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Abstract. Asymptotic expansions are derived for Bayesian posterior
expectations, distribution functions and density functions. The observations
constitute a general stochastic process in discrete or continuous time.
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1. Preliminaries

Suppose that Y, represents data (univariate or multivariate, discrete or
continuous) collected up to stage n. In discrete time Y, will represent
observations {y,..., y»} and in continuous time Y, will represent a trace {y::
t<n}. Let p(Y,|0), the joint probability function or density of Y», be a function
of a single continuous parameter 6, and let L.s=Inp(Y,|f) denote the log-
likelihood function. Asymptotic (n—ce) expansions, in descending powers of
V.=— L%, (where dashes denote differentiation with respect to § and 6, is the
maximum likelihood estimator), will be derived for:

(1) E.q(0)=E[q(0)| Y.], the posterior expectation of a given function
q(0) .of 6, )

" (i) Pu(&)=P[<0,+&V, | Y], the posterior distribution function of
n (0—0n);

(iil) pu(&)=dPu(&)] d¢, the posterior density of ¥x*(6—8,).

The prior distribution is p(), proper or improper, and the parameter space &
is defined as {0: p(6)>0}. Only the “regular” case is considered here in which
L/,=0, §, maximizes Lns globally and 6, is an interior point of &.

The work here is an extension of that of Johnson (1967, 1970) to which it
owes much though from which significant departures have to be made.
Johnson derives expansions for P.(£) in the i.i.d. Exponential family case
(Johnson (1967)), in the general 1.i.d. case (Johnson (1970)), and for data
comprising a stationary Markov chain (Johnson (1970)). The latter paper also
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gives expansions for E.8" for integer r, posterior percentiles of 6, and
normalizing transformations of 6.

Walker (1969) shows that P,— @, the standard normal distribution
function, under certain conditions. Dawid (1970) relaxes these conditions to
derive the result for a much wider class of distributions, including those where
the range of y depends on &; it is noted below that one of his novel features, in
essence, comes close to one of the vital ingredients here. Borwanker et al.
(1971) show that P,— @ for data comprising a stationary Markov chain, give
the corresponding result for E,0', and apply their results to regular Bayes
estimation. Heyde and Johnstone (1979) prove that P,—@ for general
stochastic processes. A related expansion is given in Lemma 1 of Bickel et al.
(1985) in connection with the optimality of maximum likelihood estimators
and Bayes’ risks.

The notation and main results are given in Section 2, with details and
proofs relegated to Section 4. Some illustrations, applications and discussion
form the substance of Section 3.

The motivation for the present work has both a theoretical and a
practical side. For the former, in trying to justify certain asymptotic results for
inference with stochastic processes it was found that an order of magnitude
was required for the errors. For instance, the previous works show that
| P.—®| =0,(1) but provide no more explicit order except in the 1.i.d. case of
Johnson (1970). Also, an error bound was required for expectations £,gn(6),
not just for P,. On the more practical side, evaluation of E,q(f) for various
g(0) of interest, e.g., in random effects nonlinear regression models, can
involve intractable integrals. Progress is being made by various workers on
the numerical evaluation of such integrals, and asymptotic estimates such as
those here can make a contribution to this.

2. Main results

The expansions are derived as in Johnson (1970) by applying Laplace’s
method to integrals of type f h(8) exp (Lns— Ln,)df. The quantities E.q(0),
P.(¢) and p.(¢) are expressible as ratios of such integrals with h(8)=p(f) or

(0)q(0) as appropriate. In the integrand Lns— Ln4, is expanded as —(1/2) Vas®
+ Vs Kns with s=6—8,; the first term determines the normal form of the
integral as ¥,—°. The detailed problems arise from obtaining a suitable
Taylor series for A(@)exp(V»s’ Kxs) in s, and ensuring negligibility of extraneous
and remainder terms. The results in the theorem below, where M+1 is the
number of terms in the expansion, are quoted in terms of

M
Just(h, EVIYH) = I:Zo Aith, Oy VE2

(]
Ak, €) = ;) K O
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Ku(h, s) = d'{h(0, + )KL}/ ds',
¢
w® = o [* tlexp(— % t2) dr .

