
Ann. Inst. Statist. Math. 
Vol. 41, No. 1, 199-204 (1989) 

ON THE CONNECTEDNESS OF PARTIALLY BALANCED 
BLOCK DESIGNS* 

HENRYK BRZESKWlNIEWlCZ 

Akademia Rolnicza w Poznaniu, Zaklad Metod Maternatycznych i Statystycznych, 
ul. Wojska Polskiego 28, 60-637 Poznafi 31, Poland 

(Received January 20, 1987; revised March 18, 1988) 

Abstract. The necessary and sufficient conditions for m-associate partial- 
ly balanced block (PBB) designs to be connected are given. This general- 
izes the criterion for m-associate partially balanced incomplete block 
(PBIB) designs, which has originally been established by Ogawa, Ikeda 
and Kageyama (1984, Proceedings o f  the Seminar on "Combinatorics 
and Applications", 248-255, Statistical Publishing Society, Calcutta). 
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1. Introduction 

Let B,. (i = 0, 1,..., m) be the o × o associat ion matr ices  with the 
elements i i i b ~  = b ~ ,  where b~a¢ = 1 if ~ '  and ~ are i-th associates, and 
b~e~ = 0 otherwise ( ~ , . . ~  = 1,2,..., o). They are: being symmetric  and 

ra m £ i linearly independent,  iE:oBi = 1 1', B i l  = nil  and BgBk = i=oPjkBi, where 1 is 

the vector of ones and B0 is the unit matrix I of order o. The numbers o, ni 
and p~k ( i , j , k  = 1,2, . . . ,m) are called the parameters of the association 
scheme: all must be nonnegative integers. It is well known (cf. Bose and 
Mesner (1959)) that: 

(1.1) 

(1.2) 

(1.3) 

m 
Z i njnk  = i=opjkni , 

m 

Z, pjk = n j, if i # j 
k = l  

, , ,p~  = ,,;p!~ = . ~ p , ~ ,  
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for i , j ,  k = 0, 1,..., m. Moreover,  if A is any subset of {1,2 ..... m} a n d j  ¢ A, 
then 

(1.4) B j ( k ~ B k ) = i ~ 1 ( k ~ p j k ) B i .  

Let ztj denote the l-th latent root  of the matrix Pj = (pk) (i, k = 0, 1,..., m). 
It is known (cf. Bose and Mesner (1959)) that 

m 

(1.5) ZtiZtk = Y~ pjkZli, l , j ,  k = O, 1 , . . . ,  m 
i = 0  

ni > zti, Zoj = nj, Zoo = zlo . . . . .  zmo = 1 and the matrix 

Z =  

ZOO Z 10 • " • Z m 0  

Z 0 1  Z l  1 " ' "  Zral 

: : 

Zorn Z l  m " ' "  Z m m  

of order m + 1 is nonsingular. Note that ztj is also the l-th latent root  of the 
matrix Bj.  

Let N denote a o × b incidence matrix of a partially balanced block 
(PBB) design based on an association scheme with association matrices Bi 
in which i-th t rea tment  (i = 1 ,2 , . . . ,o)  occurs ri times and j - th  block 
( j  = 1,2,.. . ,  b) is size kj. The C-matrix of  this design can be written as (cf. 
Kageyama (1974), p. 582) 

(1.6) C = ft, a i B i ,  
i = 0  

where ai < 0, for i = 1,2,..., m. The latent roots of  matrix (1.6) are of the 
form: 

m 

(1.7) lt0 = ~ aini = O, /tt = Y. aizli, l = 1, 2 . . . .  , m . 
i = 0  i = 0  

Here, the block design is called connected if and only if (iff) the rank of its 
C-matrix is exactly o - 1. Then the PBB design is connected iff/tz > 0 for 
all l ~ {1, 2,..., m}. Otherwise, if there exists l ~ {1,2,..., m} such that/t~ = 0, 
then PBB design is called disconnected. 

