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Abstract. In this paper, we study the asymptotic distributions of the
functions of the occurrence/exposure rates of several groups of patients as
well as Berry-Esseen bound on the distribution function of the occurrence/
exposure rate. Asymptotic distributions of functions of the simple risk rates
are also derived. The results are useful in not only medical research but also
in the area of reliability.
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1. Introduction

In medical studies, it is of interest to study the association between the
occurrence of certain diseases and the exposure factors. Various measures of
risk of a disease are considered (e.g., Breslow and Day (1980), Howe (1983)) in
the literature. One such measure is the ratio of the number of patients died to
the total number of individuals observed in a fixed time period. Using this
measure, various authors have studied some of the statistical problems
connected with the risk rate. Another measure used in the literature for the
risk is the ratio of the number of persons died to the total number of years
exposed to risk. For surveys of some developments on the theory of
occurrence/exposure rates, the reader is referred to Hoem (1976) and Berry
(1983). The main object of this paper is to study some problems connected
with the occurrence/ exposure measure. Some results are also obtained on risk
rates.

Suppose an experiment is conducted for a fixed period of time T and n
patients are observed during this period. Also, let X;denote the total time i-th
patient is exposed to risk. Then, the risk measure considered in this paper is
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492 Z. D. BAI ET AL.
(11) R, = Vn/Un,
where U,=Y1+---+ Yy, Vo=2Z1+---+2Z,, and

Y‘_{Xi if Xi<T
! T if Xi>T,

Z_{l if Xi<T
Tl if Xi>T.

The denominator in (1.1) is known as person-years.

In Section 2 of this paper, we establish asymptotic normality of a
function of R,. In Section 3, we establish the Berry-Esseen bound on the
distribution of R,. This bound is quite useful since it gives an upper bound on
the absolute value of the difference between the distribution functions of R,
and the normal variable with mean zero and variance one. The bound is of
order ¢/ \/n where ¢ is a constant and n is the sample size. The asymptotic
distributions of the ratios of the measures in several groups are given in
Section 4. In Section 5, we consider the measure V,/n and give results
analogous to those given in Sections 3 and 4 for the measure R,. The results of
this paper are useful not only in medical research but also in the area of
reliability. For example, consider the situation when 7 items of an equipment
are under test for performance under stress over a period of time 7. A measure
of reliability of the equipment is the ratio of the number of items which did not
fail to the total number of items under test during the period of time T. It is
also of interest to find the ratio of the number of items which did not fail to
X1+:-++ X, where X; denotes the duration of the time i-th item is under test.

2. Asymptotic normality of the occurrence/exposure rate

Let p=P[Xi>T]=1-q. If p=1, then R,=0 whereas R,=n/(Xi+---+X»)
when p=0. Both of the above cases are simple and so we only deal with the
case where p € (0,1).

Using strong law of large numbers fori.i.d. sequence, we have (V./n)—q
almost surely (a.s.) and

1
W U—u=EY =EX)I[Xi=T]+1Ip as.

as n—oo. Hence, R,—q/u a.s. Now, let Wi=uZ,—qY,, r=q/u and

n

1 =n
@.1) €n=\/;(Rn—r):uUn[7;i:21 W]
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Here { W} is a sequence of bounded i.i.d. random variables with mean zero.
So, by central limit theorem, we observe that ig Wi/\/; is asymptotically

distributed as normal with mean zero and variance ¢°, where
(2.2) o' = E(W) = E@Z, - q"h) .

Since u U,/ n—u’ a.s., we obtain that &, is asymptotically distributed as normal
with mean zero and variance ¢*/u".

Now, let f(-) denote a function which is continuously differentiable for
two times around r, say in the interval (r—9, r+d), >0. By Taylor’s
expansion, if | R,—r|<d/2, we obtain

VAR — () = [/()En + —r EF7(0)
2/n

where {, is a number between r and R,.. Because f” is bounded in the interval
(r—98/2, r+46/2), &x tends to a normal variable in distribution and P(| R.—r|=
0/2)—0, and we have the following theorem.

THEOREM 2.1. Under the condition mentioned above,
Vn(f(R) = £(r) = NQ, (f'(0)'a*/u’) .