The conditions under which the results hold are as follows. All limits are taken
as n—oe. Weak form statements are used throughout, convergence in
probability being easier to verify than convergence almost surely. For
instance, ¥,—<¢ in Pp-probability means that for any K>0, Po(V,<K)—0, Py
being probability determined by the true parameter 6o. For a strong form of
the theorem the conditions must be converted to strong form in the obvious
Way C.will denotea(possibly shrinking) neighbourhood of 8,: C, ={6:16—6,|
<e'JNO where ¢, is non-decreasing; C, is a stochastic neighbourhood
centred on 07), and C,=0-C,. L‘” is the j-th derivative of Lns.

Cl: V,—oo and limsup c2 V»' In V.<1/(M+2) in Po-probability. The
second inequality restricts the growth rate of c,; it holds automatically if
Cnbo0. A

C2: L4.~=0and Po[|0.|<K]—1 for some K<ce.

Thus the m.le. 6, is a turning point of L., and is eventually bounded.

C3:  Pp™"(8) and ¢ (6) are continuous on C,]—1.

Usually, C2 and C3 will hold because 6, — 90 (consistency), and p®""(6) and

g™"(0) are contmuous 1n some (fixed) nelghbourhood of 6.

C4: (a) PfLY™"is continuous on Cy]—1;
(b)  Po[| L3/ Va|<Ki|0—84]"" on C,]—1 for some 6,>0, KV <cn;
(©)  Pol|(LY—LY% | Val<K3 on Cil—1 for j=3,..., M+3, K3<eo.
These are the “core” conditions requiring good behaviour of Lns-derivatives
on C,.
CS:  For some €0, 1)
() Po[sup(L,.o L)/ InVo=—(1/2)(M+2)/(1-62)]— 1,

(b) Pof f |h(8) exp {62 Lus— Lwi)}d6=< Kz~ 1 for some K<eoo, for

h(6)=p(6) and p(6)q(0).
Negligibility of the integral outside C, is ensured by C5. Also (a) implies that
Ly is globally maximized within C,.

THEOREM 2.1.  Under conditions C1-CS5, | E.q(8)—J.u(gp, )/ Jum(p,

)|, | Pu&E)—Tusa(p,E V7Y Juna(p, )| and | pu(E)—(d] dEVura(p, EV3") | Jure( D,
)| are each (V™% with Po-probability—1.

The proof of the theorem is given in Section 4. For M=0 the result of
Heyde and Johnstone (1979) is recovered, plus the error of relative magnitude

’. However, the extra information is bought with conditions on L.§ in C4
rather than just on L’
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3. Examples

The purpose here is briefly to illustrate how the conditions C1-C5 may be
approached in applications. First, as a benchmark, the i.i.d. case can be dealt
with by noting that Johnson’s (1970) conditions imply those here; he has a
proper prior p(6), g(8)=1, cx=constant (b/ 9, in his paper) and V, replaced by
n, essentially.

Of the examples following, the second and third are of mildly pathological
nature. There is a non-ergodic case, where the limiting distribution of V, is
non-degenerate, and a case of the shrinking interval. Such were part of the
detective work of Sweeting (1980).

3.1 Anin.id. case: Poisson loglinear model
The observations Y; (i=1,..., n) are independent Poisson with means A,
satisfying In Ai=x:0, x; being an explanatory variable. The log-likelihood and

its derivatives are L,,ozﬁ1 [—exp (x0)+xiyif—iny!], Lﬁo=§ [xyi—xi exp(x0)],
and L=~ é x{ exp(x:f) for j=2. Assuming that £x7=O(n), it is standard that

0, is consistent. Then V,=Zx? exp(xf)=0(n) and C1 holds if ¢2 In n/n—0,
say. C2 and C3 hold if p™*"(6) and ¢'**"(8) are continuous on C,.. For C4 (a)
1s true (b) holds because | Li/ V| =O0(n)/ O(n) for € C,, and for (c) i(Lne~

)/ Vel =0(n)/ O(n) also. For C5(a) we have Lne— Lnb, ——{(6’ 6,,) |2} x?
exp(x,6‘,) where |6—8,|<|6—6,|. Thus for c,'<|6— G| <K Lno— Lni, <
—¢,7O(n)/ 2; this continues to hold also for |6— B,1> K since L}<0 ¥ O means
that Lns— Lné, is convex. Hence (Lno— Lni,)/InV,<—c,’(n/In n) for 6 € C,, and
this ——oo (assumed above) which suffices for C5(a). Finally, C5(b) is a mild
restriction on A(#), just requiring that

j . [A(Bn + s)lexp{ — 522e""é"[e'““ -1 - xs]}ds < Ko,

[ 8] 2¢
with Po-probability— 1.

