Ann. Inst. Statist. Math.
Vol. 40, No. 2, 311-328 (1988)

SECOND ORDER ASYMPTOTIC OPTIMALITY OF
ESTIMATORS FOR A DENSITY WITH FINITE CUSPS

MASAFUMI AKAHIRA

Department of Mathematics, University of Electro-Communications, Chofu, Tokyo 182, Japan

(Received August 14, 1986; revised January 28, 1987)

Abstract. We consideri.i.d. samples from a continuous density with finite
cusps. Then we obtain the bound for the second order asymptotic
distribution of all asymptotically median unbiased estimators. Further we
get the second order asymptotic distribution of a bias-adjusted maximum
likelihood estimator, and we see that it is not generally second order
asymptotically efficient.
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1. Introduction

Recently higher order asymptotic efficiency of estimators has been
studied by Pfanzagl and Wefelmeyer (1978), Ghosh ez al. (1980), and Akahira
and Takeuchi (1981) among others, under suitable regularity conditions.

In non-regular situations where the regularity conditions do not
necessarily hold, asymptotic optimality has been discussed by Weiss and
Wolfowitz (1968), Prakasa Rao (1968), Akahira and Takeuchi (1981, 1985),
Ibragimov and Has’minskii (1981), Jureékova (1981), Akahira (1982, 1987),
Takeuchi and Akahira (1983), Antoch (1984), Pfanzagl and Wefelmeyer
(1985), and others, in particular cases.

In this paper, we have independently and indentically distributed
random variables according to a continuous density, with finite cusps, which
includes both of regular and non-regular features. We shall obtain the bound
for the second order asymptotic distribution of all second order asymptotical-
ly median unbiased estimators. Further, we shall get the second order
asymptotic distribution of a bias-adjusted maximum likelihood estimator,
and see that it is not generally second order asymptotically efficient.

*Now at Institute of Mathematics, University of Tsukuba, Ibaraki 305, Japan.
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2. Notations and assumptions

Suppose that Xi, Xa,..., Xa,... is a sequence of independently and
identically distributed (i.i.d.) real random variables with a density function
f(x, 8) with respect to the Lebesgue measure. We assume that 6 is a real-valued
parameter and consider a location parameter family. Then we denote f(x, )
by f(x—6). We assume the following conditions.

(A.1) f(x)iscontinuousinxe R' and for m pointss,..., Sm, there exist
tl_igtl0 f’(x) and xljglo f"(x) (j=1,..., m), for other all x, f(x) is three times

differentiable with respect to x, and f(x)>0 for all x.
(A.2) The amount 7 of Fisher information is positive and finite, i.e.,

0<TI= E“.d_l_‘l.g_ﬂ)_()_}] f_Z:Mz

dx . ] f(x)dx < oo,

(A.3) There exist J=E[I''(X) (X)), K=EJ[{I'""(X)}] and L=
EI®(X)], where I"(x)=d"' log f(x)/dx' (i=1, 2, 3).

For example we see that the piecewise exponential distributions satisfy
the conditions (A.1) to (A.3).

We denote by Ps,» the n-fold direct products of probability measure Py
with the density f(x—6).

An estimator 8, is called second order asymptotically median unbiased
(AMU) estimator if for any -9 € R', there exists a positive number & such that

lim sup /n|Psnif. <6} - 1‘:0;
n—= g0 9|<s 2

1
im  sup, V| Pl 0) =3 | <0,

For #, second order AMU, Go(t, 0)+n ">G\(t, 0) is defined to be the second
order asymptotic distribution of \/n(8,—8) (or 8, for short) if for each r € R'
and each 6 € R'

lim /| Paa/n(8 = 0) < 1} = Go(t, 6) = 7 Gu(z, )] = 0.

A second order AMU estimator ## is called to the second order
asymptotically efficient if its second order asymptotic distribution attains
uniformly the bound F¥(z, 6) for the second order asymptotic distribution of
all second order AMU estimators in the sense that for any second order AMU
estimator 4,
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lim \/n[Poafn/n(0, — 6) < 1} = F(1, 0)] <0
forallt>0 andall§eR',

lim \/n[Praf/n(6. - 0) < 1} = FX(1, 0)] 2 0
forall1<0 andallfeR',

(Akahira and Takeuchi (1981)).

