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Abstract. Testing hypotheses on the marginal probabilities of a two-way
contingency table is discussed. Three statistics are considered for testing the
hypothesis of specified probabilities in the margins against alternatives with
certain kind of order restriction. The properties of these statistics are
discussed and their asymptotic behaviors are compared in depth. An
application which motivated the consideration of the original testing
problem is illustrated with a practical data.
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1. Introduction

Denote by pas the (a, b)-cell probability of a(r+1)X(c+1) contingency
table. Put

Da. =§pab, p.b=§pab, a=1...,r+1;, b=1,..,c+1,
where
E.)E-pab=§pa.=§p.b= 1.
The purpose of this paper is to consider testing problem of the hypothesis,
H:p:,.=ps., ps=ps, a=1l,.,r;, b=1,.,c¢,

against
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with at least one inequality strict, where pq. and p%, a=1,..., r; b=1,..., ¢, are
given constants.

1 ]
Testing the hypothesis p..= p.. for all g against §1 Pa.= 2:11 Pa,l=1,...,r,

that is the hypotheses regarding one of the two margins of a contingency table,
has been considered by Schaafsma (1966). The problem in this paper is
concerned with the two margins of a contingency table.

Three statistics are considered in Section 2 which lead to asymptotic tests
for testing the hypotheses. The first statistic is constructed directly by
applying the most stringent somewhere most powerful (MSSMP-) principle
discussed by Schaafsma and Smid (1966) for a general class of multivariate
one-sided test. On the other hand, the second and third statistics are
constructed by combining two MSSMP-test statistics for the hypotheses
regarding each of two margins: the first one simply adds the two statistics, but
the second one uses the likelihood ratio (LR-) principle for the combination.
In Section 3 we consider an example from a multiply matched case-control
study. This supplies a ground for considering the above hypotheses. The
approximate p-values of these three tests are obtained for the purpose of
illustration by using the one-to-three matched data from a case-control study
for studying the association of stomach cancer and neutritious pattern. The
asymptotic efficiency of the three tests is considered in Section 4 by
employing the Pitman efficiency or comparing their asymptotic powers.

2. The construction of tests

We consider first in Subsection 2.1 the MSSMP-test statistic for testing
hypotheses with restricted alternatives under a general framework of
multivariate normal distribution, and then introduce “approximately
MSSMP-test” for H vs. K in Subsection 2.2. The T-test and R-test are
introduced in Subsections 2.3 and 2.4

2.1 Preliminary

Let X=(Xi,..., X»)’ be a random vector distributed as an h-variate
normal distribution with mean g and known covariance matrix A=(Ain).
Consider testing the hypothesis

H:p=0 against K:p=0 (p=x0),

where =0 means that all components of g are non-negative.
For the purpose of constructing explicitly the statistic for testing H’
against K’, we employ the MSSMP-principle. The general form of the
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MSSMP-test given by Schaafsma and Smid (1966) is represented by; Reject
H' iff <€, X>= constant, where <-, -> is the inner product defined by <u,
v>=u'A"'v for u, v eR”, and £ is a non-negative vector which minimizes the
maximum angles between £, £>0, and each axis e;=(1, 0,..., 0),..., e&x=(0,...,
0, 1).

Generally it is difficult to express the MSSMP-test statistics explicitly.
However, we may show:

THEOREM 2.1.  IfAGK/AV,...,\/ Ay =0, the MSSM P-test for H’ against
K’ is expressed by

h
E \/)T" Xi
Reject H' iff —
VE L VT

where A" is the (I, I)-element of A™" and u. is the upper a-quantile of the
standard normal distribution.

2.1) > Ua,

PROOF. It is clear that if there exists £>0 which satisfies

<§,e1>_<£,e2> <& e >

NENedl — Hellledl — — lElllenll

2.2)

then the £ minimizes the maximum angles between £ and each axis e, e, ..., €.
Thus the MSSMP-test is given by this £. We now obtain the & satisfying (2.2).

Put &A7'=(y\,..., y4), then <&, e>=y;, and since | e/|| =\//1_”, it follows that

E=cA(WA",...,/A"™Y for a constant c. When ¢>0, £>0 from the assumption
of the theorem. Substituting this & to the general form we have (2.1).

