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Summary

The problem to estimate a common parameter for the pooled sample
from the double exponential distributions is discussed in the presence
of nuisance parameters. The maximum likelihood estimator, a weighted
median, a weighted mean and others are asymptotically compared up
to the second order, i.e. the order n~* with the asymptotic expansions
of their distributions.

1. Introduction

In the regular situations the asymptotic deficiencies of the asymp-
totically efficient estimators were obtained in pooled samples from the
same distribution by Akahira [1] and the distributions with nuisance
parameters by Akahira and Takeuchi [3].

In non-regular cases the optimality of the estimators of a common
parameter has been studied by Cohen [8], Bhattacharya [7], Akai [6],
Akahira and Takeuchi [4] and others. In the double exponential case
as a typical example of the non-regular case, the loss of information
of the order statistics and related estimators is studied by Akahira and
Takeuchi [5], [9].

In this paper we consider an estimation problem of a common param-
eter 9 based on m samples of each size » from the double exponential dis-
tributions with nuisance parameters z, (¢=1,--.,m). We obtain the
asymptotic expansions of the distributions of some estimators, e.g. the
maximum likelihood estimator (MLE), the weighted median and the
weighted mean, and asymptotically compare them up to the second order,
i.e. the order n~2. We also get the bound of the asymptotic distribu-
tions of the all second order asymptotically median unbiased estimators
and compare it with their asymptotic distributions up to the order n~'2.

Key words and phrases: Maximum likelihood estimator, weighted median, weighted mean,
asymptotic expansion.
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2. Estimators to be compared up to the second order

Let X, (¢=1,---,m; j=1,---,n) be m sets of independent samples
each of size n. Suppose that for each 4, X;; (j=1,--, n) have the fol-
lowing density function

Sfl(=, 6, z'¢)=—1- exp (_l_ac_—_—_0|_> for —co<x <00,
22" Ty
where ¢ and r; are real and positive valued parameters, respectively.
We denote the log-likelihood function for the all m samples by
L(#, ry,+++, tm). Then we have

m

(2.1) L(#, Ty, oy Tm)=—>] 1 ﬁ} |2, —0|—n %}llog r,—mnlog2.
i=

i=1 7, J=t

If z, (i=1,---, m) are known, the maximum likelihood estimator 6, is
given as the solution of the equation

2.2) = % 31 sen (@, —0)=0,
where
-1 for »,;<0;
sgn (v, —0)= Y for x,,=0;

1 for x,>0;

with some constant y satisfying —1<y<1. Then 83, is also regarded
as a weighted median by the weights 1/z;, (¢=1,---,m). If 8 is given,
then for each 4 the solution 7,(6) of the equation

oL(6, v,y Tp) =0
o,

is given by
2.3) tO)=1L 3 |z,—0] .
n j=t
Substituting (2.3) in (2.1) we have
@.4) L@, #0),- -, e,,,(o))=mn(1og %-1) —n ‘il log ,21 |2,—8] .

Since in order to get ¢ maximizing (2.1), it is enough to obtain # mini-

mizing f‘_.logjﬁ |x,,—8] by (2.4), and such a # is given as a solution
=1 =1
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Owx of the equation

(2.5) 5 = =0

It is seen by (2.3) and (2.5) that the estimator ,,, is a weighted median
by the weights 1/2,(6yx) (i=1,---, m).

We also consider other estimators. If r, (¢=1,..--, m) are known
and unknown, we have the weighted means 4° and §* by the weights
1/z? (i=1,---,m) and 1/2@,) (i=1,---, m), respectively, i.e.

0°=§3—zai Z—,y é*=§} 2 0./ > 23 !
i=1 7§ t=1 T; i=1 T; i=l T;
where #,=7,0,) with §,=med X;; (i=1,---, m).
1sjsn

In the next section we shall compare the above asymptotically ef-
ficient estimators up to the second order i.e. the order »~'* and also
obtain the bound of the asymptotic distributions of the second order
asymptotically median unbiased estimators up to the order n~'7.

