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Summary

In order to increase the dependence between two random variables
X and Y obeying the type of Farlie-Gumbel-Morgenstern (F'GM) dis-
tribution, Johnson and Kotz (1977, Commun. Statist., 6, 485-496) intro-
duced the (k—1)-iteration FGM distribution :

H,=FG+ é ay (FG)U+y( Iﬁ@)[(!ﬂ)m ,
j=1

where F' and G are the respective marginal distributions of X and Y.
Recently, Huang and Kotz (1984, Biometrika, 71, 633-636) found the
natural parameter space of H,, for arbitrary absolutely continuous dis-
tributions F and G. We extend their result to arbitrary continuous
distributions F' and G and propose another (k—1)-iteration FFGM distri-
bution :

H,,=FG+ jZk] a, (FG)1+1( FGyvm+
=1

For some F and G, the correlation coefficient for H,, is greater than
that for H,,.

Further, we find the conditions on F and G under which H,, and
H,, have the same natural parameter space. We also find that for
arbitrary symmetric distributions F' and G with finite means, the co-
variances between X and Y are the same whatever the joint distribu-
tion H, (1=1,2) they have. A result of Schucany, Parr and Boyer
(1978, Biometrika, 65, 650-653) about the correlation coefficient for FGM
distribution is extended to arbitrary distributions F' and G. The multi-
variate case is also discussed.
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1. Introduction and motivation

A well-known way to construct a bivariate distribution with the
given marginal distributions F' and G is to consider the Farlie-Gumbel-
Morgenstern (FGM) distribution :

(1) H(z, y)=F(@)Gu){1+F (2)GW)} ,

where F=1—F, G=1—G, and a is a real number such that H is a bi-
variate distribution. From (1) we also understand that it is impossible
to identify the bivariate distribution only by its marginal distributions,
since there are many admissible numbers a in general. The set of ad-
missible number « in (1) is called the natural parameter space of H
and is denoted by 4. The usefulness of the FFGM distribution H in (1)
depends on how many admissible numbers @ we have and on what values
the correlation coefficient p of X and Y may be.

It is trivial that if one of F and G is degenerate, then we have
A=(—o0, ). For nondegenerate distributions F' and G, Cambanis [1]
showed that H is a bivariate distribution if and only if @ € A=[amnin, Cmaxl,
where

U= —min {(MMe)™, (A—me)(1—me))™'},
Uex =N {(Mp(1—m¢)) 7, (1—mr)Ms)7'}

and my, M, are the infimum and supremum of the set {F(x): —coc<x
<o} —{0, 1}, respectively. For absolutely continuous distributions F'
and G, we can see that ap,=—1, a,..=1, and hence 4=[-1, 1], a re-
sult of Johnson and Kotz [3]. As to the correlation coefficient p of X
and Y, p may assume the maximal value 1 (minimal value —1, resp.)
if we let F=G, Pr(X=1)=Pr(X=-1)=1/2 and a=4€ 4=[—4, 4] (a=
—4, resp.). However, Schucany, Parr and Boyer [6] showed that |p|<
1/3 if both F and G are arbitrary absolutely continuous distributions
with finite nonzero variances.

In order to increase the dependence between random variables X
and Y in (1), Johnson and Kotz [4] proposed the (k—1)-iteration FGM
distribution :

(2) H,=FG+ ﬁ ay (FG)Ya+y( FG)+vr
j=1

where k is any positive integer, [2] denotes the greatest integer less
than or equal to z and we have omitted the variables # and y without
confusion.

Recently Huang and Kotz [2] considered the one-iteration FGM
distribution (k=2):
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(3) Hy,=FG+ay(FG)(FG)+ay(FGFG) .

For arbitrary absolutely continuous distributions F' and G, they found
that the natural parameter space 4,, of H,, is the set

(4) @ lalst, o~ 1SS [3— oo (9—6a,— 30"

and further

(5) The maximal correlation coefficient p corresponding to
H,, is higher than 1/3 which is the maximal p corre-
sponding to H,;=H, but the former is less than or equal
to ((1627/4/4881)—3)/40=0.5027 ;

(6) One single iteration can result in nearly tripling the co-
variance for certain marginals;

(7)  There exist no marginals for which the single iteration
will bring about higher negative correlation.

