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Abstract. Consider the problem of constructing an estimator with a
preassigned bound on the risk for a mean of a normal distribution. The
paper shows that the usual two-stage estimator is improved on by
combined estimators when additional samples taken from distributions
with the same mean and different variances are available.
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1. Introduction

Let X1, X,... be a sequence of mutually independent random variables,
each having normal distribution N(x, 6}) with unknown parameters x and
oi. Given a preassigned number B> 0, we consider the problem of
constructing estimator 4 of u such that

(1.1) R(j) = E[(A— p)’]< B,

uniformly with respect to unknown parameters. If a sample of size n is
taken, then sample mean X, has risk R(X,) = o1/n. When o7 is known, the
risk can satisfy the required condition (1.1) by taking n = n* = g}/ B where,
for simplicity, n* is assumed to be an integer. However, when o} is
unknown, there does not exist any fixed sample size such that R(X,) < B
for all o1 > 0. Then the following two-stage estimation rule is proposed (see
Rao (1973), pp. 486-487):

() Start with an initial sample Xi,..., Xn of size m (= 4).

(i) Define the stopping number by

(1.2) N=max(m,[§(:—"17)]+1),
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where Sin =j'2flx (X; = Xm), Xm= gll Xj/m, and [u] denotes the largest
- -

integer less than w.
(i) Take another sample Xm+1,..., Xn. Then estimate u by

—_ N
Xy=N"! z X,
]:

which has the risk not larger than B.

In this paper, we assume the following situation: The above two-stage
sampling procedure is carried out for the principal estimation of x, while
some supplementary observations are obtained before or after its two-stage
sampling, and these observations seem to be particularly distributed with
the same mean u. In this case, of great interest is to investigate whether
their additional observations are available for estimation of u, which is just
our purpose.

From a decision-theoretic point of view, sequential estimation have
two kinds of domination problems, that is, improving on the estimation
procedure and making the stopping number smaller. The former problem
has been resolved by Ghosh and Sen (1983), Takada (1984), Ghosh e al.
(1987) and Nickerson (1987), but little is known about analytical study for
the latter problem, which seems to be not easy. Here the former domination
problem is discussed.

Section 2 deals with two-sample problem. In addition to the sample
obtained by the above two-stage sampling rule, we assume that a random
sample of ﬁxed size / is taken from N(u,o3) with unknown o3 possibly
different from o7. Using information of the additional sample, we consider
the class of combined estimators which have been, in the fixed sample size
case, investigated by Brown and Cohen (1974), Khatri and Shah (1974),
Bhattacharya (1980) and Kubokawa (19874). Then the condition under
which the two-stage combined estimators dominate X y is developed. It is
noted that this domination result holds when the size / is at least 3. In
Section 3, we discuss k-sample problem and obtain the condition which
ensures that Brown and Cohen’s type estimator (1974) has a smaller risk
than X v.

2. Two-sample problem

Following the stopping number N given by (1.2), sample Xi,..., Xy is
taken from N(u,o?}). We further assume that random sample Yi,..., Y1 of

fixed size / is addmonally taken from N(u,0%). Denote Siy= 2 (X; -
Xn), Y=10" 2;l Y;and S; = 2: (Y;— Y)’. Then it is shown that the usual
Jj=
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two-stage estimator X v is improved on by using information from ¥1,..., Y.
Let a be a positive constant, and let by and c» be nonnegative functions of
N such that by > 0 and by = ¢y = 0. The combined estimators we consider
are of the form

a
1+ Ry

(2.1) fin(a, by, cn) = X + (Y - Xw),
where Ry = {bnS2/1+ cN(f_N - 7_)2}/(Sm/ N). By the symmetry of the

conditional distribution of Xy — Y given Sin, it is seen that fin(a, bn, cn) is
an unbiased estimator of u.

THEOREM 2.1. The combined estimator fin(a, bn, cx) dominates the
two-stage uncombined estimator X y relative to the mean squared error loss
and has a risk bounded by a preassigned positive constant B if the
following conditions hold for m = 4:

(@ I=6ifcn=0,0rl=3ifcn>0.

(b) nb} is nondecreasing in n for n=m and "g‘.m (nb) <o if en =0,

or by/n and c.| b, are nondecreasing in n for n=m if cx > 0.
(c) a, b, and c. satisfy that

. . -5 . _
(2.2 a < min 1,2.}!23;{__211—”14‘1[)"}] if cov=0,

or that
2.3) asmin[lﬂ'ii‘i{%'%T
-(1+ (l+2)bn Cn lf byvzcen>0.

Example. (i) Brown and Cohen’s type estimator (1974) fin(a, (N — 1)/
(/+2), (N—-1)/(+2)) is better than X y provided /=3 and

a<min{l,(/-2)/(+2)},
by Theorem 2.1.
(i) Khatri and Shah’s type estimator (1974) fn(1, (N+ 1)/(I—2),
(N + 1)/(I — 2)) is always better than Xy for /= 3 by Theorem 2.1.

