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Abstract. In this paper we consider a multiple dyadic stationary process
with the Walsh spectral density matrix fo(4), where @ is an unknown
parameter vector. We define a quasi-maximum likelihood estimator 6 of
8, and give the asymptotic distribution of @ under appropriate conditions.
Then we propose an information criterion which determines the order of
the model, and show that this criterion gives a consistent order estimate.
As for a finite order dyadic autoregressive model, we propose a simpler
order determination criterion, and discuss its asymptotic properties in
detail. This criterion gives a strong consistent order estimate. In Section §
we discuss testing whether an unknown parameter @ satisfies a linear
restriction. Then we give the asymptotic distribution of the likelihood
ratio criterion under the null hypothesis.

Key words and phrases; Dyadic stationary process, information crite-
rion, likelihood ratio criterion, quasi-maximum likelihood estimator,
Walsh spectral density.

1. Introduction

There has been much discussion of Walsh spectral analysis for dyadic
stationary processes. Morettin (1974) investigated some asymptotic proper-
ties of the finite Walsh transforms of dyadic stationary processes. Nagai
(1977) gave the spectral representations for dyadic stationary processes. If
we consider finite dyadic linear models, then the greatest differences
between dyadic stationary processes and ordinary stationary processes
appear. Nagai (1980) and Nagai and Taniguchi (1987) established that a
dyadic autoregressive and moving average (DARMA) process of finite
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order can be expressed as a dyadic autoregressive (DAR) process of finite
order, and also as a dyadic moving average (DMA) process of finite order.
Nagai and Taniguchi (1987) discussed the principal component analysis of
a multiple dyadic process, and also the canonical correlation analysis.
Morettin (1981) gave a convenient survey for Walsh spectral analysis.

In this paper we consider a multiple dyadic stationary process with the
Walsh spectral density matrix fs(4), where 8 is an unknown parameter
vector. We define a quasi-maximum likelihood estimator @ of 6, and give
the asymptotic distribution of § under appropriate conditions. In Section 3
we propose an information criterion which determines the order of the
model, and show that this criterion gives a consistent order estimate. In
Section 4, for a finite order dyadic autoregressive model, we propose a
simpler order determination criterion, and show that the estimated order
has strong consistency. Also, some interesting examples are given in the
identification problem for Walsh spectra. In Section 5 we discuss a testing
problem to check whether the unknown parameter 6 satisfies a linear
restriction. Then we give the asymptotic distribution of the likelihood ratio
criterion under the null hypothesis. Throughout this paper we are dealing
with one mode of development of Walsh spectral analysis, via the concept
of dyadic stationarity. We also remark that the applications of the dyadic
approach seem limited in the existing circumstances.

2. Dyadic stationary processes and estimation theory

First we introduce some basic concepts and notations. Denote by T
the set of all nonnegative integers. Let x and y be nonnegative real numbers
and have the following binary expansions:

=]

lez x2 with x=0orl,

=—o0

y= 1; w2 with wy=0orl.
Then the dyadic addition @ is defined by
xPy= I:Z_lm|x1~y1|21.

A stochastic process (possibly vector process) {Y(#):t1e T} is said to be
dyadic stationary if the joint distribution of Y(t1), Y(22),..., Y(t) 1s the same
as that of Y(t1 P 1), Y(1 €D 1),..., Y(#. D 1) for every finite set of non-
negative integers {1,..., 1.} and for every nonnegative integer . For 1 € [0, 1),
we write it as
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A= 2 ,1,-2_j s
J=1

where the 4; is either 1 or 0. We define the j-th Rademacher function, ¢;(4),
as

&) =(- D", jeT.
The Walsh functions { W(z,4),t € T, A € [0, 1)} are defined as follows:
@® WwO,4)=1,41¢€[0,1),
(i) Ife=2"+2"+--+2" withm>m>--->n=0,
then W(2,2) = dm (D) dm(d)-- dn(A), A € [0, 1). W(t, 1) is called the 7-th Walsh

function in Paley ordering. The properties of Walsh functions are well
known:

(1) for each te€ T and 4 €0, 1), the value of W(¢,4) is only + 1 or
b (i) foranys,teT,
Wi, )YW(s,\)=WitPHs, 1), ael,
(iii) foreachte Tand A €[0, 1),
W, )W, uy=W(t,ADu, aewu.
(See Morettin (1974).)