Note that the vector cA(v/A",..., \/A*Y is a normal vector of the elliptic
quadric x’Ax=c (>0), in R", at the point k(+/A",..., VA" with Vk=
¢/IZV A A7 2. The condition 4 (\/A",..., V/A*)'=0 is satisfied, for example,

when all random variables X’s are positively correlated, or equally correlated
(also see the application below).

2.2 S-test

Applying the above result, we construct a statistic for testing H against K.
Put

1
Z = n“”agl (nps. — na.) , I=1,..r,

m
-1/2
Zim=n /El(np?,,—n.b), m=1,..,c,
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Z = (Z\..., Zn), h=r+c,
b= 3 (i -p), A= ler,
0,+m=;"::1(pf’b—p.b), m=1,.,c,
0=(0....,6, h=r+c.

It is straightforward to show that Z—n'""0is asymptotically distributed as
an h-variate normal distribution with mean 0 and covariance matrix 2=(0m),
where

i m
(glpa)(l—bglp,,) for l<lsmsr,
I m
Oim = a)::ib;ril(pa,b-,—pa.p.b-r) for I=1,..,r; m=r+1,.,h,
i m
(glp.a_,)(l—bzirilp.b-r) for r+l<lsm<h.

Since the hypotheses H and K are equivalent to H”: =0 and K”: =0, we may
use from Theorem 2.1 the following test statistic for testing H against K:

ho
E\/C_J'ZIZI
h
\/Z £0'#m\/0_>gm

=l m=1

S =

b

when the condition
(2.3) Ze(Vodl - Natty =0,

is satisfied, where Zx=(aiy) is a consistent estimator of X under H and
¥ =(a=’£”) is the inverse of Zx. We call the test based on S the S-test. The test is
an approximately MSSMP-test. It follows that the S-test is asymptotically
the uniformly most powerful test for the alternatives in the direction specified

by 0=0°=cZ(\/ol',..., /oY , ¢>0, where a¢ is the (i, i)-element of 2.

2.3 T-test

The approximately MSSMP-test for the corresponding hypotheses
regarding one of the margins of the contingency table has been considered by
Schaafsma (1966). The test statistic is given by

r {wWi\i2
Ti=X(—
1 El(Ql) “
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where
w11=p°1._l 4'[701+I.l s l= l,...,r,

and

1-1

r r+ 2 ror+l-l 2
o=z p?.( PRV Wl,r+1—a) "(E X pi\/ Wl,r+l—a) .

l a=1

Let T», wom, m=1,..., cand @, be corresponding ones for the other margin. We
consider the following test statistic T for testing H vs. K:

T+ T
d'zd’

where

=((a)" (e (G)" (&)

o) ol Vo) 0 .

T is simpler than S and has no restriction. We call the test based on T the
T-test. T is asymptotically distributed as the standard normal distribution

under H. It is easily seen that S=T, when d=c(\/a_,'.,1,..., \/ﬁ)’ for some
positive constant c.

It follows that the 7-test is asymptotically the uniformly most powerful
test for the alternatives in the direction specified by 0=0'=cZd, ¢>0.

2.4 R-test

Kud6 (1963) considered the LR-principle for testing hypotheses with
restricted alternatives under multivariate normal distribution. Although the
test by the principle is not easily available when A>4, we may apply the
principle to the asymptotic distribution of (71, T»). Consider the statistic,

A =p)"(TI+ T5-2p,TiTH)"* if 7120, T2=0,

={(1 = p YT\ - psT) if Th<0, V=T,
(1 = p (T = puTh) if T'<0, L=>T,

where px is a consistent estimator of p, the correlation coefficient of 71 and 7T»;

(24) pP= \/—QI_Q_Z E Z \/— 1N W2m (plm p(l) p?m)

under H. If (T, T;) were distributed exactly as the bivariate normal
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distribution N(u1, p2, 1, 1, p*), the statistic Ris the LR-test statistic for the null
hypothesis, H": ui=u,=0, against the alternative, K”: 41>0, 1,=0. The test
rejects H iff R>c., where cq 1s the critical point at the significance level a.
Following Chatterjee and De (1972) we may obtain an approximate value of
ca by solving

a={l - Fxc*)} -é—— Q) cos \pel + 1 - @),

where Fy: and & are the distribution functions of the central y*-distribution
with 2 degrees of freedom and the standard normal distribution.

