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Abstract. The necessary and sufficient conditions for m-associate partial-
ly balanced block (PBB) designs to be connected are given. This general-
izes the criterion for m-associate partially balanced incomplete block
(PBIB) designs, which has originally been established by Ogawa, Ikeda
and Kageyama (1984, Proceedings of the Seminar on “Combinatorics
and Applications”, 248-255, Statistical Publishing Society, Calcutta).
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1. Introduction

Let B; (i=0,1,...,m) be the v x v association matrices with the
elements bes = bpe, where beg = 1 if &£ and B are i-th associates, and
bzs =0 otherwise (&£, % =1,2,...,v). They are: being symmetric and

linearly independent, i=§0Bi =11, Bl =nl and B;B: = iglo PieBi, where 1 is

the vector of ones and By is the unit matrix I of order v. The numbers v, n;
and pix (i,j,k=1,2,...,m) are called the parameters of the association
scheme: all must be nonnegative integers. It is well known (cf. Bose and
Mesner (1959)) that:

m .
(1.1) nnk = T pii ,
(1.2) kip}k =n, if i#j,
(1.3) npj = niph = mipls ,
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fori,j,k=0,1,...,m. Moreover, if 4 is any subset of {1,2,...,m} andj ¢ A4,
then

(14 B(z8)-% (08

i=1

Let z; denote the /-th latent root of the matrix P, = (pf) (i, k=0, 1,..., m).
It is known (cf. Bose and Mesner (1959)) that

m .
i .
(1.5) ZIjZIk:i:zopijIi, Lik=0,1,...m,
ni = Zy, Zoj = Ny, Zoo = Z10 = *** = Zmo = | and the matrix
200 Z10 Zmo
201 21 Zml1
Z= ,
Zom Zim Zmm

of order m + 1 is nonsingular. Note that zj; is also the /-th latent root of the
matrix B;.

Let N denote a v X b incidence matrix of a partially balanced block
(PBB) design based on an association scheme with association matrices B;
in which i-th treatment (i =1,2,...,0) occurs r; times and j-th block
(j=1,2,...,b) is size k;. The C-matrix of this design can be written as (cf.
Kageyama (1974), p. 582)

3

(1.6) C=%aB:,

where a;< 0, for i=1,2,..., m. The latent roots of matrix (1.6) are of the
form:

(1.7) mo=Ean=0, w=%Fazm I=12..m.

Here, the block design is called connected if and only if (iff) the rank of its
C-matrix is exactly v — 1. Then the PBB design is connected iff x; > 0 for
all /e{l,2,...,m}. Otherwise, if there exists /€ {1, 2,..., m} such that i =90,
then PBB design is called disconnected.

It is known (cf. Kageyama (1974), p. 584) that a PBB design with a
constant block size based on an association scheme of m associate classes is
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a partially balanced incomplete block (PBIB) design based on the same
association scheme. Thus, a PBIB design is a special case of PBB designs
with A = — ka; (i= 1, 2,..., m), where the block size k and A; are parameters
of PBIB designs.

The main purpose of this note is to give necessary and sufficient
conditions for connectedness of PBB designs. This generalizes the criteria
of Ogawa et al. (1984), Saha and Kageyama (1984) and Baksalary and
Tabis (1987), pertaining to PBIB designs.

2. Results

The following is a general disconnectedness criterion for PBB designs.

THEOREM 2.1. An m-associate PBB design with ai =a;= - =as =

0> as+1, @s+2,...,am is disconnected iff there exists a nonempty subset Ay of
{1,2,...,8} such that

(2.1 px=0, VieAd,, Vjkefl,.,m}— Ax.

PROOF OF NECESSITY. If a PBB design is disconnected, then x; =0,
for some /e {l,...,m}. From this and (1.7) and from ny — z10 = 0 we have
gll ai(n; — zi) = 0, which implies that n; = z; for i € {s + 1,...,m}. Let’s define

Ax={i€{l,2,..,s}:n>z;} and Axx=1{i€{1,2,...,5}:n:= z;}. From the
nonsingularity of matrix Z follows nonemptiness of set 4%, however, set
Asxx can be empty. Note that Ay is empty iff A5 ={1,2,...,5}, and that
{1,2,....m} — Ae =1{s+ 1,...,m} U Agx. In general one can write that
ni=zi; for ie{s+1,...,m}U Axy. From (1.1) and (1.5) we obtain

m .
Eop,’-k(ni ~zi)=0 for j,kef{s+1,....,m}U Axs, since ni=z; for i ¢ A,
therefore one continues .-5? Pi(ni — zi) = 0 which leads, in particular, to
@.1).