3.2 A non-ergodic process in discrete time

Anderson (1959) investigated the autoregressive model y;=0yi-1+e; (i=1,
2,...) where yo is fixed, i.e., the results are conditional upon yo. He derived the
asymptotic distributions of the least-squares estimator of & when |8]|>1,=1,
and <1, and where the errors e; are uncorrelated with mean 0 and variance o’
We will take ||>1 and the e’s as independent N(0, 1). Then L.s=—(1/2) n

-In(2n)—(1/2) é (yi—=0y-1)’, Lie=Zyi1(yi—0yi-1), and Lis=—3 yi1=— V,. Let

U.=X e Yi-1, then 6,= 0o+ Un/ Vyand Lug— Lng,=—(1/2) V,,(G—én)Q. Anderson’s
results show that 6, ¥, is asymptoticaly distributed as Z./6; (85 —1) where
= N(Boyo, 1); hence V, 5> = (for any yo) and C1 is satisfied if neafl"—0. Also
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6, is consistent, so C2 and C3 hold provided p'™* 1)(0) and ¢™"(6) are
continuous. Condition C4 is met trivially because LY is zero for j=3. For
C5(a) we have, for 6 € C,,

(Lnp = Lnb)[In Vi = — %(9 — 60 Vau/ln Vy < — %cn_z Va/ln V|
so the condition holds if nci6;>"—0 as for C1. Part (b) of C5 requires only that
A 1 )
fm>c" |h(0" + s)|eXp - 5 02 Vas“tds < Ks ,

with Po-probability—1.

3.3 A process in continuous time
In a nonhomogeneous Poisson process let Y, be the number of events
occurring during (0, n] with rate function Aw=0(1+n)"", where 6>0. Thus Y,
1s Poisson with mean gns=(1 +n) —1and L.s= —,uno+ Yaln pne—1In Yo!, pné,= Yo,
On=In(1+ Y,)/In(1+n), and ¥V, =[In(1+m)(Yn+1)*/ Y. Since o>0, pno— oo,
Y/ o 7 1 and 6, > 0o. Also, assuming continuity of p™M(8) and q(M”)(Q) on

>0, condltlons C2 and C3 are met.
Condition C4(a) holds for each M. For C4(b) we have
(3.1) L =[In(1 + m)P(uwe + Df — 1 + Yol + 2)/ e} ,

using ub=(une+ D[In(1+n )} for j=1. It follows that

10 = 8 L5/ Val % IsI'™[In(1 + m)](1 + ny’ .

Taking 6:=1/2 and c,=[In(1+n)], this last expression is bounded by
exp{[In(1+n)]'}—1 as required by C4(b). Similarly for condition C4(c) with
j=3 we have from (3.1) | Lsi— Lag| | Va5 [In(14+m)]| 1-(1+n)’|]<1 on C, as

required. Higher derivatives may be checked similarly.
Condition Cl is met with c,=[In(1+n)] since c2¥,' In V, - 0.

For condition C5 we have Luo— Lns,=—(Y,+1)a(u)+ba(u) where u=s
[In(1+n), a(u)=e"—1—-u, and b.(u)=—u+Y, In[(Y,+1—€™)/ Y,]. Since u>
—In(Y,+1) necessarily, and e “>0, bu(u)<In(Y,+1)+ ¥, In(1+ ¥,"). Also iICIf

a(u)~(1/2) ;. Hence sup (Lno—Lné,)/In Vy 3> —o0 and C5(a) is satisfied. For
C5(b) note that Ln.s— L., > —(1+n)0°a(u) on 6,,, with a(u)=(1+n)’—1-s

-In(1+n), so the integrability constraint on A(6) is very mild in practice.
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Note finally that Heyde and Johnstone’s (1979) condition AS fails here
because Lis/ Vat1 > —( 14+n)" % * 0 unless a shrinking interval with ¢,'

-In(1+#n)—0 is used.

4. Details and proofs

A sequence of lemmas is given, leading up to the proof of Theorem 2.1.
To cut clutter, the conditions in the lemmas are given in non-stochastic form.
The “integral” referred to throughout this section is

Bute
L, & = Q[ h(@)exp(Lw ~ Lui)d6

= (27;)“/2f h(b + s)exp( - %V,,s2 + V,,s3Kns)ds ,

where s=0—0,.

