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Abstract. A series of inequalities involving Stirling numbers of the first
and second kinds with adjacent indices are obtained. Some of them show
log-concavity of Stirling numbers in three different directions. The in-
equalities are used to prove unimodality or strong unimodality of all the
subfamilies of Stirling probability functions. Some additional applications
are also presented.
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1. Introduction

“Stirling family of distributions” is a collection of eight subfamilies of
discrete probability distributions which involve Stirling numbers of the first
and second kinds (Sibuya (1986)). The subfamilies are classified as shown
in Table 2. Although the forms of their probability functions are different,
all are unimodal if monotone increasing or decreasing probability functions
in their distribution ranges are regarded also unimodal.

This fact can be proved by log-concavity of Stirling numbers or by
inequalities involving Stirling numbers with adjacent indices. Each of the
first and second kinds of Stirling numbers forms a triangular array, which
is totally positive 2 (Karlin (1968)) as a function of two indices. The array
includes finite and infinite sequences in three directions. All the sequences
are log-concave (Keilson and Gerber (1971)) to the extent that some are
just as the definition, and some are stronger and one is weaker than the
definition (cf. Table 1).

Such type of inequalities was studied by Lieb (1968) and Neuman
(1985). Resuits of this paper extend and improve some of their results. For
some others alternative proofs are given. Lieb (1968) used Newton’s
inequality for symmetry functions and Neuman (1985) used moments of
spline functions to obtain their inequalities. The methods used in this paper
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are elementary. Log-concavity conditions are given by Kurtz (1972) for
triangular arrays defined by a recurrence formula.

In Section 2, preliminaries on Stirling numbers, Stirling distributions
and log-concavity are given. In Section 3, a series of inequalities are given,
and the main inequalities are summarized in Table 1. In Section 4, the
inequalities are used to prove strong unimodality or unimodality of all the
probability functions in Table 2 for any parameter value.

The inequalities are applied to other problems (Section 5). One is
Poisson upper bounds of the distributions of STR1F and STR2F subfamilies
of Table 2. Another problem is monotonicity of the convolutions of
Stirling numbers. Finally, log-concavity of binomial coefficients are remarked
(Section 6).

2. Preliminaries
‘Unsigned’ Stirling numbers of the first kind [’Z] for nonnegative

integers n and m are defined by the polynomial identity
ﬂ“=ﬂr+ﬂ~0+n—DzZ[n]ﬂ
m| m ’

in the domain 0 <m < n, and are zero outside the domain except that

[8] = 1 by convention. They satisfy the recurrence relation

Q.0 [n+1

]:n["]+[ " ] n=0, m=1.
m m m—1

Stirling numbers of the second kind {,':l} for n, m=0 are defined

similarly, in this case by

where 1" := t(t — 1)---(t — m + 1). They satisfy the recurrence relation

2.2) {”;l}zm{”}+= & }, n=0, m=1.

m m—1

See Jordan (1947), Riordan (1958), Goldberg et al. (1964) and Knuth
(1967-1981), for the introduction to Stirling numbers. The notation of the
numbers differs by the literature; this paper follows the notation of Knuth.
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Probability functions involving Stirling numbers as their main component
are shown in Table 2, which appeared in Sibuya (1986). The table has two
columns for each of two kinds of Stirling numbers. Good correspondence
exists between them, and subfamilies have symbols STR1* in the first
column, and STR2#* in the second. The asterisks stand for F, W, C or 1.
The characters are initials of Finite range (or Fundamental), Waiting time,
Complementary waiting time, and Infinite range. Some are very well
known, some others are less known, and STR1W, STR1C and STR2C
may be new.

A series of nonnegative numbers (c,)»-- is log-concave if

2
Cn = Cn-1Cn+1 , n=0, 1, +2,...,

(Hardy et al. (1952)). Log-concavity of a probability function on integers is
a necessary and sufficient condition for its strong unimodality in Ibragimov’s
sense (Keilson and Gerber (1971)). Log-concavity of probability functions
is preserved under the operations, convolution, shift, truncation and reverse.
Strong unimodality implies unimodality, but not reversely.

Log-concavity of the subfamilies STRI1F, STR2W and STR2I is
obvious. Their probability functions are multiple convolutions of Bernoulli,
geometric and O-truncated Poisson probability functions, respectively, and
these are log-concave. The probability function of STR1I is also a multiple
convolution of logarithmic series probability functions which are, however,
log-convex.