Before comparing the asymptotic efficiency of the tests based on statistics
S, T and R we look at an application of the tests briefly in the next section.

3. An application

Several controls are matched frequently to a case in a comparative study
by means of extraneous variables. Let X; be a random sample from the case,
Y; be a random sample from the j-th control matched to the case, j=1,..., k,
and V; be the vector of extraneous variables used for the matching. Suppose
that X; and Yi,..., Y« are conditionally independent and that Yi,..., Ya are
identically distributed when conditioned on V.. Let F(x|v;) and G(y|v:) be
conditional distribution functions of X;and Y;; conditioned on ¥;. We assume
that X’s and Y’s are two-dimensional random vectors and that F and G are
continuous. Let Fi(-|v) and Gs(+|v), s=1, 2, be the marginal distribution
functions of F(-|v) and G(-|v). We discuss the situation where Fy(x|v)
< Gs(x|v) is presumed. We consider testing the hypothesis

Ho: Fi(x|v)) = Gdx|v)) forall x, i=1,...,nm s=12,
against
Ko: Fi(x|v)) < Gi(x|v), i=1,...,n s=12,

for all x with strict inequality at least one x, based on ranks of the
observations.

Denote the components of X; and Y; by (X, X2:) and (Y145, Y2;), and Ry
be the rank of X among X, Yiii,..., Yk, fors=1, 2 and i=1,..., n. We may
summarize the paired ranks (Ru, Rz), i=1,..., n, in a (k+1)X(k+1)
contingency table. Let ns be the number of i’s satisfying Ri;=a and Ry;=b, and
put

k+1 k+1

Ng.= X Napy, Np= 2 Nap .
b=1 a=1
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We assume (Ri;, Ry), i=1,..., n, are identically distributed. This assumption is
satisfied, for example, when

Fx, ylv) = F(x = wi(B; v), y — w85 ),
G(x,ylv) = G(x = yi(B; v), y — wa B ) .
Denote the cell probabilities by p.s, and put pa.=§ Pav and p.b=Zal Pabv. Then
pa.=P(Ri=a), pr=PR=b), ab=1,.k+1.

Further, for s=1, 2,

P(R;<a)= - l)l!c(!k ey [oAGx I = Gox|w)¥™
X Fy(x|v)dGd(x|v), a=1,.,k,

P(Ro<k+1)=1,

which are independent of v from the assumption.
It follows from these formulae that the hypotheses Ho and K, are
equivalently represented in the contingency table as follows:

I
H;: agp,,.=l/(k+l), I=1,..k,
b%p.b=m/(k+ ), m=1l..k,

{
Ki Zpa.<lk+1), I=1,..k,

a=1

Zpssmik+ ),  m=1l..k,

with either first or last k inequalities strict. We shall apply the tests developed
in this paper for testing H, against K;. It is easily seen that the condition (2.3)
in Theorem 2.1 is satisfied if

PR =sLR=<m=PR =DHP(R,<m), Im=1,.,k,
that is, if R; and R; are positively dependent.
Example. A case-control study was conducted in a district of Japan to
study the relationship of stomach cancer and nutritious pattern. Three

controls are matched to a case based on sex, location and age. For an
illustrative purpose we use here the data of the total intake of protein and fat
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from 55 cases and 55X3 controls in the study. Naturally, two factors are
positively correlated and it is seen that the joint distribution of the two factors
is skewed and far away from normal distributions. The ranked data of the two
factors are summarized in Table 1.

A set of first order efficient estimators of the cell probabilities is obtained
by minimizing

2
5 (nj — npy)
i J ny

b

under the restrictions pi.=p.;=1/4, i, j=1,..., 4 (Rao (1973)). These estimates
are listed in Table 2.

The values of z,, z,,..., z6, Ti, T2, p» and d are calculated as follows:

z1 = 0.236, z; = 0472, z3 = 0.438 ,
zq = 0.371, zs = 0.472, zs = 0.573,
T = 1.025, T, = 1.266, Px = 0.547 |

d:(g)‘”a, L1011, 1)

The values of the statistics S, Tand R and the approximate p-values of
the tests based on these statistics are given in Table 3.

