dl - -
E( og /v 9 log f )= b tr (P Ta¥ L)
dow d0:s

+ % (4br — 1) tr (Y’_llkl) tr (?’_llrs)
(Iz=zk,s=r).

In the particular case of multivariate normality, it is easy to show,
from (3.3), (3.10) and (2.10) that

1
an = bh = 4
The elements of the information matrix then reduce to those given by
Hayakawa (1980) and derived by Skovgaard (1984).
As a very simple example of one type of use of these results, we
consider members of the elliptic class for which E(X) and cov (X) exist
and are given by

E(X)=u and cov(X)=kVYV.

In this case an obvious simple estimator of x# would be the sample mean
vector, X. Assuming a random sample of size n and the appropriate
Central Limit Theorem, X is asymptotically N,(u, k»¥/n). From the
inverse of the information matrix in (3.11), the asymptotic efficiency of X
is given by

 danky’

ku(det ¥)"” } 1
n

(3.12) ﬁ (det W) ]/{

where ay is defined in (3.3).
To illustrate this result we consider a Student’s ¢-distribution on k
(k > 2) degrees of freedom. It is well-known that
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and it is easily verified from (2.11) that

o K P)
"TAk+p+2)

Hence, we find that the asymptotic efficiency of X is given by (1 — 2/k)
(1+2/(k +p)).

Letting k — oo, irrespective of the dimension p, we get 100% asymptotic
efficiency corresponding to the fact that, in the normal case, X is the
maximum likelihood estimator of x. For finite k > 2, increasing the dimen-
sion leads to a fall in the asymptotic efficiency to the lower bound
(1 —2/k) = 1]/ks. This is an increasing function of k and is as high as 80%
for k= 10.

More generally, however, (3.12) provides an interesting interpretation
of the factor by which the usual multivariate normal Mahalanobis distance
must be multiplied to give the distance between members of a general
elliptic family differing only in location. Following Mitchell and Krzanowski
(1985), it is easy to see that the factor is the inverse of the asymptotic

efficiency of the sample mean, X, as an estimator of .

4. The skewness tensor and a-connections

For simplicity of notation we denote the r = p(p + 3)/2 distinct parame-
ters by 67 = (61, 6,,..., 8,), the first p being u1, pa,..., #p and the remainder
being ow for /=k. In the differential geometry approach to statistical
theory, Amari (1985) uses the entries, g;(8) (i, j=1, 2,...,r), of the
information matrix as the basic covariant symmetric tensor, known as the
Riemannian metric tensor. A one-parameter family of affine connections is
then defined by the a-connections with coefficients

« . a
ije =[ij, k] - 5 Tijic

where

R W 1)) 8gjk(9)_8g,~,-(9))
[’f’k]‘z( 0, T 08 96 )

the Christoffel symbols of the first kind and
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a1l a1l a1
Ty = E og fu dlog fh ogfh),

30, 96, 96

the skewness tensor (i, j, k =1, 2,...,r).
It follows at once, from (3.1), (3.2), (3.4), (3.5) and (3.6), that

T = [ij,k1="Tix =0

for all i, j, k < p and for only one of i, j, k < p.

We now consider the case where only one of i, j, k is greater than p.
For convenience, we change the notation slightly and in an obvious way.
From (3.1) and (3.7), the entries of the skewness tensor corresponding to
all permutations of u, 4; and ou (I = k) are given by

dlogfr dlogfr dlogfx
i ay; dowu

Tﬂiﬂ;fm = E(

= —2tr (Y ' L)EWZPTY e PZYW?)
—4E{ZTPTY et PZY ZTPTY T 1 T PZYWY,

which, from (2.15) and (2.16), gives
2 - .
(4.1)  Tupeu=— S ("L tr (P 'eiel) E(| ZIP W?)