3. Second order asymptotic comparison of the estimators

First we shall obtain the asymptotic expansion of the distribution
of the MLE 4%, up to the order n~' in the case when z, (i=1,---, m)
are known. Since %, is the solution of the equation (2.2), the func-
tion of @ given by the left-hand side of (2.2) is locally monotone de-
creasing in a neighborhood of #%,. Hence it follows that for any posi-
tive (negative) ¢, 0%, =,0+(¢c/¥n) if and only if

m 1 n _ _ c -
g-r:;azlsgn(x,, I——)S:0.
In order to obtain the asymptotic expansion of the distribution of the
MLE 6%,, without loss of generality we assume that §=0. We put
W,,=sgn (X;;—cen™"?) (¢=1,---,m; j=1,---,n). Then we have for any
fixed real number ¢

___ ¢ csgne 1
(8.1) ElW = -t =55, +O<n) :

Putting

o(@)=2 S1sgn(X,—a)  (i=1,---,m),
T‘ Jj=1
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we obtain by (3.1)

T N e
=—cpt+ p”gﬁj%“ g +0( J%) :

where p,=3" lk (k=1,2,.-.-). Since
Ti

sy o (5,2 -1

it follows from (3.1) that the asymptotic variance of W,, at =0 is
given by

(=)

)

(3.3) ViW,)=1

Then we obtain from (3.3)

N ]

We also have

COR AT M)}z]% 14+(n—1)p} ;

@8 B {0~ }}“}——{m+3(n—1)p,+(n 1)(n—2)u3 ,

vn
where
—EW)=— ¢ Csme (1
#=EWe) r,x/Tn__*— 2tin +O<n> )
By (3.5) and (3.6) we obtain the third order cumulant
c _2c < 1 )
@) Kl Bl ) = Smerel)

Remark 3.1. In order to find the asymptotic distribution of the
MLE 4%, up to the second order, i.e. the order n~'%, it is enough to
show that the third order cumulant is of order ™!, but the value
given by (3.7) may be necessary in the case of higher order than sec-
ond one.

It follows from (3.2), (3.4) and (3.7) that the asymptotic expansion
of the distribution of the MLE 4%, up to the order n 2 is given by
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38  PWnlu<ad=P{_L 3L Sy (x,- fn)<o}

vu S, 13

=0V P)— 23}% Hev/' ) sgn c+o(

1
7
where ¢(x)=g’; #(w)du with ¢(u)=(1/v2r)e-*2. We also have by (3.8)

(3.9) P{«/Eﬁ(ﬁ‘,’,,,,—a)<t}=¢(t)—§p—£§%—¢(t) sgn t+o<7%) .

Next we shall obtain the asymptotic expansion of the distribution
of the estimator f,,, i.e. the weighted median by the weights 1/2,(6 )
(¢=1,.--, m) up to the order » ' in the case when 7, (1=1,---, m) are
unknown. Since 8y, is the solution of the equation (2.5), the function
of 6 given by the left-hand side of (2.5) is locally monotone decreasing
in a neighbourhood of 4,,. Hence it follows that for any fixed posi-
tive (negative) ¢, Oyx(=,0+(c/¥n) if and only if

0.

Ms

i=1

o B (w—0-7)
3 [mu-0-—~|

In order to obtain the asymptotic expansion of the distribution of the
estimator 60,4, without loss of generality we assume that §=0. For
each 1=1,--., m we put

1
n i

— A ¢ _ e |
K— ’\/%‘ .f};lsgn (X” x/ ) ! Zi_ ‘\/;b— = XU m T‘Q/_'ﬂ_ .
Then we have
. 7w B (5 )
(3100 X ”1 =~ n
S| X -7
n i=1 vyn
v 1(,  Z YA (_1_>} =
~i2=l I" Ty {1 Tiﬁ + T?;n +Op n _z}—l EIL (say) .
Since

and
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_ c 1
@) B|X— | |=e gl )
(i=1""; m; j=1v"'!n) ’
it follows that
(3.12) E(Y:Z))=0(1) .

Since for each i=1,.--,m, Y, and Z; are asymptotically normally dis-
tributed, it follows from (3.11) that Y; and Z, are asymptotically inde-
pendent. By (3.1) and (3.11) we have for each i=1,---, m

(8.18) Eom]———+;;§}£+o( 1 );
(3.14) E{Z]=5 r (71_>

By (3.13) and (3.14) we have

_ ¢  csgnec 1
(3.15) E{Y.U)=—2+ 5580 o[ L) .

Hence we obtain

i _ Pl sgn e 1 )
(8.16) B3 YU = —por OB ol o).

