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Abstract. We consider a local random searching method to approxi-
mate a root of a specified equation. If such roots, which can be regarded
as estimators for the Euclidean parameter of a statistical experiment,
have some asymptotic optimality properties, the local random searching
method leads to asymptotically optimal estimators in such cases. Applica-
tion to simple first order autoregressive processes and some simulation
results for such models are also included.
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1. Introduction

In this paper we deal with a stochastic estimation procedure for a
Euclidean parameter in statistical experiments. The main example for
which these methods are developed is a stochastic process of autoregressive
type. The method of stochastic estimation was introduced by Beran and
Millar (1987). The main contribution of the present paper is the idea that a
root of a specified equation can be achieved by a local random searching
method. Since such roots, which may be regarded as estimators for the
parameter of interest, have some optimality properties, the local random
searching method leads to asymptotically optimal estimators in such situa-
tions. The methods used in the proofs of this paper follow those of Beran
and Millar (1987), but the situation to which their ideas are applied is
different.

This paper is organized as follows: Section 2 introduces our main
example of autoregressive (AR) processes and contains some useful
properties for easy reference. In Section 3 we give the main results for the
described local random searching method for arbitrary statistical experi-
ments, while Section 4 contains applications to the autoregressive case and
some simulation results. Finally we prove a version of a convergence
lemma needed in Section 3.
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2. Autoregressive processes and some characteristics

Consider real valued and stationary random variables (X;;t € Z = {0,
+ 1, £2,...}) which are solutions of the following stochastic difference
equation

p
(2.1) X = El aiXi-ite, teZ.

The errors (e;t € Z) consist of independent and identically distributed
(i.i.d.) random variables with zero mean and positive variance o’. Further
we assume that this model has the LAN-property (local asymptotic
normality). Assumptions which guarantee this property are contained in
Kreiss (1987). Especially we need the existence of an absolute continuous
density f of the distribution of e;, which has to have finite Fisher-

Information I(f) = [( £/ )fdA.

In the sequel we use the following notations:

P .
0= (a,...,ay) €O = { (ai,...,ap) € R"|1 — Zlaiz' has no zeros
i=
with magnitude less or equal to one

This definition of the parameter space ensures that stationary solutions
(X:; t € Z) of (2.1) exist (cf. Fuller (1976), Theorem 2.6.1).

Poo=L(Xipys Xal0),  9==SIf, X(G~1D=X10r, Xp)

I'(0) = (EsXsX\)s,i-1...., denotes the p x p-covariance-matrix of the process if
@ is the underlying parameter.

The LAN-property is equivalent to: For all sequences {f,} C € for
which \/— (6, — 6) stays bounded, we have (2.2) and (2.3).

(22) log & dP = Vn(6, - 6) 7— L)X~ 1)
+ —;- Vn(6. — Or@I(f)\V/nb.— 0" —0,
in P.e-probability, where ¢, = ¢;(0) = X; — 0X(j — 1).

0y 2(JpBI@XG- D~ IOV~ ) Frs |
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= A0, TO)(f)),

where “=” denotes weak convergence.

From Kreiss (1987) we have that, under some additional regularity
conditions on the score-function ¢, asymptotically optimal estimators (in
the local asymptotic minimax-sense) {#} for # may be characterized
through

4,(877)—0 in P,eprobability ,

where

1 =
(2.4) 4.(0) = 7;%9)()(} —0X(-)XG-1.

Also M-estimators {#,'} for 6 in this autoregressive setup may be defined
through

.(0Y)—0 in P,gprobability,

where

1 =»n
(2.5) ¥(0) = 7;}.?1‘//()(1‘ —0X(j-1)X(j-1,

and y: R — R denotes a suitable score-function (cf. Kreiss (1985)).

Our aim is to construct an estimator which is easy to compute and
which is asymptotically equivalent up to order 1/+/n to an estimator which
fulfils (2.4) or (2.5). This aim is achieved by a local random searching
method as defined in Sections 3 and 4.

The results are also of practical interest, since it is often difficult to
compute the exact solution of 4,(f) =0 and to prove \/E-consistency for
such a solution, for example.

3. Stochastic estimation for statistical experiments

In this section we do not refer to the special model considered in
Section 2, but we consider the following sequence E, = (%, %, (Pn.s;
8 € ® C R")) of experiments. Here %, denotes an arbitrary metric space
and %8, the corresponding Borel o-algebra. © is an open subset of R*.

3.DH T % x©—R",
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denotes a statistic, i.e., 7, is measurable with respect to %, @ (€ N By),
which is continuous in 8 for each fixed x € %,. Here Bi denotes the k-
dimensional Borel g-algebra on R*.