PROOF OF SUFFICIENCY. From (2.1) and (1.2) we have
(2.2) 2 Pr=mn, Vje{s+1..m}, VieAs,
and (2.1) and (1.3) give > Pr=0forie{l,2,...,m}— Ay U {0}. This and

(1.4) lead to (B; — niI) P2 B:=0.

Hence and from the obvious equality C = }?.0 a;i(B; — n;I) we obtain
=
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(2.3) C kGZA‘Bk =0.

Since r ( kEZA B ) =2 it follows from (2.3) that r(C)<v—-2 (v>2 being a

natural condition that should be added somewhere), which completes the
proof.

The connectedness criterion is obtained as a consequence of Theorem
2.1.

THEOREM 2.2. An m-associate PBB design withay=a;= - =a,=
0> as+1,85+2,...,am is connected iff for every nonempty subset Asx of
{1,2,..., s} such that pj. > 0 for some i € Ag, and j k€ {1,2,...,m} — Ax.

Note that the necessity part of the above theorem follows from the
sufficiency part of Theorem 2.1. Similarly the sufficiency part follows from
the necessity part of Theorem 2.1.

Necessary and sufficient conditions of connectedness occurring in
Theorem 2.2 are very helpful in the construction of PBB designs when the
incidence matrix is looked for. One can even state hypothetical connected-
ness (maybe nonexistent) of PBB designs depending on the given set of
values a; and pj (i,j,k = 1,2,..., m). We can arrive in this respect at interest-
ing conclusions which can be exemplified by Corollary 2.3. Of course in a
situation where incidence matrix of PBB design is known, Theorem 2.2 can
not be applied since the extremely simple characterization of connectedness
is as follows:

The block design is connected, if it is possible to construct a chain of
treatments i = i, i1, i2,..., in = j such that every consecutive pair of treat-
ments in the chain occurs together in a block.

Theorem 2.2 asserts, in particular, the following

COROLLARY 2.1. An m-associate PBIB design with A\, =1, = - =
As =0 < As+1,As+2,..., Am is connected iff for every nonempty subset Ax of
{1,2,..., s} such that pjx >0 for some i € Ax, and some j, k €{1,2,...,m} —
Ax.

This corollary is an alternative formulation of the criteria established
by Ogawa et al. (1984), Saha and Kageyama (1984) and Baksalary and
Tabis (1987).

If the matrix Z is known, very useful is

COROLLARY 2.2. An m-associate PBB design with ai=a;= -+ =
as = 0> a+1,ds542,...,am is disconnected iff there exists le{l,2,...,m} such
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that n; = z; for every i € {s + 1,..., m}. This design is connected iff for every
le{l,2,...,m} there exists i € {s + 1,...,m} such that n; > z.

Proof of disconnectedness is contained in proof of Theorem 2.1, proof
of connectedness is analogical.

This criterion is then applied to three-associate PBB designs based on
the rectangular association scheme with v = mn symbols introduced by
Vartak (1955). For this scheme matrix Z is of the following form:

1 1 1 1
n—1 -1 n—1 -1

Z=
m-—1 m-—1 -1 -1
n-Dm-1) 1-m 1-n 1

COROLLARY 2.3. Three-associate PBB designs, based on the rectan-
gular association scheme with v = mn symbols, are connected except for
the following cases:

1) ai=a2=0andm=n=2,

(i) ai=as=0,

(lll) a;=a;=0.

PROOF. In the case of (i), we have {s+ 1,...,m}={3} and z5 =
mn—D(m—-1)=ns=1for /=3 and m=n=2. In the case of (ii), where
{s +1,...,m} = {2}, we have zp = n, = m — 1 for [ = 1. In the case of (iii), we
have {s + 1,....m}={l}and zn =n =n-1for /=2,

Finally, we give an example of an application of Theorem 2.1.

COROLLARY 2.4. Two-associate PBB designs are disconnected only
in the following cases:

(i) a1=0>a andpn=0,

(i) a2=0>a and pii=0.

The proof of (i) follows from Theorem 2.1 with m =2 and A = {1}.
The proof of (ii) is similar to the above, after interchanging the first
associates with the second associates.

None of the following designs fulfil condition (i): group divisible (GD),
triangular with n =5, Latin square type Li(s), cyclic and the design based
on partial geometries. Condition (ii) is fulfilled by each GD design with
v =mn (m (= 2) groups of n ( = 2) treatments each), when a, = 0 > a,.
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