If we exchange the two powers of the third term in (3), namely,
if we consider the bivariate distribution

( 8) H'22=FG+a21(FG)(F_G)+a22(FG)(F—é)2 ’

then we find that for some distributions F' and G, the correlation co-
efficient of X and Y in (8) is greater than that of X and Y in (38) (see
Example 2 in Section 5 in detail). This is the motivation to study the
other (k—1)-iteration F'GM distribution :

(9) H,=FG+ é oy (FGY D FGyr

In Section 2 we shall prove that for t=1,2 and for arbitrary con-
tinuous distributions F' and G, the natural parameter space 4,, of H,,
is also equal to the set (4). Section 3 will derive the bivariate distri-
bution H;, as Johnson and Kotz [4] did for H,,. In Section 4 we shall
study the condition on F' and G under which H,, and H,, have the same
natural parameter space. Section 5 will prove that for arbitrary sym-
metric distributions F' and G with finite means, the covariances between
X and Y are the same whatever the joint distribution H,, (1=1, 2) they
have. Based on the results of Section 5, Section 6 will consider the
improvements in correlation coefficient of X and Y which obey the
FGM distribution or one-iteration FGM distributions. Finally, the mul-
tivariate case is discussed in Section 7.
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2. Natural parameter space: the case k=2

In this section we shall prove that for ¢=1,2 and for arbitrary
continuous distributions F' and G, the natural parameter space A4, of
H, is the same as the set (4). Let us recall that the bivariate func-
tion H,, in (3) is a bivariate distribution if and only if for all z<z’
and y<vy', we have 4,4, H,(x, y)=0, where 4,N(z)=N(z')—N(z). For
t=1, 2, define H%* be the bivariate distribution H,, with uniform mar-
ginal distributions on [0, 1] and 4% the natural parameter space of Hj3.
Then we have the following

THEOREM 1. For arbitrary continuous distributions F and G, the
natural parameter space A,=A%, i=1, 2.

Proor. For coefficient (a;, ), Hi%(u, v) is a bivariate distribution
on [0, 1]1x[0, 1]

10) &< 4,4, H(u,v)=0 vusw, v=v' and u, ', v, v €[0, 1]
(11) & dperdoq Hi' (F(2), G(y) 20
vesa, y<y' and z,2',y,y € R=(—o00, )
& 4.4, Hy(z, y)=0 vese',y<y and z,2', 9,9y €R
&> Hy(x, y) is a bivariate distribution on Rx R.

Hence A,=A4%, i=1, 2.

Note that 4% is the set (4) due to Huang and Kotz [2], so we have
improved their result for arbitrary continuous distributions F and G.
The continuity condition on F and G is necessary in the direction (11)
= (10) above. From the proof of Theorem 1, we can understand that
for arbitrary distributions F and G, A%¥CA4, (see, e.g., Example 1 in
Section 4 for discrete distributions F' and G).

Next, in order to claim that 4, is the same as the set (4) for
arbitrary continuous distributions F' and G, it suffices to prove the fol-
lowing

LEMMA 1. AF=43%.

PrROOF. Since F(x)=2 and G(y)=y for z, y € [0, 1], we have
Hy(x, y)=2y+an(zy) 1—-2)(1-9) +au(@y)’1-2)(1-y) , =z, ¥€[0, 1],
and hence the joint density function of X and Y in this case is

(%, y)=1+au(1—22) (1 —2y) +an(2y) (2—32)(2—3y) , =,y €[0,1].
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Similarly, the joint density function of X and Y in the other case is
hos(@, Y)=1+an(1—22)(1—2y)+an(l—x)(1-32)(1—y)(1—-3y) ,
z,y€[0,1].
Taking the transformations u=1—2 and v=1—y in hy,(z, y), we have
h(u, v)=hy(1—u, 1—v)
=14a,(1—2u)(1—2v)+ a1 —u)(1—3u)(1—v)(1—3v) ,
u,vel0,1].
Therefore, for coefficient a=(ay, a;), H,;, is a bivariate distribution
& hy(z, )20, v,y el0,1]
< hi(u, )20, vu,ve[0, 1]
& hy(x, )20, va,yel0,1]
&> H,, is a bivariate distribution
That is, A% =A%.

In Section 4 we shall extend Lemma 1 to a wide class of distribu-
tions ' and G by another method (Theorem 3). It can be seen that
Theorem 1 is still true for the general case, namely, for any fixed 1=
1,2 and k=2, the natural parameter spaces A, of H,, are the same
for arbitrary continuous distributions F' and G.