3. Inequalities

In Theorems 3.1-3.7, inequalities on Stirling numbers are shown. The
main inequalities in Theorems 3.1-3.5 show log-concavity in both kinds of
Stirling numbers in three directions. The schemes of indices of Stirling
numbers in the inequalities are illustrated in Table 1. A duality exists
between the first and second kinds of Stirling numbers, and the same type
of inequalities often holds for both kinds. Occasionally, however, sharp
differences arise.

The proofs for all the theorems, except for Theorem 3.7, are based on
the recurrence relations (2.1) and (2.2) although some maneuvering is
necessary.

THEOREM 3.1. (Lieb (1968)) The following sequences are strictly
decreasing forany n=3,4,...;

e 144 11 I MR E
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Table 1. Log-concavity and related inequality relations among Stirling numbers.

the lst Pattern the 2nd
SY‘.“"O‘ kind m-1 m m+lms2 Kind
in
the n-1| . . . . Property
n n
text [ ] n . . . . { }
m m
n+1 . . . .
A S s g s . S log-concave
B & s : : totally
o s g - positive
$
C w . g . . — log-concave
$
$
G — . g . . —  log-concave
$
s g
F S S —
g $
S g
D S S —
g $
E S ® : S -
g . s

1. The central column, “pattern”, indicates the positions of indices n and m appearing in each
inequality. “g” represents the greater part and “s” the smaller part of the inequality. For example, in
row A the pattern means

n
m+1])’

n | n n n }2 n
> and >
m m—1]m+1 m m—1
2. “S”in the columns on both sides indicates that the inequality is actually stronger than what the
pattern appears, and some factor larger than 1 can be multiplied to the smaller side of the inequality.

“W” in the first kind column means the contrary; the inequality is weaker, and some factor larger than
1 must be multiplied to the greater part.

(A1%) n_mm[n_m]/[n m+l] m=1,2...n—1,
L

w ot

} m=213,...,n,
-m+1

and
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Lo

m=12,...n—1.

, m n
(A2) (n—m)(n—m+1)[n—-m

PROOF. The first half (A1) and (Al’) is equivalent to

(3.1) (m—l)(n—m)[:;]2>m(n—m+1)[mril][m11],
m=2,...n—1.

Remark that both sides of (3.1) vanish for m =1 and n.
To prove by induction on n, put n =3 and m = 2 to see

HEEHIHE

To advance the induction step, calculate

(m—l)(n—m+1)[";1] _m(n_m+’2)[n+1 ][:1111]

_ zn_m+2
n—-m+1

(en-16-m)| 2]

oL
ol ][
a0
1(('"—2)("—'"“)[,,,’11]2

v meal, 7 ][
(ol T L)

All the terms are nonnegative and some are positive form=2, 3,...,n
The second half (A2) and (A2’) is equivalent to
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2 n n
3.2) (m—l)(n—m){ ]>(m+l)(n—m+l){ N },
m m+1

h
m

which will be proved in a similar way. For n =3 and m = 2,

HRHHE

To advance the induction step on n, calculate

R ) R oy (o3}

:(mz—l):_:%:_?(('”_”(”‘m){;}z
_(m+1)(n—m+1){m’11”m11})
THZ{T(m“r(n—erZ)("‘m))[;}z
mtl ((m~2><m—1><n~m>{mi1]l;;}
_m(m+1)(n—m+2){m’iz]{mn+l})
e EURERTCRE | I
p (<m-2><n—m“’{mi1r
_m(n—m+2){mn_2}{:1})
+2£:%ii{milr'

All the terms are nonnegative and some are positive form=2,3,...,n. U

Remarks. Lieb (1968) showed (3.1) from Newton’s inequality and the

fact that the generating function of ([’Z])n 1 has only real roots. He
m=
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showed also the sequence

(3.3) —m—;["}/{ " } m=23,..n,

n—-m+1lm m-—1

strictly decreasing. The inequality (A2) slightly improves this result.
Numerically, it is suggested that the sequence

(3.4) (m;_l)’(j': m)[;]/[m'i 1], m=23.n—1,

is strictly decreasing and the same for m = n — 1 and », and that

(3.5) M{”}/[ " ] m=23,..n,

n—-m+1{m m-—1
is strictly decreasing.