Table 1. The ranked data of the total intake of protein and fat from 55 cases
and 55X 3 controls in a district of Japan.

Rl 2 3 4
tl7T o2 2 1|
22 6 2 2|12
3|1 4 4 s |4
O S L N (R

13 13 18 | S5

Table 2. Estimates of cell probabilities of Table 1 under the null hypothesis.

I 2 3 4

0.158 0.037 0.040 0.015 0.25
0.049 0.123 0.044 0.034 0.25
0.022 0.074 0.079 0.075 0.25
0.020 0.016 0.087 0.126 0.25

0.25 0.25 0.25 0.25

£ =
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Table 3. The values and approximate p-values of the three test statistics.

Statistic Values  p-values of the tests

S 1.293 0.097
T 1.301 0.098
R 1.325 0.235

The table shows that the p-values of the S-test and T-test are almost
equal. Whereas the p-value of the R-test is considerably larger than those of
the other tests. These findings can be explained as follows: (1) Put n=(~/a,!,

s V05%Y. Then, in this example, it follows by simple calculation that
n'l

=],
\/n’n\/ﬁ

Therefore we have d = c(\/a_,.l‘,..., \/;,2_6)’ for some positive constant ¢. This
leads to S= T as we discussed in the text; (2) Figure 1 gives a sketch of the 10%
rejection region of the T-test and R-test: the shaded area for the T-test and the
dotted area for the R-test. The broken line is the 209% contour of the R-test. P
shows the sample point of the present data. The figure clearly shows the cause
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of the considerable difference of the p-values between the tests, namely P is
almost in the (1, 1) direction which makes the R-test most conservative
compared to the T-test. If the sample point were, for example, at Q in the
figure, the results would be reversed. In general, the T-test provides smaller
p-value than the R-test in the region around the straight line of the (1, 1)
direction.

4. Asymptotic comparison of the tests

We first compare the S-test and T-test in Subsection 4.1 by using the
Pitman efficiency, then compare the asymptotic powers of the 7-test and
R-test in Subsection 4.2.

4.1 Comparison of the S-test and T-test
For arbitrary fixed {ps} such that

pi=pa., Po=ph, a=l..r+1; b=1,..,c+1,
we consider the following sequence of alternatives:
Hln:pg'l,’:p;b+n_l/25ab, a=1,...,r+1;, b=1,.,c+1,

where {d} is a set of real numbers such that

\
3

o
4

—_

=%
)
&

=0,

i~
[l

o
1

M~
$
IA

0, gé.bSO, I=1,....,r, m=1,.,c,

2
I}

with at least one inequality strict.

We shall obtain the Pitman efficiency of the S-test with respect to the
T-test under H\,.

It is easy to see that ojy,— 0%, in probability as n—oo, under Hi,, where on
is the (I, m)-element of the covariance matrix X generated by the {p;»}. We
denote by o™ the (I, m)-element of 7', Also it may be easy to show that, under
Hin, S and T are asymptotically distributed as normal distributions with unit
variances and means 41 and 4 respectively as n—oo, where

grl NI (Fisll 5,-.) + gc‘i Vaitrt (])j.l 5.;)
Al = - )

r+c r+c
55 13
X 05\ oo /0o
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- S _ [4 1
2 2 vV Wis ( § ) + Qzl/2 1:21 vV W2 (_1§1 J.j)
vd'id
N R e
O S ) 0, -\, .

Then the Pitman efficiency of the S-test relative to the T-test is given by

Azz—

b4

- (2],

(see Mitra (1958)).

Weevaluate ex(S, T) in detail when r=c=2and p..=p.,=1/3,a, b=1,2,3.
Since 8 parameters are involved in 4, and 45, the numerical comparison
would be voluminous unless the parameters are restricted in some way. We
shall consider a class of {pi; a, b=1, 2, 3} generated by the bivariate normal
distributions N(0, 1, 1, p), —1<p<]1, as follows: Let(U,, U:) be a random
vector from this distribution. Put gi(p)=P(Ui>ui3, Uz>uip), g2 p)=P(| U1| <
w13, U >u13), q3(p)= (Ui < — w3, Un>uy3) and ga(p)= P(| Ur | <uyps, | Un [ <uyys)
where uy3 is the upper 1/3-quantile of the standard normal distribution. Then
one of {pi; a, b=1, 2, 3} satisfying p;.=ply=1/3 is given by

q1(p) q2(p) q3(p)
0 =\92p) q4p) q:p)
a:(p) qp) q:i(p)

We consider matrices {pz;; a, b=1, 2, 3} generated from Q by repeating
the following operation;

(01) interchanging two rows,
(02) interchanging two columns ,
(03) interchanging two rows and then two columns .