Let Y(¢) = (Y1(8),..., Y4(?))’; t € T be a g-dimensional dyadic stationary
process with zero mean and k-th order cumulants

c“""”k(tlr"s tk‘l) = cum {Yal(tl @ tk), Yaz(tZ @ tk),..., Yak(tk)} N
fyeooyti-1 € T, ay,...,ax = 1,..., q. We denote the covariance matrices
I'(t) = {caa:(t1)}, g X g matrices .

The statistic
N N-1
(2.1) dMa) = Z YOW(,A)

is called the finite Walsh transform of {¥(¢):2 =0, 1,..., N — 1}. Throughout
this paper we assume that N = 2™, with m a nonnegative integer and denote
d™ ) = @™MA),...,d"N(1)). Here we assume the following.

ASSUMPTION 1. Foreverykandj=1,2,....k— 1,
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o0

22) 120 ."tquzolca""“*(tli"'ﬂ -1 4] <o,
for all ay,..., a.

Then the Walsh spectral density matrix and the Walsh cumulant
spectrum of order k of { Y(¢)} are defined by

fy= ZrOWed),

and

(2.3) Sor-aAyees k1)
k-1

:Et:l uE_Ca.-~~ak(tl,---,tk—l)j1:-I[ W(t,4)) ,

respectively. From Assumption 1, it is easy to see that f(4) and
far-a(A1,...,Ak-1) are integrable on [0, 1] and [O, 17, respectively. The
following proposition is due to Morettin (1974).
PROPOSITION 2.1. Under Assumption 1,
(2.4) cum {diV(A),..., d5" (A}
= Dn(h @ - D A fu-alhiy..s =) + O(N DY,

N-1
where Dn(A) = IZ:.O W(t,2), and the term O(N ") is uniform with respect to
Ayerry Ak

Although we do not assume the Gaussianity of {Y(7)}, we can compute
the Gaussian likelihood function L of {¥Y(0),..., Y(N — 1)}, formally, and
approximate L. That is, we get

(25) logl= - —g—fol{log det fo(A) + tr In(A) fo(A)'}dA + constant ,

where the fitted Walsh spectral density matrix of { Y(#)} is parameterized as
fo(A), 8= (b:,...,6,) ¢ ® CR’, and

In(A) = FN(DFNQA) = ()},  say,

Fn(2) = 71—]\7 Itg YW, ) .
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The fitted model fs(1) may be different from the true one f(4), and we
assume that fa(1) and fo(1)”' are integrable on [0, 1]. Thus we estimate 8 by
the value  which minimizes

(2.6) D(fo, In) = fol {log det fo(A) + tr In(A) fo(A) '}dA ,

with respect to 8. Henceforth we call @ the quasi-maximum likelihood
estimator of 6. To discuss the asymptotic properties of 6, the following
lemma is a keystone.

LEMMA 2.1. Let ¢;i(A) = {¢pHA)},j=1,...,r, be q x g matrix-valued
continuous functions on [0, 1] such that ¢;(A) = ¢;(AY. Under Assumption 1
we can show that

. 1 1

tim [, tr L)y =[] e Sy, M)

2.7 in probability and the quantities
1

Aj= VN [ i) - FONS DA, = Lowr, )

have, asymptotically, a normal distribution with zero mean vector and
covariance matrix V whose (j, m)-th element is

2.8) 2]t (/DD f D H D}
b o8 LS st 20 i
PROOF. Notice that
A= VN 2 [ ) a0} sliyar
By Proposition 2.1, we have
E(la() - @)= 03 ).

where O(1/N) is uniform with respect to A. Hence we obtain

(2.9) E(A))= O(N™%.
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Since
cum {la(4), Lea(p2)} = ]_\}3 {cum (da(4), da(p)) cum (ds(A), de (1))
+ cum (d.(A), d-(u)) cum (db(A), da( 1))
+ cum (d.(A), db(2), de (1), da( 1))}
1 2
=7 Dia(A @ W fau(A) foc(A) + fac(2) foa(A)]
1