PROOF OF THEOREM 2.1. We shall prove that fin(a, by, cn) is better
than X y under the mean squared error loss. Let p = 65/01, and let T~ y3,
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that is, a random variable distributed as a chi-square variate with 3 degrees
of freedom, being independent of (Sim, Sin, S2) for any n=m. Denote
Ry={(b~N/DS: + cxoi(1 + pN/ )T}/ Siv. Then according to Brown and
Cohen (1974) and Khatri and Shah (1974), the risk of jin(a, bw, cn) is
written by

(2.4)  R(4n(a, by, cv))

- Y 2 _1_{ a 2 }
—R(XN)+amE[N (1+pN/D A+ R 1+ Re ],

which gives that R(fin(a, bw, cx)) < R(X 5) if and only if the second term in
the r.h.s. of (2.4) is not positive. Here, observe that for0 <a<1, >0 and
X>0,

(1+68)a 2 ._ 4
(1+6x)Y 1+6X " 1+6a

2.5) (aX?-2x7Y,

which follows from the inequality 20 X(X — a)’ + (ad + 1)(1 — @)X + (X —
ay’ = 0. Putting = pN/l and X = RxI/(Np) in (2.5), we see that

E[LN{(I +pNJ/I) a +a§N)2 B 1+2RN }]

a 2H2 H-1
SE[N(I T aNID) fa(pN/1)" Ry 2(pN/l)RN}}.

Hence it is sufficient to show that

(2.6) h(d}, 03) & {(pN/I}R¥}

1
E[ N(1 +apN/I)
— (2/a)(pN/DR¥'} ] <0,

for any o7, o3 > 0. This is also represented as
y p

1
m n(l+ apn/l)

1 (pn/1)’
m n(l + apn/l) R:

Ms

2.7 h(et,63) =

n

E[ {(pn/ 1)’ R’ ~ % (pn/DR,'} Iiwen) ]

H

M8

t

n

IiN=n) ]
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(2 El(pn/ D) Ra T
a E[(pn/l)z_ﬁ;zl[mn]] ’

where for n=m + 1, Iiv=n) = I{Bm-3)n-1)<SimsBm-3n) aNA IiN=m) = I[SinsBom-3)m].

To prove the inequality (2.6) by use of (2.7), given N = n, we express
R, by other mutually independent random variables whose distributions do
not depend on unknown parameters. For n=m+ 1, let Qi = Sin — Sim
and denote Ui = Sim/0? and Uz = Qin/0r. Also let V= S:/c%+ T and
W= T(S:/05+ T)". Then it is seen that Ui, Uz, V and W are mutually
independent, and that U; ~ ya-1, Uz ~ x3-m, V ~ x1+2 and W ~ beta {3/2,
(/- 1)/2}, that is, a random variable having a beta distribution with
parameters {3/2, (I — 1)/2}. Note that ¥ = S/ + VW. Then

pn/l — Ui+ U
Re  {bl— W)+ caW+ Wi (pn)}V

By using this expression, the ratio of expectations in (2.7) is rewritten as
E[(pn/D) Ry Iiv-n] _ E[{bu(l — W)+ cn W+ ca wil(pn)} 1E[V
E[(pn/ I’ R Iv-n) ~ E[{bi1 = W)+ caW + ca WI(pn)} 1E[V ]

. E[(Uy + Uzn) Iin-n]
E[(Ur + Us) Itv-n]

From Proof of Theorem 2.1 in Kubokawa (1987b), we observe that
E[{bl — W)+ caW + ca Wi (pn)} ]
E[{ba(1 = W)+ ca W+ ca Wi (pn)} 7]

. E[{bi(1 — W) + s W+ ca W1 (pm)} ']

“ E[{bu(l — W)+ ca W+ ca W1 (pn)} (b1 — W) + ca W}]
CEb(l= W) + ea WY ] o
TE[b(1- W)+ WY

u(b": Cn, 0) ]

where u(ba, cn; 0) is the notation corresponding to (2.2) of Kubokawa
(1987b). In other words, the second inequality follows from Theorem 2.1 of
Bhattacharya (1984) and the fact that both {b.(1 — W) + caW}/{bn(1 — W) +
W+ cnWl/(pn)} and bn(1 — W) + ¢, W are nonincreasing in W for b, = cn.
Also observe that E[V ']/ E[V*] = I - 2. Thus from (2.7), we have

28)  h(hod) < T adEL(Ur + V) fiven
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= 2/ a)(! = 2)u(bn, cn; OE[(Ur + Uzn) Iin=n] } ,
where

a, = 1 E[(pn/ 1)2}_27_121[1\/=n]]
" n(l + aPn/l) E[(Ul + Uzn)ZI[N=,,]] :

2.9)

Since U, and U, are independent, we see that
(2.10)  E[(Ui + Usn) Itn=ni] = E[U? Itn-m] + 2(n — m) E{ U\ Iin=n)]
+(n—m+ 2)(n — m)E[Iinx-n] .