In practice, the asymptotic variance of Vn (f(R»)—f(r)) is unknown. In
such situations, we use the following approximate confidence interval on f(r):

IVA(f(R) — f())| < dea(f),

where a(f) can be taken as

2
s

Wl Uy VE (£ (v - v2))

which is a consistent estimate of | f'(r)| ¢/« and d. s the upper 100a% point of
the normal distribution with mean zero and variance one.

3. Berry-Esseen bound for the distribution of the occurrence/exposure
rate

Let

0’ nu 1 n

']n:;én= U '77-1_ai=1m'
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Then, according to the result proved in previous section, 7, is
asymptotically distributed as normal with mean zero and variance one. Let F),
denote the distribution function of #, and @ that of the standard normal. In
this section, we shall prove the following.
THEOREM 3.1. There exists a constant ¢ such that
3.1) I Fx = @Il = sup| Fa(x) = ®(x)| < ¢/v/n,

where d is the standard normal distribution function. In the sequel, we need
the following lemma.

LEMMA 3.1. Let {Xn, Ya, Z,} be a sequence of random vectors with

relation X,= Y.+ Z, and let F,,, G, denote the distribution functions of X, and
Y., respectively. If there exist constants c;, i=1, 2, 3, such that

1Gr ~ @Il < &1/ v/m
P(1Zi| = a/Vn) s esf/n,
then there exists a constant c4 such that
IFn = @Il < e/ Vn .
For a proof of the above lemma, the reader is referred to Chen (1981).

Now, we turn to prove Theorem 3.1. Let

nu 1 »
(3.2) g, =Lt B0 - (Tu) + 4.
Then
3.3) Ne=S8Sp+ ds+ 47+ 477 + 47",
where
3.4 S = —— W
( . ) n = no = 1Y

, 1

(35) An = T3 p u’j(l - Yl/u) )

n’' o siti=m
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1 =n
3.6 an = =7 2 Wi(l - Yi/u),
(3.6) g & ( [u)
1{{4 1
(3.7 n = iy Wil - Yilu,
(3.8) A7 = AuSn ,

and m=n—1/n, the summation X, runs over all possible values of i and j such
that 1<i<n, m+1<j<n, i#j or 1<j<n, m+1<i<n, i#j.
At first, we see that

(3.9) P( 1477| = 71.’;) < nE(42")?
= o"n % [EW;(1 - Yiju)’
+ 2EWiWi(1 — Yi/u)(1 — Yi/u)]
<3¢ n EWi(l - Y2/u)

<c/\/n,

where and in the sequel ¢ denotes positive constant but may take different
value at each appearance. Also, for any c=¢ (| EWi(1- Y1/u)|+1), we have

(3.10) P(45] = c/\/n) = P( Lz":lma - Y,-/u)‘ chm)

sP( lgw,-(l — Yy/u) - EWi(l - Yl/u)‘ Zn)

<n’ Var (Wi(1 - Yh/uw) <c/\/n.

nr

We now estimate 4,;"”. Define the event

E;;=H%§‘i(l—l’i/u)

7 )
=—1.
2
By Hoeffding inequality (see Hoeffding (1963)), we have
(3.11) P(E,) <2exp {2 n(1/27)*} .

Let E; denote the complement of the event E,. When E; is true, we have

oo

Z

2
k=2 )

|4n| =

(L20- v | <2(+ - ¥ijw) |
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Thus

(3.12)  P(142”| = 1/\/n)
= P(|4:S4| = 1//n)
< P(E,) + P(E:, |Sudnl = 1/3/n)
< P(Ey)

e p (e - v | w2 i)
< P(E,) + P( \ %2‘(1 - Y,-/u)‘ 2715,«,-3/8)

+P(\— L iWi‘an).

n o =l

By Hoeffding inequality, we get

(3.13) P( l %21(1 ~ Yi/u)

> Vlan'ys ) < 2exp I—Zn(—j%?n'm )2]
<¢/vn,

and

w19 o] s 2n) <2onl ({55
Sc/\/;.