Lemma 4.1 gives the basic Taylor expansion of the integrand on C,, and
Lemma 4.2 shows that the integral over C, is negligible. Lemma 4.3 assembiles
the form of the expansion using the results of Lemmas 4.1 and 4.2. Lemmas
4.4 and 4.5 convert the conditions on L% into the bound on Kas14(h, s) crucial
in the proof of Lemma 4.1, they represent a major component of the extra
work required in generalizing from the i.i.d. case (Johnson (1970)) and from
the case M=0 (Heyde and Johnstone (1979)). Lemma 4.6 fills in some details
between Lemma 4.3 and the theorem to tidy up the proof of the latter.

LEMMAA4.1. Taylor expansion of integrand on C,,={0:|0—9,,! <c'inNe.
Assume

(i) Va—oo, |6al <K, and H™*"(8) continuous on C,

(i) For 6 € C,, n=N,, K< (a)'L'%h.” is continuous, (b) | Ln | V|
<Ki|0—0a"" for some 8:>0, (c) |(Lih—L'%)/ Val<K; for j=3,..., M+3.
Then, for each N and 6 € C,,,

h(6, + s)exp(Lwo — L)
_ exp(— 1 V,,SZ){g 3. Ku(h, 0)Vis"™j1k! + R,.s} ,
2 =0 k=0
where
s=0—0, Kulh,s) = dth(B, + 5)K.}/ ds’,

Kns = (Ln(i - Lnén + %Vnsz)/ Vns3 L]

and
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v N +0) | N+ 1
(D) Rl < Kuanls " SV 1K + B[ Vs lexp(g Vnsz) ,

for some Hy<oo and Kun<co, and provided c,<K\"*.

PROOF. First, for each N and some a; € (0, 1),

4.2) exp(L,.a — Lub, + %Vns2 = exp(Vns3 Kss)

= ngo[ VoS Kns] 1! + [ViS® Kns ] exp(a1 Vas® Kus) [ (N + D1 .
Now, from (i) and (ii)(a) we have the Taylor expansion
(43) h(b. + Kk = é:zlgk(h, 0)s’/j! + Kueri(h, ans)s™ j(M + 1),
for some ax € (0, 1), k=0, 1,..., N. Then from (4.2) and (4.3)

A M N .
44)  |Rul = .h(f),. + exp(VasKa) = 3 2 Kulh, 0)5/(V2s") /j!k!’
N 3\ k M+1
- ‘,?50( Vo) Kagor s, 0es)s™™ [ KM + 1)1
+ h(ln + Vs K] expls Vs’ Kos) [(N + 1)!‘ .
But, by Lemmas 4.4 and 4.5, (i) and (ii)(c) imply |5* K1 i, 0248) | < Khan<o0
for k=0,..., N. Also, (i) implies |h(8,+s)| <H<oo on C,, and (ii)(b) implies

Ko = | 28 Li5 ) Vis®

1 sl
5 < 6K1|s| R

for |81—6.] <c;' and |s|<cx'. Hence (4.4) is bounded by

kg( VsV Kol s| M kUM + 1))

+ H‘ %Kl Vus™ M exp(an Vals® Kns| )/ (N + 1)! .

Finally, (4.1) follows by noting that a; ¥,|s* Kus| <(1/6)Ki|5|® Vas*<(1/6) Vs
for |s|<c,. O

The shrinking neighbourhood, C, here, is used, in slightly different
forms, by Sweeting ((1980), condition C2), Dawid ((1970), condition C12),
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and Brown (1985). Heyde and Johnstone ((1979), condition AS) use a non-
shrinking neighbourhood (with ¢,=4d).

Ki(h, 0) is expressible as [¢"*{A(B,+5)exp(wKns)}/95'0W Jsen=o. This
corresponds to the form used by Johnson ((1970), equation 2.16). In the
expansion there the theory of functions of two complex variables is applied
but an explicit bound for the error, Ry here, is not given.

LEMMA 4.2.  Behaviour of the integral on C,.
Assume: There exists 0:€[0, 1) s.t. for n=N>
(1)  sup (Lw—Lni)/ InV,=—(1/2) (M+2)/(1-62),
Ca

(i) [z )A(6)|exp[0xLns— Lui)]dO< Ko,
Then [ | h(0)exp(L n— Lui)dO< K2 Vi ™72 for n=N.