Assume that we are interested in estimators {#;”'}, which have the
following property

(3.2 T+, 07 (-)) = 0  in P,e-probability .

In the independent situation examples are well-known, while more compli-
cated examples for dependent observations are considered in Sections 2
and 4 of the present paper.

Our aim is to improve a sequence of estimators {6,} which is \/n-
consistent, via simulation, in such a way that the improved version has
property (3.2), and is asymptotically equivalent to {#7”'} up to order 1/+/n.
To do so, we use a local random searching procedure defined as follows:

Step 1: Simulate random variables ¢,,...,, according to un(xn,-),
which denotes a Markov kernel on %, x Bi, where x, represents the
observation.

Step 2: As an improved estimator use (||-|| denotes the Euclidean
norm on R")

9}1 = gn + n_lfztk,‘ N
if and only if
1 Txn, O + 1™ 1)l = mnin {1| Tu(otn, O + 1)1 1 < i<}

Beran and Millar (1987) introduce a similar local random searching
method to (among other things) compute the MLE in complicated para-
metric situations. The main contribution of this paper is the idea that the
solution of an approximative equation 7,(f) =0 can be achieved by a local
random searching procedure as defined above. This result is the content of
the following theorem. The method of proof follows that of Beran and
Millar (1987).

THEOREM 3.1. Assume:

(A1) There exists a sequence {0,} of estimators, such that \/E(En -6
stays bounded in P, s-probability.

(A2 sup {IITa(6) — To(8) + Zx/n®: - 0)'II:116: — 6l < C/n"*} ~ 0,

in P, ¢-probability as n — oo, for a suitable m x k-matrix X with rank k and

a suitable constant a > 0 (we say that T, admits an asymptotic expansion).
(A3) tn(xn,-) converges in P.g-probability to u., a probability

measure on R*, which is continuous and gives positive mass to each open
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set. Further u,{x|||x|| > co-n’} = 0, for all large n.

Assume that a \/n-consistent sequence {0} of estimators exists,
which satisfies (3.2). Suppose jn —~ o as n — . Then for all ¢ >0 and all
neN={1,2,...}, QueRB,Q B, Pro@ pn(Qu)=1— ¢, exists such that
for all sequences {(x", 11,..., )}, (X", 11,..., 1) € Qns: (3.3)

(3.3) V@ 1 ) =07 =0 a5 n—oo.

Remark. According to the paper of Lohse (1987) the assertion of the
above theorem is equivalent to

Vn@.-07)—~0, as n-—o, inP,® ui-probability,
if {#,} is measurable.
The proof of the theorem follows from the following three lemmas.

LEMMA 3.1.  For Wa(xu;u) = Tn(%n, 07 (xs) + n"*u), which is an ele-
ment of C = C(R*,R™) for x, € % fixed, we have

3.4 sup || Wa(xs;w) + Zull =50  in Pne-probability .

Hull=n"c
This implies, of course, Wo S —Zu in P,sprobability.
PROOF. First, because of continuity

sup{|| Tn(xn, 037 + 1" *10) — Tn(3n, O77°) + Zul|: ||| < n*c}
= || Tu(xn, B + 12 tin(xn)) — T(xn, 0F") + Ziin(xn)ll, say
< || Tu(%n, 07" + 17 200) — Tn(n, 8) + Z\/n(02F" + 10"ty — 0)||
+ 1| Tu (X, 07F") = T(xn, 0) + Z/n (6" - 6)|
=0 in P.e-probability,

because of (A2). Together with (3.2) this implies assertion (3.4). To see the
convergence in C, consider Fahrmeir (1973), Satz 2.1b. O

For each A € B define the following two empirical measures
X 1 &
(3.5) it 3 A) = 5 2, a8,

and
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(3.6) fne(A) = fn(fa — \/n(@. — 07 a € A}) .

fin is a randomly centered version of /i, with support {#, + \/n(6, — 87")|v €
{1,...,jn}}. For these discrete measures the following results hold:

LEMMA 3.2.

(1) fin= po in Pro @ ui-probability.

(i) For all >0 and all neN, Q,. € B, R By, exists with P,y Q
wi(Qn) = 1 — & such that for all sequences {(x", 11,..., (), (X", ..., 1) € Qne:

(37) {ﬁnc( ¢ )}neN is tight .