By (3.1) we obtain for each 1=1,--.,m

csgnc+0< 1 >

(3.17) E[Y}=1+< e =

P
T3

Since

D[RS
it follows from (3.11) that

(3.18) E[Z1=1i+0(1) .
Since by (3.17) and (3.18)

a1 | & csgne ( )
3.19 EY:U =214 — g ,
(3.19) o[ YU/ . N

it follows from (3.16) that

m(na)=rl§'+o( 1,1%) .
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Hence we have

(3.20) Vi( 31 XU =pitof vlﬂ .

Since by (3.6)

3¢ ¢, 3c*sgne |, 3c'sgne ( 1 >
E[Y}]=—2Z2—2 ,
o[¥7] T, r§+ 2t/ n + 2t/ m +o vVn

it follows from (3.14) that

3¢ ¢ 3ctsgnc , 3ctsgne ( 1 >
3.21 EY:Uf]|=————=~— .
( ) 0[ ‘ ] Tt Tt 27?V + 27/ m to x/n

Since by (3.15), (3.19) and (3.21) the third order cumulant of Y,U, is
given by K,(Y,U)=o(1/¥ ), it follows that that of 3}Y,U, is done by
i=1

(3.22) H(H v.U) =o(717) .

Hence it follows from (3.16), (3.20) and (8.22) that the asymptotic ex-
pansion of the distribution of the estimator #,, up to the order n~'?
is given by

(3.28) PWrlyu<c=P 3 Y.U<0]

_¢(c~/_)—p"f¢(c~/}3;) sgn c+o< JIW )

We also have by (3.23)

(320)  PU/Bm0mu—0)<t)=00) P —g(t) sgn t-+o( L)

In a similar way to Akahira and Takeuchi ([2], page 97) it is shown
that the bound of the asymptotic distributions of the all second order
asymptotically median unbiased estimators based on the samples {X;,}
is given by

o(t)— f/’;f/_ #(t) Sgnt+o<71n=>=F*(t) (say),

that is, for any second order asymptotically median unbiased estimator 6,
PWom(B,—0)<t}<F*(t) for all t>0;
P{V/pm(B,—6)<t}=F*t) for all t<0.

Here an estimator 4, of 6 based on the samples {X.;} is called second
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order asymptotically median unbiased (AMU) if

lim v | P{d, sa}—_ =lim V7 ]P{é,,ga}—_;. =0
uniformly in some neighborhood of (4, zy,---, 7,.) (e.g. see [2]). From
(8.9) and (3.24) it is easily seen that the estimators 4%, and f, are
second order AMU. Hence we have established the following theorem.

THEOREM 3.1. The bound of the asymptotic distributions of the all
second order AMU estimators and the asymptotic expansion of the dis-
tribution of the estimators 0%, and 0., up to the order n™"* have the
form of

ap,tt 1
o(t)— Ve #(t) sgn t+o(—77—)

with a given by the following :

Table 3.1.
Estimator a
The bound 1/6
6%, 1/2
Owa 1/2

Remark 3.2. By Theorem 3.1 we see that both of the estimators
4%, and 0, are asymptotically equivalent up to the order n~'* in spite
that 4%, and d,, are the estimators for known r, (i=1,---,m) and
unknown z,'s, respectively, but they are not second order asymptoti-
cally efficient in the sense that their asymptotic distributions do not
attain the bound uniformly.

If 7,=¢ (¢=1,--.,m) and it is known, then the MLE 8%, is the
median of {X;,}. In a similar way to Akahira and Takeuchi ([2], page
97) it follows that the asymptotic distribution of #%, up to the order
n~? is given by

(3.25) P{ *’;”W (ég,L-a)gt} =¢(t)—7ﬁm_7¢(t) sgn t+o( ./17{> .

Hence it is seen that (3.25) is consistent with the asymptotic distribu-
tion of #%, given in Theorem 3.1 in the same situation.

If 7, (¢=1,-.., m) are known, then for each 7=1,..-, m the MLE
4, of 6 is the median of X,; (9=1,--+,m), i.e. @:gljeg X.;. Then it

follows from (3.25) that for each ¢=1,---,m
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@29 PP G-0s =00~ a0 semt+o( L)
=F;(t) (say).