Here, writing fm-1 = 0, B = B(m — 3)n/a%, for n > m, we define gs(n) by

qr(n) = P{Bu-1 <x3 < Pn}
for positive integer f. Then, P(N = n) = gm-1(n). Also, note that if fi(x) is a

chi-square density with k degrees of freedom, x-fi(x) = 2{I'(k/2 + r)/
I'(k/2)} fi+2r for real r. Thus from (2.10),

(2.11) E[(Uy + Usp)* Itn-i] = (m + 1)(m — 1)gms+3(n)
+ 2(m — 1)(n — m)gm+(n)
+(n—m+ 2)(n— m)gm-(n) .

Similarly,
(2.12)  E[(Ui + U Ipp=n)] = (m — 1)gm+1(n) + (n — m)qm-1(n) .

From (2.8), (2.11) and (2.12), we get

(2.13) h(ot,69)<(m+ DH(m—1)

)

« X Qn [ gm+3(n) —

m+1 {(l - z)u(bn, Cn, 0)/a

n=m

n—m
(m+ D)(m-1)

(0 — m + 2) = 2( — 2)u(bn, cx; 0)/ a}gm-1(n) ] .

= (n— m)igmei(n) +

By Lemma 2.2 of Kubokawa (19875), observe that
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U(bn, cn; 0) = (I — 5)ba/(1-2) for ¢ =0,
. (! = 1)(bn — cn)
u(bn, cr; 0) = ———(l 26 ¢ for byz2cc>0.

Combining these relations and the conditions (a) and (c) of Theorem 2.1
can show that

(- Du(bp, cn; 0)/a—(n—m)y=(m+1)/2,
n—m+2<2(-2u(bn, ca; 0)/a.

Hence from (2.13), the inequality (2.6) can be proved if

2.14) Z 0nlgmes() — gma(W} < 0.

Since @, given by (2.9) is rewritten as o, = (p/)’(1 + apn/I) " (b:i/n)"
E[{(pn/Dyi-1 + (ca/ ba)(1 + pn/ DT} ?], we can show that a, is decreasing

in n from the condition (b), and that ngm a, < o0, Finally, from Ghosh and
Sen ((1983), p. 363), we have

@15)  E tufgmes(n) — gmei(m)}
= n;ﬁm [jg‘;’ ((IJ aj+1) ]{qm+3(n) Qm+1(n)}

]g‘ [ :i {gm+3(n) — gm+1(n)} ] (o — aj+1)

= £ | i <1 - PUda <83 | @- 0o
<0,

which proves (2.14). Therefore the proof of Theorem 2.1 is complete.

3. k(= 3)sample problem

In this section, k (= 3) sample problem is discussed. Following the
stopping number N given by (1.2), sample Xii,..., Xix is taken from
N(u,0?). We further assume that independent random samples (Xai,...,
Xa),..., (Xit,..., Xuy) are additionally taken, where each X;; has N(u, o%).

— N N — _ Ii
Denote Xix= Ntljgl Xy, S1N=j§1 (X1j—Xuv)2, X,'=I,'.lj§1 Xij and Si=
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[ —
2 (X - X))’ for i=2,...,k. Let a,...,ax be positive constants, and let
J:

ban, ..., ben be functions of N. Consider the combined estimators based on k
samples of the form

_ J -
(3.1 Ain=Xiv+ Z oin(Xi— Xwv)  j=2,....k,
where
aiS\n
N = [ =2,...,k.
b Siv+ biN(N/ 1H)S; ! k

The unbiasedness of gin easily follows. This type of estimators was
introduced by Bhattacharya (1980) extending a particular case [namely,
bin=(N - 1)/(li~ 1)], proposed by Brown and Cohen (1974), and was
recently treated by Sugiura and Kubokawa (1986) in the problem of
estimating common parameters of growth curve models.

THEOREM 3.1. Assume that 1, =6,...,I= 6, and that the following
conditions hold for j =2,... k.

Ll -
a) nb’, is nondecreasing inn forn=mand I (nb;)”> < co.
Ji e j

(b) O<aszin[l,2-inf{-—lz;5——bzn}],

em\ 2n—m+ 1

- a wem 2n—m+ 1

0< 1a3 Smin[l,Z-infl‘—lé:—é—bsn”,

a : : hi—5 ”
0< P — Smm[l’z'}g{{Zrz—m+l bin (|-

Then we have
R(fxn) < R(fix-1.n) < - < R(flan) < R(X W) < B,
for a preassigned constant B> 0.

PROOF. Let C;=a;/(1 —a;— - — aj-1); Rin=bin(S8;/ 1)/ (Sin/ N);
tin=Xin+ C(X;— Xw)/(1 + Ri), j=2,...,k. Then the result follows in
the same way as in Brown and Cohen (1974) once it is noted that for each
7 =2, R(t;n) < R(X1») in view of Theorem 2.1.
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Remark. 1t is interesting if we could show that Shinozaki’s estimator
(1978) dominates X .
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