PROOF. (i) is shown in Beran er al. (1987). From (i) we have,
according to the paper of Lohse (1987), the existence of a sequence Q€ By
X Bk, , Pno @ ui(Qn) = 1 — ¢ such that for all sequences {(x", #1,..., £) }nen,
(x I Iy t]n) € Qna

fin(£yee0s 6 ) = o
Now define (|+| denotes the sup-norm on RY
Qe = (1X"| VN Ba(x") — 6] < M, \/nlBP(x") — 6] < M} X R¥) N Q.
Because of \/n-consistency of {8,} and {9""'} we get Py @ ui(Qn) =1 — 2e.
Now we have: For each sequence {(x", 71,..., §;)}a, (X", 71,..., £;,) € 2, and for
all 0 >0 a compact set K € B exists, such that (11, t,'-:; K)=1-4forall
n (without loss of generality assume K =[—k,kT"). Let K¥* =[-Kk — 2M.,
Kk + 2M.} and observe
K C {k — \/n@.(x") — 02" (x") |k € K*} .
From this follows
fn({k ~ /n@n(x") — O ("N k € KID 2 il K) 2 1 = 6
for all n € N, so that (3.7) holds. O

For the discrete probability measure [, on R* and a continuous
function g: R* — R™ define

(3.8) Afine, 8) = tr, + \/n(Bn — 677",

if g (tk, + Vn (@~ 6| = min {]|g(¢, + \/n(@ — 67D 1 < v <ja}). Then
we finally have:
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LEMMA 3.3, For each ¢>0 and ne N a sequence Q. € B Q By,
exists with P,, @ ur(Q2x) = 1 — ¢, such that for all sequences {(x", 1},..., ) }n,
" 1,..., 1) € Qu:

A(fine, Wa) =0 as n—oo,

PROOF. For ¢>0 and ne€N choose £, such way that for all
sequences {(x",11,..., )}, (X", 11,..., 1) € Qn the assertions of Lemmas 3.1
and 3.2 hold and that \/n(@.(x") — 6 (x")) stays bounded (cf. Lohse
(1987)).

Under these assumptions we can conclude that each subsequence
{n1} C{n} contains a further subsequence {m} C {m} such that for a
suitable probability measure 4 on R

(3.9) fim(tTs.s 1 {@ = MOu(x™) — OF (X)) ae- = p,
and
(3.10) Km = /M On(x™) — OF'(™) ~ Kk, as n—oo.

We have for each (s, ] C R": (Assume that ||k, — km|| <J holds for m =
mo(9))

ldmia — kmls < a<t}— finfa—kKi|s<a<t}|
= |fm(S = Km, t = Km] = fim(S — Ko, 1 = Ko]|
Sfim(s—Ko—0,t =Ko+ O] — fim(s — Ko, t —Ks] form=m,
= fim(s — Ko — 0, § — Ko] + fim(t — Ko, t — Ko + J]

< ¢ for m large enough, because of Lemma 3.2 (i) and the
continuity of x, .

From this and Lemma 3.2 (i) we conclude
(3.11) Amia —Kmlae-}= pfa—xolae-}.
Additionally we have (cf. (A3)):

Supp (fme) = {ty + V/m@u(x™) = O (X™): v = 1,..., jm}
C{x| Ilxl] < com® + 2x,}.

Moreover, Lemma 3.1 yields
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(3.12) sup {ll Wa(x", u) + Zull,u € Ku} =#0
for Kn.={u| llul| < Cn?,

and Zu = 0 < u =0, because of (A2).
The convergence lemma (cf. Appendix) implies

(3.13) A(fime, Wm) >0, as n-—oo.

Since for each subsequence {n} C {n} there exists a further subsequence
{m} C {n} such that (3.13) holds, the whole sequence A(fin, Wa) converges
to zero. [

Now we are ready to give

_ PROOF OF THEOREM 3.1. /i has the following support {t,+/n
(B, — 87"):v = 1,...,ju}. From the definition of W, (cf. Lemma 3.1), we see

(3.14) Afinc, Wi = ti, + \/1(Ba(tn) — 0 (xn) ,

where 1, is defined in Step 2 at the beginning of this section. Recall the
definition of {8} to observe

Alfine, Wa) = (8~ 077") .
Now Lemma 3.3 gives the assertion. [

Remark. Under suitable regularity conditions it is often possible to
prove the following central limit theorem for {87"'}:

(3.15) L /n0F — )| Pue) = H(0,T),

for a positive definite k X k-matrix /. Theorem 3.1 says that for the
stochastic estimator {#,}, which is defined on %, X R*”, the same asymp-
totic distribution appears, more exactly

(3.16) L@, —0)|Puo @ ui)=> AH40,T),
if {8,} is measurable.