In the definition, it may not be necessary to assume that the bound F¥(z,
6) admits an expansion in powers of the order n . The bound F¥(, 6) is
sharp in the sense that for each real number r there exists a second order AMU
estimator 0 attaining the bound at t=r. Indeed, we consider a discretized
likelihood estimator (DLE) which is defined to be a solution #=8; of the
discretized likelihood equation

élogf(X,-, 6—rn'? - gllogf(X,', 0) = a0, 1),

where a(, r) is determined so that #, is second order AMU. Then it is shown
by Akahira and Takeuchi (1979, 1981) that the asymptotic distribution of
Vn(8;—0) attains the bound for the asymptotic distribution of all second

order AMU estimators at r, up to the second order, i.c., the order ™.

3. The bound for the second order asymptotic distributions

In this section we shall obtain the bound for the second order asymptotic
distribution of all second order AMU estimators using the log-likelihood
ratio test statistic.

Without loss of generality we assume that the true parameter & is equal
to zero.

In order to obtain the bound we consider the problem of testing
hypothesis H': =4(4>0) against A: #=0. Then the log-likelihood ratio test
statistic log L is given by

(3.1) log L=logll % = 3 {log (X) — log f(X; — 4)}
- [T gy @0
LS SO ey
+ %3 ) 1y (5D +2 { L(fs’(TjJ’)Q X —s)
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SE&E=-0 :
+ I (ss — (X A))}Xl,m (X

| m
- e (Xi-d-g)’

— 6 (Xe — 5 (X)) + op(f)]

= ?:E [A j}(())((') ( j;:‘%ll,m) (Xi))

A_z SX) (X)) - f1(X) o ‘
) XY (1 ng X0 (X,))

A m
+ 3 JiEl (Xi)(l —1§1 Y (Xi))

. - by-
+ {——-——(Xi—-sj)+A7j })(z,u)(X,-)
~5E 10 (5= 0= (X = 5" s (X0 + (Y]
= 3 Z{d) + o,(nd))  (say) ,

where for each j=1,..., m, yiu(x) is the indicator of the interval (4)=(s;,
si+4), I;(4) denotes the complement of Ij(4), ai=f(sj), bi-= lﬂirg) f'(x) and

C"*:xlis,“i‘o {FO)f"(x) —f(x)}] f(x)* in which the signs + and — should be read

consistently.
In the following lemma we obtain the asymptotic mean, variance and

third order cumulant of FZHII Zi(4) up to the order 4°, under the distributions P,
and PA,n.

LEMMA 3.1. Assume that the conditions (A.1) to (A.3) hold. Then the
asymptotic mean, variance and third order cumulant of . i Zi(4) with 4=

n'* (1>0), under the distributions Py, and Pa.r, are given as follows: Under

the distribution Py,

n I I m (1
(32) E [ £ zi(A)] - e [L3 -% [ by = )

+ ai(¢i- — c,»)}] +o ( 715 ) ;
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3
33) Ve ( 3 Z,-(A)) s 7— {J +E - 3 (by — b)2by + by)

o)
(3.4) Ko(zl Zi(A))=L:7Ir-f+0(71’;),

respectively, and under the distribution Pan,

(3.5) Ed[gz,-(d)]————+ [L3 { by-(bj+ — by)

— aj(c — c,-_)}] + o( -\71;2-) ;

3

G.6) Vs ( > Zi(A)) _—n % {J +3 —3—1~ (b — b )by + 2b1)

(BT ks (zl Zi(A)) _EK, o( In ) ,

respectively.

PROOF. First we have from (3.1)

2

E[Z(4)] = A(f_m -2/ ) dx = (fw )':”W)

SO - R 8 b — by
T detg L g{ﬁwj

7 - s)dx + 4 % [ f(x)dx}

B e 5 - 47 - el — Y
+o(4%) .