From (3.11)-(3.14), it follows that

P14 = 1/\/n) < ¢/\/n.
Applying Lemma 3.1, to prove Theorem 3.1, we only need to prove that
(3.15) |Gn — @ < c/\/n,
where G, denotes the distribution function of T,=S,+4., and S, 4, were
defined in (3.4) and (3.5).
Now, write

fn(t) = E exp {itSi},

Fu(t) = Eexp {itT,},
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ai=—Wi,
o

by=— (1~ Y)W,

1 m
Snl:%#zlai,

1
Sn2= i a; .

n i=m+l
Then, we have
(3.16) /(0 = fu(@)| = |Ee" (" ~ 1)]

2
. t .
< |t| |E45e™ | + 0 | (426, ,

where 8, is a complex function of 14, with |8,|<1. Hence, 8, is independent of
Sn2. Thus

(3.17) |E(42)0.6""| < E(4;)*| Eé"™| .
Now let
v(t) = Ee"™ .

Then we have

1
(3.18) lo(@)| Sexp[——2-t2+%|t|3E|a1|3}

(The proof of (3.18) can be found in Chapter 5 of Petrov’s book (1975)).
Therefore there exists a constant 4;>0, such that for any |¢| <1,

(3.19) [o(@®)| Sexp[—%tz}.

Hence for |t|551\/r_1, we have

(3.20) |Ee"| < |o(t/\/n)|V™ < exp {- 1*/4+/n}
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and

(3.21) |E exp {it(Sn — (@ + @)/ /m)}| = |o(t//n)|™”
<exp {— t*(n — 2)/4n}
<exp {~ 1’/5} forlarge n.

Note
1
E(4,) = — 7 m(m = D[Eb};, + 2Ebibu} < c/n .

Hence from (3.17), we get for |¢| <dn/n,

2

(3.22) - E(40) 60| < c(t*/m) exp {- £/4v/n}

Now write
g.(t) = Eby, exp {it(a1 + a2)/\/n} .

Since Ebi;=0, Ebi2ai=Ebi2a,=0, we have
2

(3.23) len(t)] < T';?{ E(lbul)a: + @) < ct*/n .

By (3.21) and (3.23), we have for |¢|<di\/n,

m(m — 1)
7

(3.24) |E4;e"| < |g+(1)| | E exp {it(Sn — (a1 + a2)//m)}|
< ct’nPexp {- 1*/5}) .

From (3.16), (3.22) and (3.24), we get

3 2
! ~ U _pian
(3.25) |;;(t)—ﬁ(t)|s6-(:}-’;|—e‘”+;e /“f).
By Lemma 1 in Chapter 5 of Petrov (1975), we have for [t|<d2\/n, 6:>0,
(3.26) o) — e = o L
. n = 7’;_ .

Thus (3.25) and (3.26) yield for |¢|<é\/n
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(3.27) 1)~ e <c ( e e+ L e"mﬁ)
' " =\ n ’
where d=min(di, d2)>0. From (3.27), it follows that
1 ey C r® o5 C ro —tY4\/n
— | fa(t) — dt < t dt +— te dt
[y VRO = edi= [ it Ll

l1<ov |t ]
¢
= .
Vn

Here the estimate of the last integral can be obtained by making variable
transformation u=tn""*. Then using Berry-Esseen’s basic inequality, we
prove (3.15). This completes the proof of Theorem 3.1.

4. Asymptotic joint distribution of functions of occurrence/exposure
rates

Let XI,..., X%, j=1,2,..., s be a sample drawn from the j-th population
where X! denotes the observation on i-th individual in j-th population. Also,
let

X9 i xW<r

Yy = { :
! T otherwise ,

{1 if xXY<r1
0 otherwise ,

forj=1, 2,..., s and i=1, 2,..., n;. Now, let
4.1 RY =vP Uy,
for j=1, 2,..., s, where
4.2) UP=3vY, vi=3%z¢0
¥ =1 [ ] n; ] .
We know that
4.3) RY — rp as. j=1,2,..¢5.