The following section is devoted to an application of the above result
to a simple autoregressive model of first order.
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4. Application to first order autoregression

In this section we consider real valued random variables {X;;z € Z}
which are stationary solutions of

(41) Xt=0Xt—1+ez, IEZ, |0|<l,

where the i.i.d. random variables {e;; € Z} are as in Section 2. @ = (-1, 1).
We are interested in estimators {#7"'} which fulfil

1
@2) A0 = 7’-“21 @(X; — 0 X;-)X;-1 — 0 in P,e-probability ,
or

1 = ,
4.3) w0 = 7;}% w(X;— 0P X-1)X;-1 —~ 0 in P,eprobability ,

where y: R — R denotes a suitable score-function, e.g., ¥ = arctan.
As an initial estimator, which will be improved by the stochastic
procedure defined below, we use the least squares estimator:

(4.4) On(%r) = & ,

n
2
& Xj-1

j=1

if observations X, = (xo,..., X») are available.

It is well-known that this estimator fulfils (4.2), if and only if the
errors e, are normally distributed. To improve {6,} in non-normal situations
we proceed as follows (0 < a < 1/4).

Step 1: Simulate #,...,#, according to u., where u, denotes the
distribution of

X, |X|<n®
Un L, X~ A0,1), t>0.
0, otherwise

Step 2:  As an improved estimator use 6, = 0, + n”’t,, if |4a(8n)| =
miin {14, + n"V*t;)|: 1 < i <j,}. Note that the distribution according to

which we draw the random variables # does not depend on the observa-
tions X.

Of course we use ¥,(0) instead of 4,(0), if we are searching for M-
estimators, i.e., estimators which fulfil (4.3).
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The remaining task of this section will be to establish assumptions
(AD)-(A3) (cf. Theorem 3.1) in order to ensure that our improved estimator

{0,} behaves asymptotically as well as {#,"'}.
Since (A1) holds and u. = .#(0, 7°) we have to prove

C
(45)  sup | |4n(61) = 4n(0) + Z\/n(61 = 0)1:161 — 0] < =g | = 0
in P,¢-probability .

To see this assume that ¢ = — f’/f is absolute continuous, that ¢’ obeys a
global Lipschitz-condition, and EsXo < eo, f ¢'(x)'f(x)dx < 0. We have

|4:(81) — 4x(8) + Z\/n(8, — 8)|
- \(9 — 0 71;',,?1 [ 9o — 63501 — 2481 - By i x-
- 2@ - 6)|
<1040 - 00l | 1= &9y~ 050 - 551 - 3)

31(—111) ;:1 [x-11” (61 Q)H '

Since

1 =n
B = £ 00O - o 7w

n

1 n
-t £, 5] 9e0) - [porea] mxi

Jj=1

=o(1),

1 = _
EB n3/2_2a j§1 lxj_ll3 = O(nza ]/2) = 0(1) )
because o < 1/4, and
o 1 = 2 2 . vye
L - Zl x5-1— EsXo | =0 in P,e-probability ,
I=

we obtain (4.5) with X' = f ¢'(%) f(x)dxEsXs . Usually f P (x)f(x)dx=1(f).
The same results, under similar regularity conditions, hold true, if 4, is
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replaced by ¥,.

To see that the proposed procedure works quite well we add some
simulation results. We simulate AR(1)-models for the following four
densities of the distribution of the errors e::

—x2

@)=,

—x?/20 —x2

, 09
Var© o

(e _ 2
e (x-3) /2+e (x+3) /2) ,

0.
)= e

0.
5= 5=
fix)=05¢"  xeR.

We compare the behaviour of the proposed stochastic estimator for several
values of j, and 7° (cf. construction of {#,}) with the usual least squares
(LS)-estimator {f,}, by tabulating empirical 95% confidence-intervals for
Vn(@. — 0), \/n(@, — 0), respectively (cf. Step 2 and (4.4)). To judge the
efficiency of the local random searching procedure, we compare the
obtained results with the behaviour of a one-step Newton approximation
with initial value 8, to find roots of 4,.

As values for 8 we use 0.5 and 0.8, while the length of the simulated
time series is #=50 or n=100. For all simulations the Monte Carlo
repetition number is 3000.

As can be seen the values of ©° do not have great influence, while
increasing j, improves the results a bit. Comparison with one-step Newton
approximation, starting with the LS-estimator, shows that the stochastic
procedure is as good as a one-step Newton iteration and that the choices
jn= 120, 7> = 2 are suitable for the situation considered in Table 1.

From Table 2 we again see that the proposed stochastic procedure can

Table 1. n=>50, 8=0.5, 4.(6)=0.