All of the matrices {p;,} generated satisfy the constraint p;.=p’=1/3. Since

q1(p)=q3(—p), q2(p)=q2(—p) and q«(p)=qa(—p), such matrices for all —1<p<1
may be classified into the following 9 types: Putting g:i=q{p),

Typel. (91,92 93 92, 94,92 93, 92, q1), —1<p<l1,
Type2. (91,92 9% 43 92, 91592, 94, q2), —1<p<l1,
Type 3. (92,94 92 91, 42, 43, 95, 42, 1), — 1 <p<1,
Typed. (g1, 95,92 G2, 42,44 93, 91, q2), —1<p<1,
TypeS. (92,91, 93 9, 92,42 92, g3, 1), — 1 <p<1,
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Type 6. (91,93, 92 93, 91, 42 @2, 92, q8), —1<p<1,
Type 7. (s, 92,92 92, 41, 93, @2, @3, 1), —1<p<1,
Type8. (92,91, 9% 92,93, 91,94, @2, 2), —1<p<1,
Type 9. (92,92 94 q1, 93, 42 @3, q1, q2), —1<p<1.

Here the entries in the parentheses correspond to pi11, pio, pi3; p21, P22, P23; P,
P32, P33,

Note that the 9 types of {pas} with p=—0.9(0.1)0.9 generate altogether
9x19 sets of {pa}. Next we select {dus}. The ep(S, T) depends only on the
marginals, i.e., (d1., d2., d3.; 8.1, 0.2, 8.3). We specified the following 20 types of
(81., 92., 3.; 8.1, 4.2, 4.3) in the calculation.

@M ¢ o,-1, 1 0 00, (A (-1,-1,2;, 0,-1,1,
@2  o-L1 0-1,1, (12 (-1,-1,2,-1, 0,1,
3 (-1, 01 0 00, 13 (-L-1,2-1, 1,0,
(4) (_17 0, 1, 07_1a 1)7 (14) (_17_-17 2;—19—‘1’2)’
S (-1, o L-1, 01, dS (-2, 1,1, 0, 0,0,
® (-1, 1,0, 0, 0,00, (16) (-2, 1,1, 0,-11),
a0 (-1, Lo o-1,1, (AN (-2, 1,1;,-1, 01,
@® (-1, 1,0-1, 00D, A8 (-2, 1, 1;,—-1, 1,0,
® (-1, 1,0-1, L0, 19 (-2, 1, 1;,-1,-1,2),
1y (-1, ~-1,2 0, 0,0, (20 (-2, 1,1,-2, 1,D.

Thus, altogether 9X 19X20=3420 sets of {p%; a, b=1, 2, 3} are generated. It
was found that among these 3420 sets, 540 sets led to ex(.S, T)=1 and 1432 sets
led to ex(S, T)>1. Table 4 summarizes the values of ep(.S, T'). The table shows
that the 7-test competes well with the S-test. We found by calculation that
when the sample size is large enough, the S-test satisfies the condition (2.3) for
all set of {pi»} generated.

Table 4. The distribution of ex(S, T).

ep(S, T) 0.75-0.85 0.85-095 0.95-1.05 1.05-1.15 1.15-1.25 Total

Frequency 6 142 3131 134 7 3420

4.2 Comparison of the T-test and R-test

We next compare the 7-test and R-test. Under the sequence of the
alternative hypothesis Hi, described in the last section it follows that the
random vector (71, T») converges in law to (U,, U,) which is distributed as a
bivariate normal distribution Ny(71, 72, 1, 1, p) where
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and p is given in (2.4). From this the asymptotic power of the 7-test, asymp-
totically with level a, is given by

1—<p(ua—i+—9—).