+ Dn(A P AP p® w)favca(A, A, 1) + 0(7\;)}

and

DvA DA D u®d u)=Dn0)=N,
we have

q

(2.10) cum (4;, A = N[ T D))

bed=1

- cum (Ip(A), La( 1)) dArdAz

q

= e Hf S D) SE (1) fava(A, A, 1) dAc
+ 2 00) fuB) fral )
' [%f S (1) DI @ ) ” . 0( %) |

Noting that

N if |Aeau|<i,
Dn(A B A) = N

0 otherwise ,

we get that by the continuity of ¢%(4),

| 1
{m) . _
¢’ (D) +o(l), i —o<A<1-—,

| .
~ 1, #8(0DIG @ wdu =
o(1), otherwise .
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Substituting the above into (2.10), we get
(2.11) cum (4), 4n) = 2f Ctr {f(D)Pm(A) [ (1) i(4)}dA
A ff S SE ) fued R A, ) At + 0(1) |

Thus (2.9) and (2.11) imply our result (1) of (2.7). Also (2.11) gives the
asymptotic variance (2.8). As for the asymptotic normality of A;, we have
only to evaluate J(J = 3)-th order cumulant, cum {A4:, 4s,..., 4} and show
that they are zero, J = 3. Here, without loss of generality, we evaluate it for

scalar process.
By Theorem 2.3.2, p. 21 of Brillinger (1975), we have

(2.12)  cum (dui(A)di2(A),...,dn(A)dn(An)
= X cum (di(4), (J, i) € v1) -+ cum (dii(4), (j, ) € vs) ,

where the summation runs over all indecomposable partitions v=v, U .-
U vs of the set {(j,i),j=1,2,...,J,i=1,2} (the definition of indecompos-
ability can be found on p. 20 of Brillinger (1975)). By indecomposability of
the partitions, each v, contains at least two elements, so we have

S<J/2.

By Proposition 2.1, we have

cum (dii(4), (J, i) € vi) --- cum (dii(4;), (j, 1) € vs) = O( 1§I Dy ( ('EB Aj )) .

n=1
Since
’ N ?

Dn(A) =
0, otherwise,

we have, for J =2

A HDN( A)dll---db
(u)ev

n=1

:fol"'fol Dy(p1 @ p2) Dn(uz D ps) - Dn(us @ ma)dpn -+~ dps = O(N) ,
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and for J=1
[ 1
Jy +f, Dt @ - @ Apdis-—dis = (1)
Thus,
1 1
fo wof cum (dn(A)din(h),.... dn(2)dn(A)dhi-+dhy = O(N),
and consequently

o (Aiy, i) = N7 [ 81000120
. cum (dll(/ll)dlz(j.l),...,d_]l(/lj)dn(,lj))d,{l e dAs
— O(N—J/2+1)

which implies the asymptotic normality. []

Suppose f(4) is the spectral density of a stationary process and { fo(4)}
is a family of fitted spectral densities which are parameterized by @€ & C
R’, where © is a compact set in R”. We define a pseudo-true value 8 of
0 ¢ ® C R’, by a value which minimizes

D(fo.f) = [, tlog det fo(h) + tr (D) fo(A)'}ld

with respect to € 6.

ASSUMPTION 2. The fitted model fo(2) is twice continuously dif-
ferentiable with respect to @ € 6.

ASSUMPTION 3. If @+ @*, then fo(A) = fer(A) on a set of positive
Lebesgue measure. The matrix
82
3636’

@13) M) =], 5= [log det fo) + tr fo(2) F(A)]dA

is nonsingular for all 8 € ©, and My = M;(8).

The first statement of Assumption 3 is an identifiability condition. In
Section 4 some nonidentifiable examples will be given. Then we have the
following theorem.
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THEOREM 2.1. Let {Y(t)} be a g-dimensional dyadic stationary
process with mean zero and the spectral density f(1). Suppose that Assump-
tions 1-3 are satisfied, and that 0 exists uniquely and lies in Int 6. Then

1) zlvlglo 6 = 0 in probability,

(1) the distribution of the vector \/]V{@ — 0}, as N — o, tends to the
normal distribution with mean zero and covariance matrix M;'VM;',
where V = {Vn} is an r X r matrix such that

Vin =2 e[ 100 55 LA 1) 35 (oY ] o

: afa""'”u) 8fo("‘“’(/1)
+a.b,§1-l'{f { 38, 96,

Lo s, A, i

where fs() is the (b, a)-th element of fo(2)™.