S S g Ja

LS-estimator (-1.96, 1.39) (—-1.99, 1.34) (-2.00, 1.37) (—1.99, 1.35)
stochastic estimator

=10, =1 (196, 1.39) (—1.78, 1.24) (—0.87, 0.67) (—1.79, 1.36)
Ja=10, =2 (-196, 1.39) (—-1.79, 1.25) (—0.83, 0.70) (—1.75, 1.35)
ja=10, 7*=3 (~1.96, 1.39) (-1.81, 1.26) (—0.82, 0.74) (—1.70, 1.36)
=15, =1 (—196, 1.39) (~1.78, 1.22) (-0.78, 0.63) (—1.77, 1.27)
Jn=15, ?=2 (-1.96, 1.39) (=1.79, 1.23) (=0.76, 0.65) (—1.77, 1.30)
Ja=15, =3 (—1.96, 1.39) (—1.78, 1.24) (—0.77, 0.66) (—1.79, 1.28)
=20, ?=2 (-1.96, 1.39) (~1.69, 1.22) (—0.69, 0.60) (—1.67, 1.29)

one-step Newton (-196, 1.39) (—1.74, 1.21) (—0.68, 0.57) (—1.69, 1.36)
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Table 2. n=100, 6=0.8, 4,(8)=0.

fi S s Ja
LS-estimator (—1.54, 0.85) (-1.52, 0.83) (—1.56, 0.87) (—1.59, 0.84)
stochastic estimator
=10, =1 (~1.54, 0.85) (—131, 0.78) (—0.62, 0.48) (—1.37, 0.78)
ja=15, 7°=2 (—1.54, 0.85) (-1.28, 0.79) (-0.54, 0.47) (—1.29, 0.77)

one-step Newton (—1.54, 0.85) (-131, 0.75) (—0.49, 0.38) (—1.36, 0.75)

compete with one-step Newton approximation, but is not really better.
Finally let us mention that the local random searching method is in no case
worse than the usual least squares procedure, but sometimes considerably
better.

5. Comments

Of great theoretical and practical interest are methods to construct
estimators with property (4.2) and which make no use of the shape
parameter f or ¢ (so-called adaptive procedures). Thus it is an interesting
result that all results of this paper hold true even if we replace in Step 2 4,
by 4., where ¢ is replaced by a consistent estimator. We will deal with this
problem in a subsequent paper. Likewise it is possible to apply the
proposed stochastic procedure to the more complicated ARMA situation.
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Appendix

Here we prove a convergence lemma needed in Section 3.

LEMMA A.l. Let {m,} be a sequence of discrete probability measures
on R, with support supp (mx) = {p,...,pl} C R¥, respectively. Further let
K, C K, C - be a sequence of compact sets with supp (m») C K, for all
large n and g.: Rt—~R"a sequence of continuous functions. Define

A(mn,g) =pu, if  liga(p)ll = min {liga(p): 1 S v <ji}.

i

(i) m.= m,, and the probability measure m, gives positive mass to
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every open set
(ii) sup {llg(?) — go(N)l, 2 € K} = 0, as n— oo, for g, € C(R*,R™),

with go(x) = 0 x =0 and ||g/x)|| = 6 > 0 for all large x, then
(a) A(mn’ grl) - O,
(b) gn(A(mn,gn)) — 0, as n — oo,

PROOF. Let
[f]=min {|I(p)II: = 1,....ju} = min {[| f(P)I: i = L,....jws pi" € Ki} ,
for all large n, and consider

|lgn]n — [godnl = |1lgn(PII| — llgo(p)II |, say,
< max {| lg(pP| = 18P |: i = 1,....5s; pi" € Kn}
= sup {lign(1) = goD)II; ¢ € Kz}
-0 as n-—oo
because of (ii). Consider the following set 4. = {x| ||g.(x)|| < &}. Since g, is
continuous, A. is an open set, and 0 € A.. From (i) we have lirnninf

mn(A:) = mo(A:) > 0, so that for large n [go]. < &. From this and the above
we obtain [g.). — 0, as n — oo, This is (b).
To see (a) consider

Bg: {xl ”gn(x)” < [gn]n +& x€ Kn} .
For large n and small ¢ > 0, we have because of (b) and (ii):

@+ B C {x| [lga(0)|| < 2¢,x € K}
C{x] llgo(x)ll <3e} % {0},  cf. (ii) .

Since [gn] = ||g«(P% )|, say, we have p, € Br, for n large enough and all
&> 0. From this we conclude pv, = A(ma, gs) — 0, as n — oo, which com-
pletes the proof. [
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