3. Derivations of H,, and H,,

Johnson and Kotz [4] derived H,, by the following successive k—1
steps, so it is named after a (k—1)-iteration FGM distribution. Sub-
stituting S(x, y)=Pr (X >, Y>y) for the FG in (1), and using an equiv-
alent form of the F'GM distribution,

(12) S=FG{1+8,FG},
we obtain
(13) H,=FG{1+eFG1+8FG)} .

Then substituting the FGM distribution H=FG(1+8,FG) for the last
FG in (13) yields

(14) Hy=FG{14aFG[1+B(FG(1+BFG))]} .

Continuing this procedure, intersubstituting the forms of (12) and (1),
k—3 more iterations shall lead to H,,.
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Similarly, we can obtain H,, as follows. We first begin with the
equivalent form (12) of the FGM distribution. Substituting the FGM

distribution H=FG(1+a,FG) for the FG in (12), we obtain
(15) S=FG{1+B8FG1+aFG)} .
Then substituting S=FG(1+8FG), a form of (12), for the last FG in
(15), yields
S=FG {148 FG[1+a,FG(1+8FG)]} .

Continuing this procedure, intersubstituting the forms of (1) and (12),
k—3 more iterations shall lead to

(16) S=FG+ 53 oy (FGY i+ FGym+ |
=1

Recall S(z, ¥)=1—F(2)—G(y)+Pr(X=z, Y<y), then we know that (16)
and (9) are equivalent.

4. Natural parameter space: the general case

Denote m,=[5/2]+1 and n,=[(j+1)/2] for convenience. In fact, the
results of Sections 4 and 5 remain true for any positive integers m,
and n;. Huang and Kotz [2] proved that the natural parameter space
4y, of H,, is convex if both F and G are absolutely continuous. We
first assert that their conclusion is also true for arbitrary distributions
F and G.

THEOREM 2. For arbitrary distributions F and G, the natural pa-
rameter space A, of H, is convex, where 1=1, 2.

ProOF. We only prove that 4,, is a convex set since the proof of

Ay, is similar to that of 4,,. Let 0<p<1, a=(ay, a5,- -+, ;) € 4, and a*

=(af, af, -+, af) € 4;;. It suffices to prove that p=pa+(1—p)e* € 4,,

that is, to prove that HP=FG+ 3 (pe,+(1—p)a¥) (FG)™(FGYys is a bi-
j=1

variate distribution, or equivalently, to prove that for all x<2' and
y=v', 4.4, HP(x, y)=0. And the desired result follows from
AI'AVH;(I:F)(%’ y):'p‘dz’dv’H’l(ka)(x’ y)'*‘(l""p)Ar'Ay'Hl(ka.)(x: y)_Z_O ’

where H{® and HS™ are bivariate distributions H,, with coefficients «
and o* respectively, and the last inequality is implied by the fact that
a, a* € A,,.

Theorem 2 is useful in that if we want to find the natural param-
eter space, then it suffices by this theorem to find its extreme points.
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Let us define the new class 9@ of distributions as follows:

9= {F: the closure of the range of
distribution F' is symmetric about 1/2}
={F: VF(2), 3{z}}r, > F(x)=1-1lim F(z})} .

Notice that 9 contains all the continuous distributions and all the sym-
metric distributions. Then we extend Lemma 1 in Section 2 to the
following

THEOREM 3. For arbitrary distributions F, G € 9, A,,=A4;,.
PROOF. Recall that for 2=/, y<v',
4:4,Hy(@, y)=(F (') — F(2))(G(¥)—G(¥))
+3 a[F@)s(1 - F@)y1—F @1~ F@)]
- [GE)(A-GH) 1 —Gy)™(L—-GH)] ,
and that for z,<zj, ¥.=v),
(A7) dudyHou(o, Yo) = (F(0) — F(2)) (G(y0) — G(%0))
+ 33 o [F (aty(1— F (@)~ F (@1~ F (&))"
- [G) (1 —G(y))™ —G(y) (1 —G(ya))™] -

Suppose a=(ay,- -, ay) € 4y, that is, for all z<2’, y<y', we have 4,4,
H,(x, y)=0. Then for any fixed z,<#{, ¥,<¥}, and for any »n=1,2,..-,
there exist x,<z/, ¥.<v. such that

1-lim F(x,)=F(x}) , 1-lim F(z})=F(x,) ,

n—00

1-lim G(y,)=G(¥)) , 1 —lg Gyr)=G() ,

n—oco

and hence with coefficient «,
(18) . Az{,AyéHZI:(xOI 1/0) = Li_{g Az:‘Ay;-H.lk(xm yﬂ) Z 0 .