PROOF. From the definitions of  and @, we have

2.14) :0 D(fe, In)e-6=
(2.15) S p i=0
. 39 PUeS)e-a=

Expanding (2.14) around 0, we have
a
(2.16) 0=— D(fo, Iy) + My (6*)(6-0),

where @ lies on the straight section with end points 8 and 8, and

2

2096’

M;(8*) = D(fe,In) .

By Lemma 2.1, we have

J
20 — D(fs,In) —

in probability and

My (8) ~ My (0),
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in probability for each 0 € ©. By Assumptions 2 and 3, absolute values of
eigenvalues of M;(6) have a positive lower bound for all @ € . Hence when
n is large enough, with a probability arbitrarily nearing one, so do the
absolute values of eigenvalues of M;(8). By (2.16) we have

69,
in probability and consequently
M; (%) — My(8)

in probability. Then the limiting distribution of \/ﬁ (8 — 0) is equivalent to
that of

.17) - M/'\N -;-‘,- D(fs, I)
-~ M/'UN fo flog det faA) + tr fi() " In(A)}

- M'JN fo [tr fo(2) " {In(2) — f(A)}]dA,

by (2.15). Again applying Lemma 2.1 to (2.17), we have completed the
proof. J

Remark. 1f the true Walsh spectral density matrix f(1) = fo(4), the
pseudo-true value is equal to the true value, i.e., 6= @ (see Hosoya and
Taniguchi (1982)).

3. Model selection of Walsh spectral models

In this section we assume that the process {¥Y(#)} has the true Walsh
spectral density matrix f(4) = fa(4), 6. = (61,...,6,)’, where 6. is an unknown
parameter vector. (We use the suffix r to stress the dimension.) Since the
order dim @ = r is unknown in many situations, we must estimate r from
the data. Here we fit the Walsh spectral model fa(4), 0 < k < L, where L is
a preassigned upper limit to the order. We determine the true order r by
the value & which minimizes the following criterion:

3.1 A(k)zD(fok,IN)%—lc% for k=0,1,...,L,

where Cy — o and Cy/N — 0 as N — oo. For this estimated order k we
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have:

THEOREM 3.1.  Suppose that all the assumptions in Section 2 for
f () = fo.(A) and fo(4) = fa(4) are satisfied. Then 11\,152 k =r, in probability.

PROOF. From (2.16) we have

I ok 3 -
32 VN@O-8)= - M; (ok)\/ﬁf;—éo—k[trfsk(x)‘{IN(A)—f(A)}]dA,

which tends to normal by Theorem 2.1. Thus we have, for any sequence of
positive numbers Cy — 0,

(3.3) PLIVN B~ 81| > Tl = o(1) ,

where || - || is the Euclidian norm. Taking Cy =\4/C_N , we obtain
(3.4 0. — 6= O,(/Cn |\/N) .

Expanding around 0 = 6, and noting (3.4) we can see that

dD( fo, In)
90, 0=0,

(3.5 D(fa, In) = D(fa, In) + (0 — Oy
+ (B 0 M (020~ ).

Since 9 D( fa, In)/ 90| a-a = 0, we have

(3.6) D(fa, In) = D(fa, In) — % (6 — 6) My (0X)(Bi — 0) .

As a first step we show that
(3.7 Plk<r)—0 as N-—oo.
For k < r, we evaluate

P.= P(A(K) < A(M) = P| D(fa, In) - D(fa, Iy) < L= } ,

N

Using the relation (3.6), the above probability is approximated as
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(3.8) P} D(fa, In) — D( fa, In)
< (’—‘5)—91 + % (B — B M0, — B

| - . =
= (6~ 8y M;(65)6.— 6) | .