From (3.26) we have the asymptotic density of é, up to the order n-12

(B2 fil)=-L Filt)=4)-+ = (E—21)g(t) sgm t-+o( =) .
From (3.27) we obtain the asymptotic mean of b,

vn s s _ (1
E[ £ —0)]_S_mtf,i(t)dt_o< ¢W>'

Hence it is seen by (3.28) that the asymptotic variance of f, is given
by

(3.28)

‘\/W h _ _ C 3 _ 24/2 1
(3.29) V,( 20, 0)>_S_mtf,‘(t)dt_1+ ¢_+o( ﬁ>
Since
5"=§J—%‘/§%=—1—§Jlﬁ“
=1 73 =17y P =l Ty

it follows from (3.29) that the asymptotic variance of 4" is given by

Vool )

Since 4, (¢=1,--., m) are independent, it follows from (3.26) that the
limiting distribution of +p,n(6°—0) is the standard normal distribution
in the first order. On the other hand we have from (3.9)

(3.30) Vi(vVpm(0°—0)=1+

Ao Ds 2v'2
(3.31) VDB~ ) =141 22 o) -

Note that 1/¢¥/'m <p,/p}*<1 since

(&) =Em" EsEa)

Then we obtain by (3.30) and (3.31)
(3.32)  lim Va[V(vpu(*—6)— V(v pim(Bs—0))]

)2 )20

Hence we have established the following theorem.
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THEOREM 3.2. If r; (i=1,--, m) are known, then the MLE %, is
asymptotically better than 6° up to the order n~'" in the sense of (3.32).

Remark 3.3. By Remark 3.2 and Theorem 3.2 we see that the
weighted median 04, by the weights 1/2,(0x) (¢=1,- -, m) is also asymp-
totically better than 6° up to the order n'2.

Next we shall obtain the asymptotic variance of the weighted mean

6% of 8, (i=1,---,m) by the weights 1/z%d,) (i=1,---, m), where z,0,)

=311X,,—0,| with f,=med X,, (i=1,---,m). Putting d=t—z, (i=1,
J=1 1sjsn

.++,m), we have

S 1 _2 1 24,
O3 B e R )

By (3.33) we obtain

@34 f=31Li/nL
=1 T i=1 T;
=L (B h-25ldy 2 505410, (5 a)
Pe \i=1 73 =1 73 g i=1 72 iz1 ¢d i=1

o 1 (2 ¥mb, 2 = JVnlNn4,
(3.35) e, "pz@l nle 235

it follows from (3.28) that

(3.36) Ejvn é*]:l{i L Bvni)——2 5\ L EVab B a,0.]
Dy Li=1 75 van =1

+—2 5% L mnb B 40
AR
)
+°<m ’

where El- Iﬁ,-] denotes the asymptotic conditional mean given 4,. After
some manipulation we have by (3.36)

(3.87) E.,[«/_n_é*]=o< ~/1_ )

n

(for detail see Akahira and Takeuchi [5]). Since by (3.35)
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Bini)=L (B[ (3 L2 ) )L m[ 5 Ll
Vb, >=

EB[§ Al dp) ]+ o B &

BE “:"‘l i+l

it follows that

(3.38) EJné**]:%{ ?/‘;_: } +0< )

From (3.37) and (3.38) we have

2vV2 <_1_)

v nr n/’

It is noted from (3.26) and (3.35) that the limiting distribution of

vpmb* is the standard normal distribution in the first order. Hence
we have established the following theorem.

Vi

THEOREM 3.3. The weighted mean 0* of 0, (i=1,---,m) by the
weights 1/230,) (i=1,- -, m) is asymptotically equivalent to the weighted
mean 6° by the weights 1/} (i=1,---,m) up to the order n™* in the
sense that

lim v/ | Vy(vp(6*— 6) — V(v pm(8°— 6))| =0
From Remark 3.3 and Theorem 3.3 we also have the following :

COROLLARY 3.1. The weighted median 6, by the weights 1/%(0y.x)
(t=1,.--, m) is asymptotically better than the weighted mean 0* up to
the order n~' in the semse that

lim v/n [V,(vp(Gws— 6)— Vi(v D 6*— 6))] 20 .
As is seen from the above discussion, the second order asymptotic

comparison of the asymptotically efficient estimators 8%, 8y 8° and
6* is given by

éwu“"égu, >‘é°~é* ’

where “a~b” (“a>b”) means that a is asymptotically equivalent to
(better than) b up to the order n~'~.
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