This means a € 4,,. We have proved 4,,C4;. Similarly, 4,,C4,, and
hence A4,,=A4.

If one of F and G is not a distribution in &), then the result 4,,=
Ay, is not always true. See the following example.

Example 1. Let F=G, Pr(X=-1)=2/3 and Pr(X=1)=1/3, then
F¢ 9. It can be seen that
4 4 16

Ez(—ly —1)=§+ﬁ¢¥11+—7-2—9-‘112 ’
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I{lz(lt _1)=H12(_1’ 1)=2/3 ’ HIZ(lr 1)=1 ’

and that
H,,(—l, "'1) 4 + 841 g+ ——o 729 Qs
Hy(1, —1)=Hy(—1,1)=2/3, Hy,(1,1)=1.
Solving
Hy(—-1, -1)=0

I{lz(lv —1)_-H-12(_1, —1)20
Hy(—1,1)—Hy(—-1, —1)20
Hy(1, 1)— Hy,(—1, 1)— Hy(1, —1)+ Hy(—1, —1)20,

we obtain
— .9
Ap= (@, a5): ——=So=—
Similarly,

A= {(du @) _%éané—z—, _—4——9al§a2§§21—"‘9d1} .

It is clear that A4,,$4,, for this example. On the other hand, if we
let Pr(X=-1)=1/3 and Pr(X=1)=2/3, then 4,24, From this ex-
ample we also understand that it is possible to find 4, (k>2) as long
as both F and G are finite discrete distributions.

5. Covariance: the general case

Let X, .(Y..) denote the k-th smallest order statistic of a sample
of size » from arbitrary distribution F(G). (We don’t assume the ab-
solute continuity here.) Let F,.(G..) be the distribution of X, .(Y.)
Furthermore, assume that EX and EY exist and are finite, hence im-
plying the finiteness of E(X, )=, and E(Y,,)=v... Then the identity

ijfm—kz < Z )-—I(ka—Fka) implies
k
Hy=FG+ 3] (™t ™) (B, = Fuiny i)

¢ (ij'mj+"l ij+1,mj+nj) )

whose expectation is (see, for example, Royden [5], p. 272)
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13 -2
Eu(XY)=EXEY+ 3 (™ ™) (i, fimy 1,
: (vmj,mj+ﬂj—ymj+l,mj+ﬂ/) .

Using the triangular identity (n—k)pen+FEper,n="nps -1, We obtain the
covariance of X and Y corresponding to H,,,

19)  covu (X, Y)=E(XY)—EXEY
k —1\-2
=jz=]x a11<m! +,”":;j > (ﬂmj,mj+nj—l_ij+1,mj+nj)

* (”mj,ml+'nj—l_'vmj+l,mj+nj) .
Similarly, the covariance of X and Y corresponding to H,, is

x 1\~
@) covie (X T)= 3 ("™ ) g, )

¢ (vnj,mj+nj_vnj,mj+nj—l) .
The following theorem states the relationship between cov,, and covy,.

THEOREM 4. Let F and G be two arbitrary symmetric distributions
with finite expectations, and let a;=ay,, for j=1,2,---, k. Then covy,
(X, Y)=covy (X, Y).

Proor. We first assume that EX=FEY=0. Since F and G are
symmetric distributions, we have

Een™ — n—k+i,n and Vin™= " Ynek+in ¢
Thus, for j=1,2,---,k,
(ij, my+ns—1 - flmj+l,mj+nj) (vmj,mj+nj—l - ”mj+l,mj+nj)
= (f‘nj.mﬁn,_ !‘nj,mﬁnj—l) (”nj,mj+nj - vnj,mj+nj-l) ’
and hence
covy (X, Y)=covy, (X, Y),

for the case EX=FEY=0. Now, for general case we assume EX=p,
EY=vy, and X*=X—pu, Y*=Y—v. Then applying EX}*.=pu,,.—p and
EYX. =v.,—v to (19) and (20) yields the desired result

covy, (X, Y)=cov,, (X*, Y*)=covy (X*, Y*)=cov, (X, Y),
in which the second equality follows from the reason EX*=EY*=0.

If one of F' and G is not symmetric, then cov,, (X, Y)=cov, (X, Y)
is not always true. See the following example.