Let f(x1, x2,..., x5) be a function which is continuously differentiable for two
times in a neighborhood of (ri,..., rs). Suppose that

4.4) nin—J4<e, as n-—oco,
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where n=n;+-+-+n;. Then

(4.5) Vv (F(RY, R? ..., R ~f(n, ra,..., 15))

~Eay[r e+ B E [ et

when RY, R?....., R falls in the neighborhood of (r1,..., rs) in which fis
differentiable. Here

_ af (xi,..., Xs)

aj an Gy, X (Pracen 13) ] = 1, 2,-. , 8,
2
a 3 f(x1,..., Xs) ik=12 s
/LI -
axjan Kiyeers X)=(1150er ) ) s Ly s )

and (11,..., 1;) is some point on the linear section joining R ..., R% and (r1,...

rs). Let B be a non-trivial closed ball with center (r1,..., rs) which is contamed
in that neighborhood of (ry,..., r5). Then,

P((R,..., RY) ¢ B)—~ 0 .
Since

lapl < M,

for all j, k=1, 2,..., s and some M when (RY,..., R € B, we obtain

s s n N ik
P( ¥ ¥ gy, [—— EP e 28)
7l k=l nini

< P((RY,..., R¥) ¢ B) +j§ E;P( goew| > % \/m) e
Hence
(4.6) Va(fRD,..., R = f(r,..., rs)) = N(O, 07) ,
where
o7 = Zslai' Ao,
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g=PXxX"<T),
and
o;= EW" = Euz{ - g1V .

Also, using the same approach to prove Theorem 3.1, we can establish
the Berry-Esseen bound for the distribution of \/n/ay (f(R\V,..., RY)
—f(r1,..., r5)). The details are omitted here.

An important special case for fis f(x1, x2)=x1/x2. In this case, F(RY,
R)=RY/ R(Z) is called the ratio of occurrence/exposure rates. Rn.”/ R? is
denoted by RR,, and we have

4.7) Vi + n2 (RR, — nfr) = N0, 0%,
where

ol =doljul + ddr03us
and

a=1/r, am=—n/n.

Remark. Note that R\ may be zero. However, P(R{?'=0)=p5—0, as
n—oo. Any way, the definition of RR, for R{?=0 does not affect the limiting
result for the distribution of RR,. However, for small sample problem, we
have to make an explicit distribution of RR,=% when R\?=0. Define RR,=1
when R{’=R{?=0 and RR,=c. Now let the common density of X{’,..., X
be given by

gexp{~ax} if x>0

&(x) = 0 otherwise ,

and let pj= P[X{">T]for j=1, 2. We have
P(RR,=0) = pi'(1 - pf)

(4.8) P(RR, = 1) =pl' p%
P(RR, = ) = p¥(1 - p7) .

It is known that RY has an atom at the origin with a mass P} and a density
(see Beyer et al. (1976))
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@9 f09=2 (7)pa T ke exp fak — (n — ) T

[k = (nj = k) Tx)'[ x] Kospm-i1%x) ,

for j=1, 2, where fus(x) is 1 or 0 according as x is in [a,b] or not, and
x"=max(x, 0). Hence, the distribution of RR,, besides the three atoms given
in (4.8), has a density which can be computed from the following

(4.10) S =J, FCDAO)dy
Now, let

Li=\/n{fi(RY,..., RY) - fi(ri,..., 1)},

fori=1,2,....k,fi(RY,..., RY)) is a continuously twice-differentiable function
of RW...., RY around ri,..., r.. We have proved earlier the asymptotic
normality of L. Following the same lines, it is easily seen that the asymptotic
joint distribution of Li,..., L is multivariate normal. But the asymptotic
covariance matrix of Li,..., L is usually unknown. We will now construct
approximate confidence intervals on fi(ri,..., rs) when the covariance matrix
C=(cu) of Li,..., Lk is non-singular, where

S
2, 4
Cu = Zaijaiikioju;
-
and

fi(xi,..., x5)°

aij = axj [CIRE S = (S A I

In these situations, let C be a consistent estimate of C. Then L'C7'L is
approximately distributed as chi-square with s degrees of freedom for large
samples where L'=(Ly,..., Ly). Using this, we obtain the following approximate
confidence intervals on linear combinations of fi(ri,..., r5), i=1, 2,..., k:

IVna(F(RY,..., REY = f(ri,..., r))| < (gaa’ Ca)'? ,

for all nonnull vectors a:k X1 where

J(ri,..., rs) = (fi(r1,..., Fs)senn, filr,..., 15))

and g. 1s the upper 100a% point of the chi-square distribution with s degrees of
freedom. The above confidence intervals are useful in constructing simultane-
ous confidence intervals on various ratios like
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rirsG=1., k=1, rnri<j=2,.,k,
r,-/rm (i = l, 2,..‘, k- 1) .