PROOF. From (i) (Lns— L8 )<6x(Luo— L) ™ InV,.
Hence

fa|h(0)|exp(Lna—Lna)d0 <f | h(B)| exp[32(Lns — Lui)]
. exp[—; (M+2)in Vn]dﬁ
< K2 V"_(M+2)/2. D

Condition (i) is akin to Wolfowitz’ (1949) property which he proves for
the i.i.d. case in his comment accompanying Wald’s (1949) classic note on
consistency of the m.l.e. Other relatives of (i) appear in Johnson ((1970),
Lemma 2.3), Dawid ((1970), condition C7), and Heyde and Johnstone
((1979), condition A4).

Condition (ii) may fail for n< N, because the factor exp(L.s— L.é,) in the
integrand does not dock the tails of A(f)=p(6)q(8) heavily enough for
convergence. This can occur when p(8) is improper and g(6) has heavy tails. In
(1) and (ii) a fraction J2 of (L.o— Lxs,) 1s used to discipline the integral, leaving
the other (1—4,) to achieve the bound. On the other hand, with a proper prior
(ii) may often hold with §,=0; this will be true when Fogq(8), the prior
expectation of g(6), is finite.

LEMMA 4.3. Let the assumptions of Lemmas 4.1 and 4.2 be met with
en= KV and limsup(ea V' InVy)<1/(M+2). Then

M
Lk, &V = S Aih, EVVIEVR I OV ) |
=0

uniformly in |En|<c;’ Va'> where
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L]

A9 = 5 () Kesath, O
4

w(&) = )™ f_w tlexp(— % tz)dt .

PROOF. From Lemma 4.1, using the bound for R,
(4.5) Li(h, &V2") = L(h, — )
iny;l/:
@0 [ exp(- 5 Vi)

M N k_j+3k -
.{}: > Ku(h, 0) Vs 1kt + R,.s}ds,
2

0 k=0

and

&V, 1 )
‘f* 5 CXp(— ~ Vns )Rnsds

—(M+2)/2 -1/2-8(N+1)/2
5 = QMR g Ry

uniformly in &,; this bound reduces to O(V;***/*) on taking N=(M+1)/d1—1.
By Lemma 4.2, I(h, —c,")=0(V:™%). Also

énV;l/Z .
n)™" Zf_ ; exp(— %Vnsz)s’”kds

= Va2 s En) — (= en Vi),

and
_Cnl Vﬂ]/z .
=G VA = @y [ 1o e~ 5 )

by

Cn Va .
|t *exp (— % at2)dt

< exp[— % (1 — a)e:’ V,,](Zn)’” 2 f
< V,M220(1),
where (M+2)c2V ' InV,<1—-a<1 for sufficiently large n. Hence (4.5) yields
Lk, &V = OV + 52 3 [Kath, O)JIkIV V2™ pyu &)
and the result is obtained by collecting summation terms of like magnitude. (]
The maximum allowable shrinkage rate for C,, involving \/InV,/ Va,
appears in Dawid ((1970), condition C12) with M=0 and V,=0(n) for the

i.i.d. case. It is interesting that this rate emerges inevitably in the proof of
Lemma 4.3 here, for general stochastic processes, whereas Dawid’s purpose is
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quite different, namely to deal with the awkward nonregular case where the
range of the observations depends on 6.

LEMMA 4.4. With notation as in Lemma 4.1, the condition
Sup|SkKM+1,k(h, )| < Ki<oo for k=1,2,..

holds if () h(M”)(ﬂ) is continuous on C,, and (ii) sup |sK¥| < Ko<oo for j=0,...,
M+1.

PROOF. By Leibnitz’ formula

(4.6)  |S“Kinalh, s)| =

) (M ; 1) KM, 4+ sy KE 95T
J

M+1
<5 (Mj )Hl F97 Ko 05| |

Jj=0

since (i) implies | A" 78, +s) |<Hfor |s|<c, andj=0,..., M+1. Assume, for
induction, that (ii) implies |s'9’ K/ ds’| <27V ™ VK for I=1,..., k—1, j=0,...,
M+1, |s|<c,'; this is obviously true for k=2. Applying Leibnitz’ again,

ISPKE 95| = ‘z( )(sK,‘,’ NIKE95)