It is known (cf. Kageyama (1974), p. 584) that a PBB design with a 
constant block size based on an association scheme of m associate classes is 
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a partially balanced incomplete block (PBIB) design based on the same 
association scheme. Thus, a PBIB design is a special case of PBB designs 
with 21 = - kai (i = 1, 2,. . . ,  m), where the block size k and 2i are parameters 
of PBIB designs. 

The main purpose of this note is to give necessary and sufficient 
conditions for connectedness of PBB designs. This generalizes the criteria 
of Ogawa et al. (1984), Saha and Kageyama (1984) and Baksalary and 
Tabis (1987), pertaining to PBIB designs. 

2. Results 

The following is a general disconnectedness criterion for PBB designs. 

THEOREM 2.1. A n  m-associate P B B  design with a~ = a2 . . . . .  as = 
0 > as+l, as+2,..., am is disconnected i f f there  exists a n o n e m p t y  subset A .  o f  
{ 1,2, . . . ,  s} such that 

(2.1) k = 0 ,  V i e A . ,  Vj, k e { 1 , . . . , m } - A . .  

PROOF OF NECESSITY. If a PBB design is disconnected, then #~ = 0, 
for some l e  {1,...,m}. From this and (1.7) and from n o -  zlo---0 we have 

ft, ai(ni - zli) = 0, which implies that ni = zti for i e {s + 1,..., m}. Let's define 
i = 1  

A .  = {i e {1, 2,...,s}: ni > zti} and A** = {i ¢ {1, 2,...,s}: ni = zti}. From the 
nonsingularity of matrix Z follows nonemptiness of set A , ,  however, set 
A** can be empty. Note that A** is empty iff A ,  = { 1, 2,..., s}, and that 
{ 1 , 2 , . . . , m } -  A .  = {s + 1, . . . ,m} t.J A**. In general one can write that  
r l i = Z l i  for  i e { s +  1,..., m} U A**.  F r o m  (1.1) and (1.5) we ob ta in  

m 
i ~, p j k ( n i  - -  21i) = 0 for j ,  k e {s + 1,..., m} U A**, since ni = Zli for i ¢ A . ,  

i = 0  

i therefore one continues E p j k ( n i -  zti)= 0 which leads, in particular, to 
icA, 

(2.1). 

PROOF OF SUFFICIENCY. From (2.1) and (1.2) we have 

(2.2) Y_, p~k = nj, V j e { s +  1,...,m}, Vi e A .  , 
k~A, 

and (2.1) and (1.3) give , ~ p j k  = 0 for i~ {l ,2 , . . . ,m} - A .  U {0}. This and 

(1.4) lead to (Bj - n J )  k ~ , B k  = O. 
m 

Hence and from the obvious equality C = Y. aj(Bj - njI) we obtain 
j = 0  
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(2.3) C Z Bk = O . 
k~A, 

Since r~k~ ,Bk~>_2  it follows f rom (2 .3 ) tha t  r ( C ) < _ v - 2  ( o >  2 being a 
\ / 

natural  condit ion that  should be added somewhere),  which completes the 
proof. 

The connectedness criterion is obtained as a consequence of Theorem 
2.1. 

THEOREM 2.2. A n  m-associate PBB design with al = a2 . . . . .  as = 
0 >  as+l, as+2,...,am is connected i f f  f o r  every nonempty  subset A ,  o f  
{1,2,..., s} such that p}k > O fo r  some i ~ A , ,  and j ,  k e {1,2,..., m} - A , .  

Note that  the necessity part  of the above theorem follows f rom the 
sufficiency part of Theorem 2.1. Similarly the sufficiency part  follows f rom 
the necessity part of Theorem 2.1. 