V2 + p)

On the other hand, following Bartholomew (1961) and Chatterjee and De
(1972), the corresponding asymptotic power of the R-test is given by

[1 — &(ca — A cos &)]P( — Asin &)

+[1 = &(ca — 4 cos (¥ — EN]DP(— Asin (y — &)

1 e L,
o [T expf -5 07+ 7 - 2ricos )] drad
where

A=(1-p)"d + B - 2pnim)'?,
w =cos’'(~p),
& =cos [(t1 — pr2)/(z} + T3 — 2pmiT)"] .

Fixing a, p and 4, and denoting the asymptotic powers of the 7-test and
R-test by (&) and Br(&), we consider the powers as functions of ¢. It is
straightforward to see that both f7(&) and f&(¢) attain their maximum values
at {=y/2, symmetrically decrease as |—w/2| increases and attain their
minimum values at £=0 or y. Note that £=0, y/2, y correspond to 7,=0,
71=1; and 7,=0 respectively, and that the vector 0'=cZd (c>0), to which the
T-test is a uniformly most powerful in an asymptotic sense, implies 7;=1..
We studied the behavior of fr(¢) and Sz(¢) for selected values of @, 4 and p.
Figure 2 illustrates the case when a=0.05; A=2; p=-0.5, 0.0, 0.5. The figure
shows that the 7-test is superior to R-test around 71=1;, but inferior around
7:=0 or 1;=0. Incidentally, this reinforces the finding in the example in the
previous section. The figure also shows that the superiority of the 7-test
around 7;=1; increases as the value of p decreases; that the power of the R-test
is fairly stable for various directions of the alternatives. These findings are
unalterd for different values of A and a.

5. Concluding remarks

In this paper we have discussed the problem of testing p..=pa., p.»=p%
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Br(&)
0.6 0.6
= RO
0.4 ; 0.4
0.2 1 b 0.2
0 T T n
" 3 (4]
G) p=—0.5
Br(é)
0.6 1 0.6
1 Br(&)
0.4 1 t 0.4
0.2 0.2
0 R T
" — &
Gi) p=0.0
Br(&)
0.6 1 0.6
0.4 1 PO 0.4
0.2 1 0.2
0 N n i 2n
3 5 ©
(i) p=0.5

Fig. 2. Asymptotic powers S7(£) and Sr(¢) for a=0.05; 1=2; p=-0.5, 0.0, 0.5.

! i m m
for a=1,..., r, b=1,..., ¢ against alternatives ;lp,,.s gllp,‘,’., b§ p.b$b§‘i P, for

I=1,...,r,m=1,...,c, with at least one inequality strict. The problem is not only
interesting by itself as a testing hypothesis in a contingency table, but also it
has been shown in this paper that the alternative hypothesis is related to the
one-sided alternative in a comparative study under a bivariate nonparametric
formulation.

We have considered the three tests, S-test, 7-test and R-test. The S-test is
an approximately most stringent somewhere most powerful test. The 7T-test
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and R-test combine approximately most stringent somewhere most powerful
tests obtained from each marginal of the contingency table. Whereas the
T-test simply adds, R-test employs the likelihood ratio criterion for the
combination.

The alternative hypothesis is composite with restriction and it is difficult
to compare the three tests in general. We have considered the restricted family
of alternative hypothesis which is generated by a bivariate normal distribution
for the comparison of the S-test and 7-test. Also we have directly compared
the asymptotic powers of the 7-test and R-test. Under these setups it has been
shown that the three tests are competitive regarding their asymptotic powers,
in particular

i) T-test is highly competitive with the S-test.

i) T-testissuperior to the R-test around E(T:1)= E(T>), but inferior to the
R-test around E(T1)=0 or E(T>)=0.

iii) The superiority of the T-test around E(71)=E(T:) increases as the
correlation of 71 and 7> decreases.

iv) The power of the R-test is fairly stable for various directions of the
alternatives. .

We could not compare the powers of the S-test and 7-test directly
because of the involvement of too many parameters.

The usefulness of the tests has been shown by the practical data from a
case-control study. It has been shown that the 7-test has smaller p-values than
the R-test in the region around the straight line, 71=T>.
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