Ezample 2. Let F=G be the triangular distribution F(x)=2? z ¢
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[0,1]. Then by the formula

1) ;z,,,,,=k( ’,2) S: Fritt-(1—ty-*dt ,
we can calculate
211=2/8, p1,=8/15, p,,=4[5, p,,=16/35, p5,=24/35, p,=6/T.
Thus for ay=a,;=a,; and ay=a,;=ay,
covyy (X, Y)=ay(pte,0— p11,0)* + ot s— f2,0)" = eu(2/15)*+ a;(2/35)* ,
and similarly
covy (X, YV)=ay(ptra— p1,0)" +ealpt,s— p11,0) = 04(2/15)" + ,(8/105)" .
It is clear that cov,, (X, Y)<covy (X, Y) if a,>0.

6. Improvements in the correlation coefficient

Based on the results of Section 5, this section will study the cor-
relation coefficient p of X and Y which obey the F'GM distribution or
one-iteration FGM distributions. As mentioned in Section 1, Schucany
et al. [6] proved that |p|<1/3 for the FGM distribution (1) with abso-
lutely continuous marginal distributions F and G. Example 3 below
shows that p really increases if X and Y obey the one-iteration FGM
distributions H,, or H,. Further, we shall extend in Theorem 5 the
result of Schucany et al. [6] to arbitrary distributions F' and G.

Example 3. (See, also Huang and Kotz [2]). We assume a;=a;=
ay and a;=a,;=ay in this example.
(a) Let FF=G be the uniform distribution on [0, 1], then by Theorems
3 and 4 and the result (4), we have

covy (X, Y)=covy (X, Y)=0,/36+a,/144 ,

p=a,/3+a,/12, and max p=(+13 —1)/6=0.43426 for both H,, and H,.
(b) Let FF=G be the standard normal distribution, then similarly,

pP=COVy, (X, Y) =COVy (X, Y) = a1/ﬂ+a2/(4ﬂ') y
and max p=(+13 —1)/(2r)=0.41469 for both H,, and H,.

THEOREM 5. In the FGM distribution, let F' and G be arbitrary
distributions with finite nonzero variances, then the correlation coefficient
p satisfies

1 1
_amné é—amax ’
g =P
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where oy, and ... are defined in Section 1.

PrOOF. Recall that Formula (21) is also true for arbitrary distri-
bution F' if we define the inverse function F~'(t)=inf {x: F(x)=t}, t¢€
(0, 1). Without loss of generality, we may assume EX=FEY=0 in the
following discussion. By Cauchy-Schwarz inequality we have

2— ' -1 —_ ? ! -1 2 ! —1)2 _1 2
(ma—mr=([, Fro@-1a) s F-eyae || @t-1rae=Lax,
that is,
(ﬂ2,2_ﬂ1,1)/dxé71—-§‘ .

Similarly, for distribution G we have

(vaa—vi)/or = 4/%— .
Therefore,
p=cov (X, Y)/(aan)=a[(/‘2,2_/‘l,1)/"x] [(vg,2—v1,1)]o¥]
1 1
€ l:'g'amlm gam] D

COROLLARY. In the FGM distribution, let F and G be arbitrary
continuous distributions with finite nonzero variances, then |p|<1/3.

Applying Theorem 1 and following the discussions of Huang and
Kotz [2], we can understand that the bivariate distributions H;, and
H,; also possess the properties (5), (6) and (7), provided that F' and G
are two continuous distributions. In the case for H, we need the fol-
lowing lemma which can be obtained by replacing X by —X in the
lemma of Huang and Kotz [2].

LEMMA 2. For arbitrary mondegenerate distribution F with finite
mean, fys— fy1> f,2— 3 O equivalently, L1, P1,2> 1,3 1,3

7. Multivariate distributions

For bivariate distributions H,, and H,, we have proved in Theorem
3 that 4,,=4,, if F,Gec 9. However, for trivariate distributions,

W,=FGN+ jz"; o (FGN)~(FGNY» ,

and
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Wy=FGN+ jzk; ay,(FGNY«(FGNY™ ,
=1
we have the following different result.

THEOREM 6. Let F, G and N be three distributions in 9, and let
4,, denote the natural parameter space of Wy, (i=1,2). Then

Ap=—Ay={—a: ac dy}.

ProOF. Note that we shall take @,;=—a,; in (17) in order to as-
sure the formula (18) being true in trivariate case.

It is easy to extend the results of Theorems 3 and 6 for any mul-
tivariate distributions, that is, 4,,=4,, or A,,=—A4; depends only on
the number of variables being even or odd, respectively.

Another type of multivariate FFGM distributions was discussed by
Johnson and Kotz [3] and Shaked [7]. The latter provided some appli-
cations to the theory of Bayesian survey sampling and to the reliability
theory.
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