- ;(—1—)%)— 2t (P e W ) + tr (P leie’) tr (W' L)}

- E(IZ)1*W?)
= — 2an + 2en)0” tr (P Iu) — 8w ¥ ey

where ay 1s defined in (3.3) and

1
4.2 o =———= E(1ZII'W’).
@2 e+ )
Moreover, from (3.2) and (3.4),
(4.3) Luiti, o) = = [pion, il = — Lo, 15
=—2an eT,-‘P_Iej
dou
=—2a tr (¥ 'eieh)
dow
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=2aytr (¥ 'eie’ W' )

= 2a;.eT,-‘P_IIk1¥’_lej .
Combining (4.1) and (4.3) we get
(44)  “Tuwou=2an+ 2aci)(et ¥ TP 'e))

+ afan + 2Ch)0'ij tr (T_llkl)
and
(4.5) arﬂ,-o'uﬂj = aro'uﬂ;/l,
= — 2an — 2acr)(e VP W 'e;) + alan + 2cn)0” tr (P ) .

All that remains is to consider the final case, viz., Toous. and [Gij0u, Gs]
for j=i, I=k, s=r. In finding Ts,0.0. it is clear, from (3.7), that we are
required to evaluate expressions of the following type. From (2.15) and
(2.12)

(4.6) E{Z'PTY LY ' PZYW)} = - % tr (¥ L)

and, from (2.16) and (3.10),

4.7 E(Z'PTY ' 1Y PZYZTPTY T LY T PZYWY)
= b2 tr (Y L;¥Y 7 L) + tr (P 7' I) tr (P )}
and, finally, from (2.17),
(4.8) E{Z'PTY LT PZYZTPTY LY PZYZTPTY LY T PZYW
=diftr (P L) tr (P Ty tr (P L) + 20 (W' L) tr (P ¥ 7 L)

+2tr (P ) tr (P LY L)+ 20 (P L) (P T )
+ 8 tr (S”_llij Yl_llqul_llrs)} ,

where

1

4.9 -
*9) b it

E(1ZII°W?).

Combining these results we get
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1 _ _ _
s 4dy — 6bp) tr (P 7' I) tr (P 1) tr (P 7' LL)
— (2dy + bp){tr (7' I) tr (P ¥ L)
+tr (P L) tr (P L)
+tr (Y L) tr (P LY )
— 8dntr (V' I, ¥ L) .

(4. 10) Tm,ﬂklam =

To find [oi;0u, 0,s] we note, from (3.9), that we require expressions for
terms of the type

tr (¥
daij r(¥ Lo and daj;

tr (P ' LW 'Ly

These are given by

tr (¥ ') = — tr (P ' LW L)

80',‘]'

and

ot (P ' ¥ L) =2t (P 'LY ' P 'L) .
ij

The expression for [oi;0u, 6,5] is now immediate and given by
(4.11)  [oij0u, 0rs] = — 2bs tr (P L;Y " WP ' Ls)

1 B e

-7 @b D (P L) tr (P LY )
Combining (4.10) and (4.11), we get the coefficient of the a-connection
4.12) “Toou0n = % (4dn + 6by — 1) tr (¥ 7' I;) tr (W' L) tr (P 7'LLy)
+ % (by + 2d){tr (P 'I;) tr (P La® ' 15)
+tr (P ) tr (P L7 L))

+ —i— {a(2br + 4dn) + (1 — 4bR)}tr (P 7' L) tr (P 7' 1,9 7' Iu)}

+2Qady — by) tr (PP T TGP ' L)
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If we restrict ourselves to members of the EL!(u, ¥) class with the
same, known location u, the only relevant a-connections are those in
(4.12). It is easy to see, from (2.10), that, in the normal case, when ¢ = — 1,
these are identically zero and the manifold consequently flat. This is, of
course, a well-known result due to Amari (1985) for the exponential family
and the expectation parameters.

Finally we note that the affine connections can also be described by
Christoffel symbols of the second kind. Skovgaard (1984) has found
expressions for these in the normal case when the Riemannian (a=0)
connection is considered.

It would have been possible to work in terms of the parameters ¢ and
the distinct entries ¢ (/= k) of ¥ ", The results are analogous to those for
4 and ¥ and are derived similarly. In particular, in the normal case with u
known, the 1-connections are identically zero and the manifold consequently
flat. This is again a well-known result due to Amari (1985) for the
exponential family and the natural parameters. The dual coordinate systems
(0y, j= i) and (o-kl, [ = k) lead to orthogonal parameters. In particular, in
the bivariate case, when X = (Xi, X2), it follows that the variance of the
marginal distribution of X; and the variance of the conditional distribution
of X, given Xi are orthogonal, a result shown by Mitchell (1962) in a direct
approach to finding orthogonal parameters.
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