Using Lemma 2.1 the left-hand side of the above {-} converges to
D( fa, f) — D(fs,f), which is strictly positive for k < r. On the other hand,
by (3.4), the right-hand side of {-} converges to zero in probability, which
implies the probability Py — 0 as N — . As a second step we show

(3.9) Pk>r)—0 a N-—o,

We have fork>r,

(r-k)Cn

P, = P{A(k) < A(r)} = P{ D(fs, In) — D(fa,In) < I

Using the relation (3.6), the above probability is approximated as

(3.10) P D(fa,In) — D(fs,In) — —;— (0 — 0 M:(6X) (6. — 6)

(r—k)Cy
N

| A =
+ —é— (or - Or)’Mf(gr*)(Or - 0r) <

Because f5.(4) = fa(4), for k = r, we can see that
(3.11) D(fa,In) = D(fs,In) =0 .

While, by (3.4), we can see that
I~ - PR | A =
Y (0 — 6.) M7 (05) 0k — 6) + o (0. — 6) M (67)(6.— 6,

1s at most of order O,(\/Cn/N). However, the right-hand side of {-} in
(3.10) is (r — k)Cn/ N, (r < k), which implies P, — 0, as N — . Thus we
have completed the proof. []
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4. Determination of the order of dyadic autoregressive models

In the previous sections we could proceed in ways fairly analogous to
those used in the ordinary stationary processes. However, if we consider
finite parametric models, for example, dyadic autoregressive processes of
finite order (DAR-processes), dyadic moving average processes of finite
order (DMA-processes) and dyadic autoregressive moving average proces-
ses of finite order (DARMA-processes), then the greatest differences exist
between dyadic stationary processes and ordinary stationary ones. That is,
it 1s known that DAR, DMA and DARMA are equivalent, in the sense
that a DAR or DARMA-process of finite order can be expressed as a
DMA-process of finite order (see Nagai (1980) or Nagai and Taniguchi
(1987)).

In this section, for a finite order dyadic autoregressive model, we can
propose a simpler order determination criterion. Then we show that this
criterion gives a strong consistent order estimate.

A g-dimensional dyadic stationary process {Y(¢):1€ T} is called a
dyadic autoregressive process, if it can be expressed by

@1 LAY =), 1eT,

where
(i) Aj’s are g x g matrices, Ao = I, and p =2 — 1, where r is a non-
negative integer,
(i1) &(1), t € T are i.i.d. random vectors such that
4.2) E()=0, Ee()e(t)=G>0,
(i)
(4.3) det d(1)#0, ae. 4,
P
where &(J) = .ZOA,- W(j,A).
f=
If (4.2) and (4.3) hold true, then the Walsh spectral density of { Y(#)} is
4.4) fR)=o0) " Glo@w)} .

We call a DAR-process (4.1) irreducible if there does not exist a
matrix

2771
o= T KW(A,
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which satisfies
(4.5) ) =&D) ' G{e(A)Y, ae d.

Moreover, for an irreducible DAR-process (4.1), there exists a to, 277l <
to <2 — 1, such that 4, # 0.

For an irreducible DAR model (4.1), p is called the order of the
model. For simplicity, such a model is written as DAR(p). Note that in the
above definition, the order of the model (4.1) is defined as p =2 — 1, not
as max {t: A, # 0}. The advantage of such a definition is that it suits the
Walsh spectral analysis, and is convenient for estimating the parameters of
the model. To see this, consider the following two scalar irreducible DAR
models:

XO+X@PB 1) +aX(tP2)=c¢er),
and
YOO+ Y P D+aYP3)=¢(t), teT,

where a # 0, a # + 2, &(2)’s are i.i.d. with Ez(r) =0, Ee(2)’ = o’ It is easily
seen that they have the same Walsh spectral density

1+ W(L,A) + aW 2, D]

But if we define the order of the model as max {z: A; # 0}, then their order

may be 2 and 3, respectively. Obviously such a definition is not convenient

for Walsh spectral analysis. It is easy to see that these two models are not

essentially different. For a g x g matrix A =(a;,1<1,j=<q), denote
q

Al = _Zl |a;j|. To determine the order p = 2" — 1 of the irreducible model
i,j=
(4.1), we suggest the following criterion:

2-1

(4.6) mwz%g

0

-1

ST YYD @ 0y ||

Cn

-y

where Y(0),..., Y(N — 1) are the observations of the model (4.1), N=2"
with m positive integer, and Cy satisfies the following conditions:

. CN . CN
—_— — =0

Define
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(4.8) Fv=max {k = 0: Ly(k — 1) > 0, Ly(k) < 0},

where Ly(— 1) =1 for convenience. We can use #» as an estimate of the
true value r of the model (4.1). We have the following:

THEOREM 4.1. If the model (4.1) is irreducible and (i), (i) and (iii)
are satisfied, then

4.9) ]lvl_IE Fv=r, as.