In order to obtain EfZi(4)] (i=1,..., n) up to the order 4%, we get the
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following: For each j=1,.... m

2

a8 [7 S 0dx =15+ 4) = f(5) = by + S 17054 0) + o)

2 3

3.9 fjm {(x ~ spf(x)dx =f0A xf(x + spdx = 42—— a + 3

biv + o(4%) ;

2

4
— b + o(4)) ;

s+ 4 4
3.10) [ f(xydx = ) fx + s)dx = 4a+ 5

2

dx=a +o(4) ;

R TAC) R AR )
e "

(.11) f o

3

01D [ = s =[] ¥+ spdx = T @+ o)

3

544 4
(3.13) f" (x = 55— AYf(x)dx = f (x = 4Vf(x + s)dx = T @ + o(4)

From (3.8) to (3.13) we have

2 2

G.14)  BlZA]=4% { ~ Aby - f;—f”(sj + 0)} - % {(a Y

3

2
—A}:f”(s,+0)+Az bi } %Lg

1o

2 3
m

4 4
. (Aa, + 5 b,~+) - —6‘].:1 (¢ — ¢) + o(4)

%{(a*nquz (b,+-bj—)}+%3[L3

‘MS

{ b]+(bj+ - b]~

aj

~
il
—_

+afer — 6] + ot

where a=f: f"(x)dx and I= f_:: [{f ()} ] f(x)]dx. Since

(3.15) a=/" frx)dx = ,ﬁl by — bys)
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and 4=tn"""?, it follows from (3.14) that (3.2) holds. Second we obtain from
(3.1)

(3.16) Eo[Z3(4)]

-8 [[ A2 (- )

z S (X) (b — b bi-

+24 1c2=:1E0 ) { ” (X—s)+ 4 o ]Xl.(d)(X)]
mm f(X) bir — bi- _bi
24% ZE [ 700 { = (X—s)+4 - }Xl,u)(X)

XX "(X) = f(X))
f&xy

'XMA)(X)] - 4K [ /

m m b+ — b
. {1 -z XI,(A)(X)}] + % E [{ T—= (X - )

aj

+4 %—‘ }2 XIJ(A)(X)] +o(4) .

4

From (3.11) we have for each j=1,..., m

(3.17) E [{ j}—,((X)"(‘))— } Xl(A)(X)]

2

We also have

cm B[ LGOI g 0)]

= E[IVX) IP(X)] + o(1) = J + o(1) .

Since for each j=1,..., m

& (| b; (x-5)+af tua (X))

]

A3
e {(byr = b)' + 3bbi} + 0(4)
dl

and 4=tn""", it follows from (3.16) to (3.18) that (3.3) holds. Third we have
from (3.1)
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(3.19) E[Z}(4)] = £ Eo [{ j}((X)) ( -£ x,,m(X))r] + o)
DTN S

Since for each j=1,..., m

(3.20) fA ’} ((::))23 dx =4 —Z’j— +o(d),

it follows that

J(X)

(3.21) Eo[zﬁ(A)]:on[{ 700

}3{1 _é XI,(A)(X)}] + o(4%)
= £K - 4 ): bz +o(4?)

which implies (3.4) since 4=
In a similar way to the above, we obtain the asymptotic mean (3.5),

variance (3.6) and third order cumulant (3.7) of é Zi(4), under the distribu-

tion Ps». Thus we complete the proof.

In order to obtain the bound for the second order asymptotic distribu-
tion of all second order AMU estimators, we need the following.

LEMMA 3.2. Assume that the asymptotic mean, variance and third
order cumulant of é Z(A) with A=tn ' under the distributions Ps.(8=0, 4),

are given by the following form.
n 1 1
B[ £ 20| - .0+ et 0+ o )
(£ 20) = v+ a6 6+ o 72

m(i‘i zi(A)) :71;@(:, 6) + 0(71;) .

Then
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B I 1 o ) 1
62 a=u0)+ e b g G0 6)+o(7;)

if and only if

(3.23) Pa,n{izﬁl Zi(A)SaI=%+o(71;).

The proof is essentially given in Akahira and Takeuchi (1981, pp. 132,
133).

In the following theorem we obtain the bound for asymptotic distribu-
tion of all second order AMU estimators.