We can also construct simultaneous confidence intervals on fi(r1,..., rs) using
Bonferroni’s inequality.

5. Inference on simple risk rates

In this section, we compare the simple risk rates of different groups of
patients who are observed for a fixed period of T years and each group may be
subject to a different exposure factor. Here a simple risk rate of j-th
population is defined as the proportion of individuals in that population who
died during the period of observation. In this section, we use the same
notation as in the preceding sections.

The sample estimate of simple risk rate for j-th population is ¥/*=V".
Now, let fi(VF¥,..., V&), i=1, 2,..., k, be a continuously twice differentiable
function of ¥i,..., V¥ around qu,..., ¢s.

Using Taylor’s expansion, we obtain

5.1) L¥ = \/n{fi(VE,..., V& = flqu,..., 45)}
s 1 s s
:jgl aj\/n/n B + 7— X X ag \/n/nnx BBy,

n Al k=l

where B=\/n; [(Vi/n)—q], Vi*=VY, and

of; ENA

Aijk =

V=g ) ) ]

V*=(V¥,..., V) and g=(qu,..., ¢s)’ and § is some point on the linear section
between ¢ and V*, As n—oo, B; is distributed as normal with mean 0 and
variance g;p;. So, when n, n,..., n;—oo, the joint distribution of L¥,..., L¥ is
multivariate normal with mean vector 0 and covariance matrix C*=(c})
where

n
(5.3) = Zajayigip; .
Let C* be a consistent estimate of C*, When C* is non-singular and n—co, we
can use the following approximate simultaneous confidence intervals for the

linear combinations of gi,..., g; by using the fact that ¥*’CV*is approximate-
ly distributed as chi-square with s degrees of freedom

(5.4) INnm a(f(VE,..., VE) — f(q,..., @) < (ha' C*a)"?
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where f(q1,..., 4s)=(f1(q1,.-., gs),..., fil(q1,..., gs))" and hq 15 the upper 100a%
point of the chi-square distribution with k degrees of freedom.

Some special cases of fi(Vi*,..., V¥)are, Vi*/ V¥, V*/ V.4, etc. From the
results given above, it is easily seen that \/ni+n2(Ri2—(q1/ g2)) is distributed
normally with mean zero and variance o5 where

o5 = (llq%mpl + lzq%quz)/qg , Ru=V¥v¥,

when n; and n; tend to infinity. Following similar lines as in Section 3, we can
show that

c

|| Faiin, — @|| £ —F—,
\Vn +m

where Fun, is the distribution function of \/ni+n; 6o’ [Ri2—(q1/ g2)] and D is
the distribution function of the standard normal distribution.

We know that ¥ follows the binomial distribution B(n;, q),j=1,2,...
whatever the underlying distributions are. Hence, we have

(1 =g)"[1 - (1 - q)"] if x=0,

P(Ra=x =~ 0= @ -a)" if x=oo,

= (1)) - a0ttt - gk otherwise
ki/\k,

Here, the summation X, runs over all possible values of k; and k: such that
1<k<ni, 1<k,<n; and (k1/n)=x(k2/n;) and the term for k,=k.=0 appears
only when x=1.

If g; is small related to n;, j=1, 2, by the well-known Poisson limit
theorem, we know that V,, is asymptotically distributed as Poisson distribu-
tion P(4;), where A;=n;q;. Hence

eh(l —e™ if x=40,
PR =x) = (1-e"e™ if x=o0,
ki q k> _
2 %‘2—7 e"e™ otherwise .
1:R82.

Here the summation X, runs over all possible values of k1 and k- such that
ki=1, k=1, ki/mi=k2x/ n, and the term for k,=k.=0 appears only when x=1.
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