PROOF. Suppose that p is the true order of the model (4.1) and
p =2 — 1. According to Nagai and Taniguchi (1987), if det {®(1)} # 0, then
{Y(¢).t e T}is a DMA-process written as

(4.10) Y(t) = jzol Kig:we(j), teT.

Put I'(n) = EY(0)Y'(n). By (4.10) and condition (ii), it is easily seen

that for any n,
[loglog N
=O( g%g_), a.s.,

as N— oo (e.g., Petrov (1975)). By (4.10), for n=2", I'(n) = 0. Thus, if
k =r, then

1 N-1
(@.11) ‘ ~ S YOV ®n)-Tw

as. ,

(4.12) Iu(k) =0 ( loglog ¥ ) _ Ly

N N’

as N— oo, From this and },iglo(CN/loglog N) =co, it follows that with
probability one for large N,

(4.13) L) <0, k=r.

If r = 0, the theorem is proved.
Now assume that r > 0. We have

. 277
im X

1
N—~co n=0

1 N-1
(4.14) v 5

2
YO YD Q'+ n)y “
= Z;é;lpar(z”l +n)l%  as.

We proceed to prove that
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2
(4.15) ZAIr@ " +nl*>o0.

If we assume that (4.15) does not hold, we have

-y

(4.16) fdy="E TOW1), 1e0,1].

Put h=2""—1, 4=j/(h+1), j=0,1,....h. We know that for all
I<h, W(l,4)= W(l,4) for 4 €[4, 4+1). From this it is easily seen that /(1)
takes only at most 4 + [ different values, say, f(4o),...,f(4x). By (4.4), G >0
and @(4) # 0, it is easily seen that f(4)>0, j=0,1,...,h. Hence we can
write

G =G"(G"?Y, f)=r"Mf"0y,

j=0,1,....h. Put

W0,%) Wl,k) ... Whi) ]

wO,4) W1,A) ... Whi)
Hh+1:

wWO,4) W0A) ... Whi) |

Then Hj+1Hp+1 = (h + 1)Ix+1. Thus the matrix equation

By G—l/2fl/2(/10)
4.17) (Hri1 @ 1) : = :
B, G_l/zfl/z(/lh)

has a unique solution (Bj,..., Bf), where B’s are all g x g matrices. From
(4.17) we can see that

(4.18) (éB,W(l,A,-)) G ( é)B,W(l,A,-) ) =f(), j=0,1,. h,

which implies
(4.19) n(2)Gn(A) =f(), 4e[0,1],

where
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' h
(4.20) n(d) = EBBI w(,A).

By Nagai and Taniguchi (1987) there exists

271

o= T KW(,2),

such that

(4.21) (A =1, ae. .
Thus we have

(4.22) )=o) GieD)'Y, ae i,

which contradicts our irreducibility assumption. Now (4.15) has been
proved. By (4.6), (4.7), (4.14) and (4.15), with probability one for large N,

(4.23) Ly(r—-1)>0, r>0.
Noting (4.13) and (4.23), with probability one for large N, we have
(4.24) Pv=r. O

Remark. The following scalar process {Y(#):z€ T} is a reducible
DAR-process:

XO+XPDH+XtB2))-XtP3)=¢(), teT,
where £(7)’s are i.i.d. with Ee(f) = 0 and Ee(z)’ = ¢”. Then
D) =1+ W1, + W2,1) - W(3,4),
but