THEOREM 3.1. Assume that the conditions (A.1) to (A.3) hold. Then
the bound for the second order asymptotic distribution of all second order
AMU estimators 8, is given as follows.

2
(324) Tm \/E[Pe,,,{\/?i 0. -0 <1} - @) - 6%@;

TIPSO SRS SN Y
N Y

Sfor all t>0;

2
(3.25)  lim \/Z[Pa,n{\/lﬁ(o,, -0 <1} -P() - ﬁﬂ(n’;

m + — b )(2b+ + bj-
.{3J+K+J§1 (b b’)‘(zz’ ’)”20,
- i

for all 1<0, where @(t) and ¢(t) denote the standard normal distribution
Jfunction and its density function, respectively.

Remark 3.1. In the third terms {---} of (3.24) and (3.25), the first term
3J+K and the remainder correspond to the regular part and the non-regular
one, i.c., the cusps of the density f(x), respectively. If all cusps of f(x)
vanish, that is, b+=bj- (j=1,..., m), then the terms {---} consist of only 3J+ K,
which coincides with the fact by Akahira and Takeuchi (1981).

Remark 3.2. A result on the validity of formal Edgeworth expansions
for the sum of i.i.d. random variables was given by Bhattacharya and Ghosh
(1978). Here it is not applicable, since the log-likelihood ratio is approximated

by a sum gllZ,-(A), with 4=tn""?, of i.i.d. functions depending on 7. In this
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case, we denote by @.(u) the characteristic function of Zi(4). If for any £>0,
there exists a constant d: such that

sup |ga(u)| =d: <1,
lul>¢

then the Edgeworth expansion for sums of i.i.d. random variables is valid.

PROOF OF THEOREM 3.1. We consider the case when ¢>0. In order to
choose a such that

(3.26) Pd,n{ 5 Zi(d) = a] _

=

()

DO | =

we have by Lemmas 3.1 and 3.2

£l r m ( bi-(by+ — b-)
—e |- | R
? 2 6\/;1 [ ’ vl l a;

tK

TN

where A=tn""2. Since

= aj(ci — ¢) }]

(3.27) Po,,.l EI Zi(4) = a] = PO,,,[—{ >:[ Zi(4) - ©*I ~ a} < tZI} ,
putting
W= { 5 z(4) - £1- a] ,

we have from Lemma 3.1

r z (b - b)Y K ( 1 ) _

(3.28) lvjo(W;):6—\7;j:l v/

(3.29) Vo(W3) = I - 7’; I”é (by — bf—)3(jbj+ + br) } N 0( 71:) ;

. ‘K 1
(3.30) Kxo(W) = ’7;+ 0( 7;) .

We obtain by (3.27) to (3.30) and the Edgeworth expansion
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(3.31) Po,,,{ % Z(4) = a} = Pon{W. < I}

2
- @(ﬁt)+m¢(\/it){y+ K

m 1 1
+j§i ;j (bf* - bj—)(bj+ + 2bj_)} + 0( 7;) X

Here, from (3.1), (3.26) and the fundamental lemma of Neyman-Pearson it is
noted that a test with the rejection region {g Z,-(A)Za} is the most powerful
test of level 1/2+0(1/\/n).

Let 8, be any second order AMU estimator. Putting 4o, ={\/n 8,<1}, we
have

_ a1 1
Panl(An) = Pasflls < 1n"?} =2 + o( 7;) .

Then itis seen that y 4, of indicators of A, is atest of level 1/2+0(1/ \/1_1). From
(3.31) we obtain for any second order AMU estimator 8,

Ponf\/nb, < 1} < Pou{W; < I}

= o(\V11) +m¢(\/1_t){3J+ 1<+j>'=51 —(%(bﬁ—bj.)

.(bj++2b,-,)]+ 0(71;)

for all r>0.

Hence we see that the bound for the second order asymptotic distribu-
tion of all second order AMU estimators for all £>0 is given by (3.24).

In a similar way to the case t>0, we obtain the bound (3.25) for all 1<0.
Thus we complete the proof.