< 2’:( )sz D) k-1 k=DM ok

i

Hence (4.6) becomes

2(k—1)(M+1jHK(I)c _ 2k(M+])HK16
b

| Ko alh, 5)| < >: (M;“ 1)

as required. [J

LEMMA 4.5. With notation as in Lemma 4.1

sup|sK| < 27 sup|L”*2’ P Ve for j=1.
Cx

PROOF. By Leibnitz’ formula

4.7) VoK) = d{V,|2s + (Lwo — Lni)/s’}] ds’
_ & WiVe  J(j\ .0 G— 1+ D=1
25 Eo( ! ) L
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(J +2)U=1)’

2S J+3

The middle term of (4.7), after Taylor expansion to suitably chosen order,
becomes

48) ,)_j:O(Jl ) (- 1+ 2= [12’” s [ s Ej+2)}

257 I R T T
_Lgsf J \Uvrtu +N(-1)™ 0
2v=0u=0\ v — u u!sj—V+3 e

s B () - g o

i
where |01 b, |<|6—- 0,,| foreach/, and the summatlonE 2 has been rearranged

as ; gl with v=I/+k, u=k. For j>1 the middle term in (4.8) is zero and, since

=0(u)(_ 1)“s/=0 for v>r (Feller (1971), Chapter 7, equation (1.7) with i=0,

ai=j", 0<s<r), the first term is

-] = o
(4.9) -liﬁojs—ff—v' ()G u DGy ud)
D’

e {(j + DV Lnt, + j1s* L2} .

For j=1 the first and second terms of (4.8) together yield (4.9). Hence, using
(4.8) and (4.9), (4.7) becomes

=i, . -1y

VaKi = == S5+ 5o (U + DML + 15 Lia)
Y g, G DU
+ » z aplne — Lnb, Y
~1y .
= (23) Zalef{(hZ) ’

1 J
where a,-1=(Jl)(—1)I, SO 1=>:6 ;=0 for j=1. Thus, finally,

15K, |—’(1/2)V;‘>:a,1( 197~ 14y
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L 2 )
<(1/DVa" Elailsup|Li” — L] . O
2 u

LEMMA 4.6. Under the assumptions and notation of Lemma 4.3
M ~(1)2 ~(M+2)/2

(2) I, ®)=Z Ailh, ) V" 1+ 0V, M),
" M

(b) 3Lk, EV2'™)/9E=2 [9Aih, )/ 8CTV,"* 11+ O(VMD7),

PROOF. (a) Take &=cy' ¥2. Then, as in the proof of Lemma 4.3,

Ui(2°)—i(E)= OV ™), Hence Ai(h, ) — Ai(h, E)= O(V, ™). Tt follows
—iy2y M ~(I+1)2 ~(M+2)2
from Lemma 4.3 that I(h, &V )=Z Aih, )V, [N+0(V, ).

Finally, by Lemma 4.2, I(h, ®)—I(h, V2= 0V M,

(b) It has to be verified that differentiation with respect to £ does not
affect the order of magnitude of the error term in Lemma 4.3 with &,=¢, i.e.,
that

d

—8—5 o eXp(— l ﬂsz)Rnsds = 0( V;,(M+2)/2) ,

2

for |£|<c,'V¥/*. But the left hand side is bounded by

2 N
e ’ZR,...fywz‘ < exp[- %8){KMN|5V#/2|M” = &k
+ H1| Vn(i V;l/2)2+51'N+lexp(éZ/6)
— O(V—(M+2|/Z 1 V:zljw(N*l)fz)

since sup|exp(—&2/6)E°|=0(1) for a>0; also the choice N=(M+2)/d:—1
ensures the required order of magnitude. [

PROOF OF THEOREM 2.1. It is easily verified that conditions C1-C5
are just the stochastic versions of those of Lemma 4.3, incorporating those of
Lemmas 4.1 and 4.2. The three results are proved as follows:

I Eq@®=]_ a@p®| Ydo=]_ q@)p@)p(Y.|6)d8/p(Y)
= Lc q(O)p(O)exp(Lns)db/ f_m p(B)exp(Lns)db
:In(qps oo)/l"(p9 oo) .

The resuit now follows from Lemma 4.6(a).

Borev,'” Gt v,
2. PO=[_ pOIYyas=[_ " p@p(Y.0)db/p(Yy)
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= f_ﬁz:ré Vit p(Dexp(Lns)db / f_: p(O)exp(Lno)do
=I(p, V') In(p, ) .

The result follows from application of Lemma 4.3 with &,=¢ to the
numerator, and Lemma 4.6(a) to the denominator.

3. Thefact that p/()=dPi(£)/ dé has the indicated expansion with error
OV M) follows from Lemma 4.6(b). O
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