COROLLARY 3.1. Suppose a sequence (am)m=1 satisfies 0 =ay < a» <
a3 < - and 2am = Qm-1 + Amer, m =2, 3,.... The sequences

am[n]/[ " ], m:2,3,...,n,
m m-—1

amﬂ[ " ]/[ " ] m=1,2...n—1,
n—m n—m+1

am{n}/[ " }, m=223,...,n,
m m—1

and

am+1[ " ]/{ " ] m=1,2..n—1,
n—m n—-—m+1l

are strictly decreasing for anyn=3,4,....

PROOF. The sequence (an.) satisfies 2>a3/a», and if m/(m—1)=
am+1/am, then

An+2 < 20me1 — AGn < (M + Dam+1/m .

Since
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m m-—1 m
>

> = Am+1/ Am
n—-m/| n-—m+1 m-—1 ’

the corollary follows from Theorem 3.1. I

COROLLARY 3.2.  Stirling numbers of the first and second kinds, [r’:z]

and {rrrlz} with n fixed, are log-concave sequences in m.

Remark. These facts are well known. Hammersley (1951) and Erdés

(1953) showed
[r’:l]/[m’il];él’

for any n and m.

COROLLARY 3.3. Considering the ends of the sequences (Al) and
(A2),

_ +1 —
36 Lomrl z[nm n ]ZM
(m—Dn-1 m m—1 (m—-1n
2<m<n,
k
where Hy = 21 (1/)) is the harmonic number, and
=
2"-2 n n 2An-m+1)
> — <
G Z{ml {m—l}“ m—Dym > =m=n.

In both (3.6) and (3.7), the left equalities hold for m =2 and the right
equalities for m = n. For 2 < m < n, the inequalities are strict.
Further (3.6) and (3.7) are equivalent to

. n@2n-m+1) n+1 [n (m—-Dn-1)
B8) w0 >[ m ]/ m]>n+(n—m+1)H,.-1’
and

~ (@Cn—m+1)m n+1 n B -
GT) e men { m }/[m}>m+(" D/ =2
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Remark. The inequalities (3.7) and (3.7") improve the inequalities
(4.17)-(4.20) in Neuman (1985).

THEOREM 3.2. As double sequences, Stirling numbers of the first

and second kinds are strictly totally positive 2 (Karlin (1968)) in the sense
that for any ni < n2 and m < mz

531G I b A 2
IR e TR

This means the sequences

[nz] [m]’ m=12,...,m, (m<n),
m m
and
[n]/[n], n=m2,m2+1,..., (m1<m2),
ms mi

are strictly increasing.
A relation (B2) which is completely the same as (Bl) holds for {r’:z]

PROOF. It is enough to prove

63 | A 8 Y| P
mllm+1 m+1 m m m+1jlm-1]1"""
This is true due to Corollary 3.1, and the last equality holds only if all the

terms vanish.
For Stirling numbers of the second kind,

[ IORYE PR iy
:{;}[mZI]J’{Z}z—{le}{m’il}zo’

by the above reason. [J

Remark. Examining the above proof, we get a stronger result: The
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sequence

is strictly increasing.

THEOREM 3.3. The sequences

(C1) %[”;1]/[”;] n=mm+l,..,
and
(C2) {”;I}Hr’;} n=mm+l...

are strictly decreasing for any m =2, 3,....

—[nﬂ nil[r’;][n 2]
et Pt R B Y |
I

] n+1

+n(n+1) m—1 0,

due to Theorem 3.2, and the last equality holds only if all the terms vanish

(C2):

In+l}2_{n”n+2}_{n+l}{ n }_{n}{n+l}>0
m m m } l m m—1 milm-1)" "~
by the above reason. [J

Remarks. The sequence

S| R
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is equal to n if m = 1, increasing if m = 2, increasing first and decreasing
afterward if m = 3. Thus the factor 1/n is necessary to obtain a decreasing
sequence (see Theorem 3.7 for further discussion).

o0

The inequality (C2), showing the log-concavity of ({,’;}) , was

proved by Neuman (1985) based on the log-concavity of the symmetric
means.

THEOREM 34. Forn=m+1=2,

I e 14 bt Py

andforn=m+1=>3,

(EI) (n—l)z[",;l][ ’11] [n_l][m+l]

PROOF. The inequalities are proved simultaneously by induction on
both m and k :=n— m. For m =1 (D1) is true since the right-hand side
vanishes. For m = 2 (E1) is similarly true. For n — m = 1 (D1) and (E1) are
true, because

(D e (m+ Dm?/2>(m+ Dm(m—1)/2,
and
(ED) © (m + hYm*(m — D(3m + 2)/24
>m+ 1Y¥mm - 1) (m—-2)3m—1)/24 .