COROLLARY 3.1. Assume that the conditions (A.1) to (A.3) hold. If

(3.32)

then the bound for the second order asymptotic distribution of all second
order AMU estimators 8y is given by
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0 | 1
D) +ﬁ{3]+ K+1§1 ;(bﬂ— bi- )b+ + 2b;) sgn t} + 0(7;) .

The proof is omitted since it is straightforward.
In some case of the double exponential distribution, the condition (3.32)
is satisfied, as is shown later.

4. The second order asymptotic distribution of a bias-adjusted maximum
likelihood estimator

In this section we shall obtain the second order asymptotic distribution of
a bias-adjusted maximum likelihood estimator and compare it with the
bound obtained in the previous section.

We denote by 6 and Omy the true parameter and the maximum likelihood
estimator (MLE), respectively. It is seen that for each real ¢, v <8o+tn” " if

and only if (3/36) glog f(Xi—6o—tn"*)<0. Without loss of generality we

assume that 8,=0. Hence we see that for each real ¢
an S i
4.1 O < tn 2 if and only if 7; El l(l)(Xi —tn 1/2) >0

with probability larger than 1—o(n ). By the Taylor’s expansion we have for
each r>0

n oy L\ _R[( LX) X)X
! (X’ 75) [{ f(X) n Xy

rL ol o]

M=

2
£/4 . — 2
PRl A0
=1 a; a;

-7 )] + s

=3 Yi+o(l) (say),
where [=(s;, s,+tn %) (j=1,..., m). Then we have the following:

LEMMA 4.1. Assume that the conditions (A.1) to (A.3) hold. Then the

n
asymptotic mean, variance and third order cumulant of Zl Yi/ \/n under the
=

/

distribution Py, up to the order n”'” are given as follows: For each t>0
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Ma

i

Eo[ 71; 5 Y,~] — i+ %}; [L; -2 aij(b,-+ — b)(2bs + by)
L2 U6+ 0 -6~ 0]+ o 72 )

n t

VO(VIZHY,-):1—7;{2“%0%([,,2—@2)]+o(:71;);

ol i) el )

The proof is omitted since it is similar to that of Lemma 3.1.
From Lemma 4.1 we have the following:

THEOREM 4.1. Assume that the conditions (A.1) to (A.3) hold. Let 0%
be a bias-adjusted MLE defined by

K
gﬁL=9ML-—2.

6nl

Then the second order asymptotic distribution of 0%y is given by

(4.2) Pon{N/In(0%L - 0) < 1}

(1)

1
61" \/n o

:
o(1) + [6J+K+3L3—3z[

=1

by (bys — by)

.
B

_f”(Sj‘+‘O)+f”(Sj_0)\l]+O ln) forall t>0;

P

(1) 1
@(t)+m[6J+K+3L3“3jl{—af
i

| S0+ 600

M3

by-(bj+ — by-)

P

71’-1) forall 1<0.

Remark 4.1. In the terms [---] of the right-hand side of (4.2), the first
term 6J+ K+3L; and the remainder correspond to the regular part and the
non-regular one, i.e., the cusps of the density f(x), respectively. If all cusps
of f(x) vanish, that is, for each j=1,..., m, bi:=b;- and f"(5;+0)=f"(s5,—0),
then the term [--+] consists of only 6J+ K+3 L. Since L;= E[I®(X)]=-3J - K
and K=-2J in the regular and location parameter case, it follows that
6J+ K+ 3 Ls=J which coincides with the fact by Akahira and Takeuchi (1981).
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PROOF OF THEOREM 4.1. From (4.1) and Lemma 4.1 it follows that

the Edgeworth expansion of the distribution of the MLE w. is given as
follows: For each >0

PO,n{\/ZgML = t}

1 n
_1-P0,,¢{$§1Y,~<0}

K
= 1= oV + oI - gm

r K no
+2§71n{2"+? FL+ 2 (fM(y 1+ 0) — 0))}

£ m

1
o In A [ =7 (b~ bQbi + br)

e 1
+;j(b,~+—bﬁ)}]+o(7=n)

K 2
:¢(ﬁz)+¢(\ﬁt)[—61m n+m(6J+ K+ 3Ly

{2

N Jg { aij bjs(bje = by-) — f7(s5i + 0) + (s, — 0) }]

1
+ .
o 7)
Hence we have for each >0
PO,n{\/Tﬁgl\ﬁL = t}
K
= P(],n[\/i_’;gﬁ]_ S t + 613/2 n }

£t m (1
- () +m¢;();[6J+ K+3L,-3% ];bﬂ(bﬁ— by)
]

—f7(s+0) + f"(5; — 0)}] - 0(71;) '

In a similar way to the case >0, we obtain (4.2) for all 1<0. Thus we complete
the proof.