Necessary and sufficient conditions of connectedness occurring in 
Theorem 2.2 are very helpful in the construct ion of PBB designs when the 
incidence matr ix is looked for. One can even state hypothet ical  connected-  
ness (maybe nonexistent)  of PBB designs depending on the given set of 
values ai and p~k (i,j, k = 1,2,.. . ,  m). We can arrive in this respect at interest- 
ing conclusions which can be exemplified by Corollary 2.3. Of course in a 
situation where incidence matr ix of PBB design is known,  Theorem 2.2 can 
not be applied since the extremely simple characterization of connectedness 
is as follows: 

The block design is connected,  if it is possible to construct  a chain of 
t reatments  i = io, i~, i2,..., i, = j  such that  every consecutive pair of treat- 
ments in the chain occurs together in a block. 

Theorem 2.2 asserts, in particular, the following 

COROLLARY 2.1. A n  m-associate PBIB design with 2~ = 22 . . . . .  
As = 0 < 2s+~,As+2,...,Am is connected i f f  f o r  every nonempty  subset A ,  o f  
{1,2,... ,  s} such that p}k > 0 f o r  some i ~ A , ,  and some j, k c {1, 2 ..... m} - 
a , .  

This corollary is an alternative formula t ion  of the criteria established 
by Ogawa et al. (1984), Saha and Kageyama (1984) and Baksalary and 
Tabis (1987). 

If the matrix Z is known,  very useful is 

COROLLARY 2.2. A n  m-associate PBB design with al = a2 . . . . .  
as = 0 > as+l, as÷2 .... , am is disconnected i f f  there exists l ~ {1,2 .... , m} such 
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that ni = zli f o r  every i ~ {s + 1,..., m}. This design is connected i f f  f o r  every 
l ~ {1,2, . . . ,  m} there exists i ~ {s + 1,..., m} such that ni > zti. 

P r o o f  of  d i sconnec tedness  is con ta ined  in p r o o f  of  T he o re m 2.1, p r o o f  
of  connectedness  is analogical.  

This cr i ter ion is then applied to three-associate  PBB designs based  on 
the rec tangular  associa t ion scheme with o = m n  symbols  in t roduced  by 
Var tak  (1955). For  this scheme matr ix  Z is of  the fol lowing form: 

Z =  

1 1 1 1 

n -  I - 1  n -  1 - I  

m -  1 m -  1 - 1  - 1  

( n -  1 ) ( m -  1) 1 - m 1 - n 1 

COROLLARY 2.3. Three-associate PBB designs, based on the rectan- 
gular association scheme with o = mn symbols, are connected except f o r  
the fo l lowing  cases: 

(i) a l = a 2 = 0 a n d m = n = 2 ,  
(ii) a l = a 3 = 0 ,  

(iii) az = a3 = 0. 

PROOF. 
( n -  1 ) ( m -  1) 
{ s +  1, . . . ,m} = 
have {s + I, . . . ,  

In the  case of  (i), we have  {s + 1 , . . . ,m} = {3} and zt3 = 
= n3 = 1 for  l = 3 and m = n = 2. In the case of  (ii), where  
{2}, we have zt2 = n2 = m - 1 for  l = 1. In the case of  (iii), we 
m } = { l } a n d z t l = n l = n - l f o r l = 2 .  

Finally,  we give an example  of  an appl icat ion of  Theorem 2.1. 

COROLLARY 2.4. Two-associate PBB designs are disconnected only 
in the fo l lowing  cases: 

(i) al = 0 > a2 andp12 = O, 
(ii) a2 = 0 > al and p21 = O. 

The p r o o f  of  (i) fol lows f rom Theorem 2.1 with m = 2 and A ,  = {1}. 
The p r o o f  of  (ii) is similar to the above,  after  interchanging the first 
associates with the second associates.  

None  of  the fo l lowing designs fulfil condi t ion  (i): g roup  divisible (GD),  
t r iangular  with n > 5, Lat in  square  type  Li(s), cyclic and the design based  
on part ial  geometries.  Cond i t ion  (ii) is fulfilled by  each G D  design with 
o = mn  (m ( >_ 2) groups  of  n ( _> 2) t rea tments  each), when a2 = 0 > al. 
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