Now assume that (D1) is satisfied for k =n — m for all m, and in the
induction step of £ + 1 assume (D1) for m — 1. At the same time (El) is
assumed in step £ and m.

e[ A e[

:(m+k)2(m+k—1)[m+,;€—1][m;k]

m+k]
m+1

_((m+k)2—1)(m+k)[mntf;l][
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m+k

2 m+k-l] m+k]
rere Rl

m m-1

m+k+ 1 2[m+k ] m+k
m+k (m + )

m+k—-11m+k
womakp [ [

m+

—(m+ B wl)[m+k ][m+k]
T (PR )
'm;le k)[m+k—l][m+k],

which is positive since all the lines are positive; the first line is so by (D1)
with m and n = m + k, so is the second by (E1) with m and n = m + k, the
third trivially, and the fourth by (D1) with m -1 and n=m -1+ k + 1.
Thus, (D) istrueformand n=m+ k + 1.

This new inequality is multiplied by (DI) withm+ land n=m + 1 +
k side by side. The result is (E1) with m + 1 and n=m + 1 + k. Now the
induction on m is advanced one step for both (D1) and (E1). O

COROLLARY 3.4

(F1) (n—l)[,';__ll][,’;]” n—l][m+1]
e [

where the equality holds only if both sides are 0 or 1. The latter is the case
n=m.

PROOE. Multiply (D1) with

n—1 ]2>[n—1 Hn—l]
m—1 m-—2 m ’
(Corollary 3.1) to obtain (F1). (G1) is a direct result of (D1). J

THEOREM 3.5. Fornzm+1=2,
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(D2) m{";l {:1]>(m+1){:1__11]{m’j_1},

andforn=m+ 1= 3,

(E2) (’"_1){”;1”m’i1]>(’"”)[r’;_—lzl[m’il}'

PROOF. The way to prove is the same as Theorem 3.4. For m = 1
and m = 2, (D2) and (E2) are true, respectively. For n=m + 1,

(D2) e (m+ ym*/2>(m+ Dm(m — 1)/2,
and
(E2) & (m + lym(m — 1)’Gm — 2)/24
>(m+ )m(m—1)(m—2)3m - 5)/24,

and these inequalities are true.
Assume the induction step k := n — m for all m, and assume in step
k + 1 (D2) holds for m — 1. Further assume (E2) holds for £ and m.

T e
:mzm{m+k—1”m+k]
m m

—(mz-l)(m+1){m+k—1”m+k]

-1 m+1
2

LR fat)
e

R B
S

o
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m+ 1 {m+k~l}{m+k}
m ;
m m-—2 m
which is positive since the first line is so by (D2) with m and k, so is the
second by (E2) with m and k, the third trivially and the fourth by (D2) with
m—1landk + 1.

This new inequality is multiplied by (D2) with k and m + 1 side by side

to give (E2) with k and m + 1. [

COROLLARY 3.5.

el el L
@ St e

where the equality holds only if both sides are O or 1. The latter is the case
n=m.

PROOF. The proof is similar to that of Corollary 3.4. O

LEMMA 3.1. Forc>0,

(3.8) 1>nic[";l”[;],

if and only if

[mi1]<c[2]‘

PROOF. Just expand [” ;;1 1]. O

Remark. The sequence ([r’;z])nzl is unimodal, and the mode is

approximately equal to log n (Jordan (1947)). When m is fixed and if n is
larger than some value close to e” the inequality (3.8) with ¢ = 1 is satisfied.

THEOREM 3.6. Forany c>0and foranyn=m, m+ 1,...

e el ']
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implies (3.9) itself with n replaced by n + 1.

PROOF. Form =1 and foranyn> 1,

S e

For m =2, (3.9) is equivalent to

[n—l /[n—l]> 1
m-—1 c+1”’

because of Lemma 3.1. Since the left-hand side is increasing in n (Theorem

3.2),
[:z]/[m’il]>cﬁl-l ’

which is equivalent to (3.9) with n replaced by n + 1. O

THEOREM 3.7. Put

r(rz;m,(}):——Jm[n-l_1 /[m]

For any m=1, 2,... and for any 0>0, (r(n; m, 0))p-m is not a non-
increasing sequence.