COROLLARY 4.1. Assume that the conditions (A.1) to (A.3) hold. If
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%{—lﬁ—z " -+0)}—>'5 L
BT -rar0)=E [T 260

7

then the second order asymptotic distribution of the bias-adjusted MLE 8. is
given by

(43)  Poa{\In(B¥ - 0) < &}

0] m (1
=@ + m [6J+ K+3L; - 3J§ [ 'a—j bj+(bj+ — b;)

S+ 0+ (s - 0 sen 1] + o 7’;) |

The proof is omitted since it is straightforward.

Remark 4.2. Comparing the second order asymptotic distribution
(4.2) or (4.3) of 8. with the bound given in Theorem 3.1 or Corollary 3.1, we
see that A% is not second order asymptotically efficient since its second order
asymptotic distribution does not uniformly attain the bound.

b. Examples

In this section we shall give some examples on the previous sections.

Example 5.1. (Symmetric double exponential case) Let Xi, X,...,
X.,... be asequence of i.i.d. random variables with a density /(x—68)=¢"* " /2
(—o0<x<o0). Since f(x) has a cusp at x=0, this corresponds to the case
when m=1 and s51=0 in the condition (A.1). Since /=1, J=K=L;=0,
a1=b-=—b1+=1/2 and f"(0-0)=f"(0+0)=1/2, it follows from Corollaries
3.1 and 4.1 that the bound for the second order asymptotic distribution of all
second order AMU estimators is given by

2 1
5.1) @(t)—-%%(;%sgnt+o(7;),

and also the second order asymptotic distribution of the MLE fwy is given by

2
1
(5.2) ¢(t)—%tlsgnt+o(7;).

From (5.1) and (5.2) it follows that . is not second order asymptotically
efficient since its second order asymptotic distribution does not uniformly
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attain the bound. These facts coincide with the result by Akahira and
Takeuchi ((1981), p. 97).

Example 5.2. (Asymmetric density) Let Xi, Xa,..., Xn,... be a se-
quence of i.1.d. random variables with a density

| -
Eexg for x<@;
fx—O)= = for O=x<ftr:
X =\ 5 or <x 5
I R B ' S ! <x
2 277

Since f(x) has cusps at x=0, 1/ 2, this corresponds to the case when m=2, s;=0
and s:=1/2 in the condition (A.l). Since I=3/2, J=0, K=-3/2, L;=0,
ai=ax=1/2, b-=1/2, b1=b1-=0, brp=—1, f7(0-0)=1/2, f"(0+0)=0,
f7(1/2-0)=0 and f"(1/2+0)=2, it follows from Theorems 3.1 and 4.1 that
the bound is given by

(1)

qb(z)—w (\—}=) for 1>0;

2
q>(z)+-——’—‘?i(—’—)-+o( ln) for 1<0,

o

2

and also the second order asymptotic distribution of the bias-adjusted MLE
O%.=0uL+(1/9n) is given by

0 I ‘

D(1) 2(5)3/2\/_ (7) for 1>0;
32032 1

@(I)+‘_—4(5)3/2\[ (7‘) for 1<0.

Hence it is seen that #%; is not second order asymptotically efficient.
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6. Discussion

As is seen in the previous sections, the density with (A.1) to (A.3) has both
of the regular and the non-regular sides, which does not affect the first order
asymptotic distribution but the second order one. Further, the corresponding
parts to both sides appear in the second order asymptotic distribution. Since
the bound for the second order asymptotic distribution of all second order
AMU estimators are given in Theorem 3.1 and Corollary 3.1, its second order
asymptotic difference with the second order asymptotic distribution of any
second order AMU estimator could be discussed.
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