2
o

(WY

&9,

5. Test of hypothesis for linear restriction of parameters

Let {Y(¢)} be a g-dimensional dyadic stationary process with Walsh
spectral density fo(A) depending on an unknown parameter 8 = (6;,...,6,)".
We assume that {Y(¢)} satisfies all the assumptions in Theorem 2.1. The
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first problem is to test a composite hypothesis Ho: 8, = 65, against
H: 0, # 6, where 6" =(0{,0;), 8/ =(6,,...,6), 0;=(01+1,...,0,) and 0% =
(Bi+1.0,..., 0p,0), a specified vector and (61, 85) € Int @. Although we do not
assume the Gaussianity of { ¥(¢)}, we can formally form the following log-
likelihood ratio criterion

(5.1) G - 2 log L = N{D(ﬁg],él), IN) - D(ﬁ&l,@lo), IN)} s

where 8’ = (67, 85) is the quasi-maximum likelihood estimator for @ under
H, and 8, is that for 6, under Ho. Put v = \/]V(é - 0), w= \/]7(61 — 6y and
' = (w',0). Expanding in a Taylor expansion around 6, we have

(5.2) — G = N{D(fi8.00, Iv) ~ D( fi8..8, In}}

L9’ D(fs, Iv)

1
= (= o) Tl (= 0)(1+ 0y(1)

1 @D(fely)
= = (= oy == 28 (= 0)(1 + 0,(1)
= % (u—v)Y Me(u—v) (1 + op(1)).

From Theorem 2.1 we have
_ 3
(5.3) v=— M;'\/N —g DU (1 + 0p(1) .

Similarly we have

d
©4) u=~ LN == D(fo, X1 + 05(1)),
where

[ it o ]

=l o o |’
and
& L
E D(fo.80,In) =11 + O(N ) .

360,00/

From (5.2), (5.3) and (5.4) we have
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J 6 -1 -1
6.5 - G= VL g - g - 1

WL, (14 o, 1)

=%\/]V 8Dg];;’,11v) (M~ LIWN =/ aD(ﬁ”IN) + 0p(1)) .

Here we set down the following assumptions:

ASSUMPTION 4. The process {Y(#)} is a linear dyadic stationary
process represented as

(5.6) Y(1) =j§OAfe(t SYR)
where j;o || 4;]] < oo and A, are g X g-matrices, and the e(?)’s are independent
random variables.

ASSUMPTION 5. The unknown parameter 6 of fs(A) is innovation-
free, i.e.,

(5.7) 8 tr {fo() " fa(M)}dA =0,

(See Hosoya and Taniguchi (1982).)

LEMMA 5.1. Suppose that Assumptions 1-5 are satisfied, and that
EOA,- W(j,A)#0 for all A€[0,1). For an innovation-free parameter 8 we

have

NaD(ﬁ,IN) Q
\/; 29 N0, Mp.

PROOF. Using an argument similar to Hosoya and Taniguchi (1982),
we can see that

r 9 b 9 e
ﬂ i £ - e S*Q) « favea(A, A, w)dAdp = 0,
¢] m

forjm=1,..,p; a,b,c,d=1,...,q. Putting ¢;(4) = (3/38;) fe(A) in Lemma
2.1, we have the desired result. O
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Applying Lemma 5.1 to (5.5) we have:

THEOREM 5.1. Suppose that Assumptions 1-5 are satisfied. Then
the distribution of — G under H, tends to y*(p — 1) as N — <=

Now we consider a more general test of the hypothesis.
Hy: B8 =uy against H: B0+ w,

where Bis a (p — /) X p matrix with rank B = p — /, and u = (w+1.0,-.., Up.0).
Then there exists an / X p matrix A4 such that

[ )l ]-u
B - ” _u()a

where det (A ) #0. Let @ be the quasi-maximum likelihood estimator of

B
0 € O, then u(6) = &i. Then the likelihood ratio criterion of testing

Ho:ux=u  against  H:uz # ux
is given by
(5.9) G = N{D(_ﬁu‘,,ﬁz), IN) - D(ﬁﬁ],uzo), IN)} ’

where #; is the quasi-maximum likelihood estimator of »; under Ho. Then
we have:

THEOREM 5.2. Suppose that Assumptions 1-5 are satisfied. Then
the distributions of — G under Ho tends to y*(p — 1) as N — oo
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