Remark. Compare Theorem 3.7 with Theorem 3.3.
PROOF. The existence of n such that
r(my;m,0)y<r(n+1,m,0),
should be proved, and this is equivalent to

n+1

nr1rg BmO<

*-Wr(n+l;m,0).

Since (n+1)/(n+1+0)<(n+2)/(n+2+80) it is enough to prove the
above-mentioned fact for # = 0. Form =1,

r(n; 1,0)=n/(n+1),
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which is increasing. For m = 2,

r(n; 2,0) =

n+1 (n+H,',£1),

where H, = ﬁl (1/j). Therefore,
=

r(n;2,0)<r(in+1;2,0)
Sn+2)Hi-1 <1+ (n+ 1)/ H,
1+ 1/n< H(Hp-1— 1),

and the last expression is valid for n= 3, 4,.... Now for m > 2, r(n; m, 0)
< 1 if n is larger than some value close to ¢” (Remark of Lemma 3.1). On
the other hand it is known (Jordan (1947)) that

limr(n,m 0)=1,
so that r(n; m, 0) cannot be nonincreasing for all n > ¢". [J

4. Unimodality of Stirling distributions

The theorems in Section 3 make it possible to check unimodality of
the probability distributions in Table 2. The following theorem summarizes
the results.

THEOREM 4.1. Among the eight subfamilies of Stirling probability
distributions in Table 2, the following six are strongly unimodal in
Ibragimov’s sense for any parameter value:

STR1F, STR2F, STR2W, STR1C, STR2C and STR2I.

The other two subfamilies are not strongly unimodal but are unimodal
for any parameter value:

STRIW and STRI1I.
PROOF. For each of the distributions in Table 2, the ratio of

consecutive probabilities r(x) =f(x + 1)/ f(x) is as follows, and each is
decreasing due to the corresponding inequality shown by its symbol.

STRIF: r(x):o[x:’_l]/[:], (A1)
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Table 2. Stirling family of probability distributions.
the Ist kind the 2nd kind
STR1F(n, 8) STR2F(n, m)
nl 6° n) m*
[ x] g™ x) m

Finite l<x<n 0<f<e | < x < min (n, m)

Interval m: pos. int. or n — 1 < m real
no. breaking records; occupancy; poker test, test
binary search tree of empty boxes, collision

test.
STRIW(k, ) STR2W(k, m)
x-11 & x~1] m%

Waiting k-1 ] g % k-1) m

Time d<ks<x<oo, 0<f<oo 2<sk=x<oo,

k—1<m<eo, m:real
waiting new records coupon collector’s test
STR1C(k,8) STR2C(k, m)

Complementary x—-17@-1ne* x—1)(x-km*™

Waiting [ x—k ] o x-k m

Time k+l<sx<o,0<f<oo k+1<x<k+m, m pos. int,
waiting non-records waiting collisions
STR1I(k, 6) STR2I(k, 8)

. k! x1 6" k! x) &

Infinite —_— [ ] — — } —

Interval (—log(l—-8) Lk] x! (e -1y (k) x!
O<ksx<eo,0<O<1 O<k<sx<eo,0<O<o0
logarithmic series O-truncated Poisson

. real; k,n, x: positive integer; m: positive integer or real
a["]=a(a+ De-@+n-1, d”=a@-1)-@-n+1).
n n
STR2F: r(x)=(m—x) (A2)
x+1 X
1 X x—1
STR2W: r(x)=— C2
0 x x x—1
STR1C: r(x)= , Gl
(x) O+x x—1Llx+1-% x—k (GD
x+1-Kk(m-x+k) X x—1
STR2C: r(x)= G2
) x+1-k x—k)’ (62)

m(x—k)
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o2 2]

Notice that the coefficients fx/(6 + x)(x — 1) in STRIC and (x + 1 — k)
«(m~ x + k)/m(x — k) in STR2C are decreasing in x.
Regarding the other two subfamilies

STR1W: r(x)=(x+0)‘1[kf1]/[z:i],

and

STRIL  r(x)=0(x + 1)‘[’“]:1 /[i]

Theorem 3.7 is applied to show that they are not decreasing for any k or 6.
However, Theorem 3.6 shows that 1 > r(x) implies

S)>fx+D>f(x+2)> -,

and this means f(x) is unimodal (including the case of increasing or
decreasing).
Unimodality of STR1I was also stated in Patil and Wani (1965). O

b. Other applications

Distributions of the subfamilies STR1F and STR2F can be approximated
by Poisson distributions. Based on Theorem 3.1, Poisson distributions,
which are stochastically larger than these distributions, can be obtained.

Let f and g be probability functions on the integers. A partial order
f < g is defined by

f(x+Dgx)<f(x)g(x+1) forany x.

This relation implies X5 f () < 2 g(¢), namely g is statistically larger than
£, and moreover on any interval the conditional g is statistically larger than
the conditional f(Yanagimoto and Sibuya (1972)).

THEOREM 5.1. (i) Let fi and f>» be the ‘reversed” STRIF and
STR2F probability functions, respectively:

n Hn‘x
fl(x)Z[n_x]Tg‘m, 0sx<n-1,
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and

(n—x)

—, O0=x<n-1<m.

n }m
n-x) m

Srx) = [

Let go be the Poisson probability function with mean A. Then

Ni<g i A=fi(1)/A(0)=n(n-1)/26,

and

<g if Azf(D)[(0)=nn—1)/2(m~n+1).

(1) Let f3 and f4 be the probability functions of STR1F and STR2F,
respectively. Let g, and g, be the probability functions of ‘shifted’ and ‘0-
truncated’ Poisson distributions:

a(x) =X x-1, x=1,2,..,
o) =€ -D)"x,  x=1,2,....

Then,

fi<g, if A=fQ)f(1)=0H. 1,

fi<g, if A=2HQ)60),

fo<g, f A=fld)/fs()=m-D2""' -1,
and

fi<g, i A=2£(2)/f1).

PROOF. Notice that for the Poisson and the 0-truncated Poisson
distributions (x + Dgi(x + 1)/ g{x) = A (i =0, 2), and for the shifted Poisson
distribution xgi(x + 1)/ g1(x) = 4. Since

("“)ﬁ(;f(:)l) - [n—Z-l]/[r:x]’

is decreasing due to Theorem 3.1,

_ A
l_ﬁ(O)

Silx + 1)

>(x+1) e

=1,2,..,
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and this means go(x + 1)/ go(x) = fi(x + 1)/fi(x) or f1< go.
The other five cases are similarly proved. [

The last application is related to the convolution of Stirling numbers.

THEOREM 5.2. Put

m na
ci(n, ny, m) =2 ,
m, 2, m) t[t] m—t]

and

cni, no, m) =% { m }{ = ] .

t Lt m-—t

When ni + n is fixed, ci(n, n2, m) decreases when |n\ — n2| decreases for
i =1, 2 and for any m. Except that when n, + n; = 2s,

als—1Ls+1,m=c(s,s,m)y=cs+1,s— 1, m).
PROOF. It is enough to prove
G.D) catk-lL,n—-k+1,m>ctk,n—k,m f k=n—k,

(replaced by equality if i = 1 and n = 2k). For i = I, (5.1) can be rewritten

as
T | A 1 el | it

and this is true unless n — k = k.
For i =2, (5.1) is rewritten as

Z(m—t)}k_l}{n_k}>2t{ k—l}{n—k}'
: t m—t 1 t m—t
Take the two terms t=s and t=m— s (s <m —s) from both sides, to
obtain
:k—l}{n—k} [k—l}{n—k}
(m—23s) + 5
s m-—s m-—s s

s e [T
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This is true because

fk—-l<n—-kands<m-s.0
Part of both Theorems 5.1 and 5.2 has been used in the discussion of

the occupancy problem with two types of balls (Nishimura and Sibuya
(1988)).

6. Log-concavity of binomial coefficients

Finally, we remark that binomial coefficients, to which Stirling numbers
are similar somewhat, are log-concave.

THEOREM 6.1. Let a be a positive real number, and let n and m be
positive integers. The sequences

a a
(x+1)(x+1)/(x), x=0,1,...,n n<a,

( a )/( @ ), x=0,1,...n—-1, n—-1<a,
n—x-—1 n—-x

(“”H)/("”), x=0,1,2,.. 0<a,
x+1 X

and

(a+x+1)/(a+x)’ x=0,1,2,...; m—-1<a,
m m

are strictly decreasing.

The proof is straightforward and omitted.

Keilson and Gerber (1971) showed strong unimodality of binomial,
negative binomial and Poisson distributions for any parameter value. The

facts are due to part of the above theorem. Strong unimodality of positive
and negative hypergeometric distributions
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0 N e B

a,b>n—1 or ab<-1,

is also due to Theorem 6.1.
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