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Summary

This paper discusses, with measure-theoretical rigor, some basic
aspects of the theory of separate inference. To analyze densities of
marginal and conditional submodels, certain operators are introduced.
First a general concept of decomposition of a model is proposed, and
the corresponding factorization of densities of the model is established.
Next it is shown that the property of smoothness of a family of den-
sities is retained in the operation of conditioning, and therefore it yields
the differentiability of the conditional expectation of a real-valued sta-
tistic in a certain sense. On the basis of this result, two measures of
the effectiveness of a submodel in separate inference are investigated.

1. Introduction

Separate inference is inference on parameters of interest from a
part of the original model and data (Barndorfi-Nielsen [1]). There are
two key procedures for this. One is to decompose the model into sev-
eral submodels with certain statistical structures. The other is to ex-
amine such submodels through a measure of the effectiveness of a sub-
model in the inference on parameters of interest. The main purpose
of this paper is to discuss, with measure-theoretical rigor, the follow-
ing basic aspects of the procedures: factorization of densities of a model ;
smoothness of a family of conditional densities; differentiability of the
conditional expectation of a statistic.

To this end, we shall use certain operators for averaging, which
were introduced by Pitman [11] and were developed by Kuboki [8]. The
definitions and some- further properties of them are described in Sec-
tion 2. In particular, our interest is the case where they operate on
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probability density functions. In Section 3, we shall investigate prop-
erties of the operators in this case, and give two propositions which
are important to our discussions below.

First we shall deal with factorization of densities of a model. Let
Pe={P,: 0 € 8} be a model for data X, i.e. a family of distributions of
X, and let r:®—1I and w:0—82 be two surjective parameter func-
tions. We denote by %, the partition of P, induced by r, i.e. P,
={P,:rel}, P,={P,:0€0,r@)=r}; and denote by P, the partition
of Py induced by w, i.e. Po={P.,: wef}, P,={P,: 06, wl)=0}.
Consider any two statistics U and T such that U is a function of 7.
Then we shall introduce the following concept.

DEFINITION 1.1. We shall say that (U, T|U) induces (P, P,) if
U and T satisfy the following two conditions.
(i) The marginal distributions of U depend on ¢ only through 7.
(ii) For each event A of T and for each €6, there exists a deter-
mination of the conditional probability of A given U that depends on
# only through w.

The condition (i) implies that the mapping P,— PF, 6 €6, induces
the same partition of %P, as does r, where PY denote marginal distri-
butions of U. Similarly, the condition (ii) implies that the mapping
P,—»PI'U, @e@, induces the same partition of P, as does w, where
PF7 denote the conditional distributions of T given U if they exist.
The above concept includes various concepts of ancillarity and sufficiency
found in the literature (Fraser [3], Sandved [13], Basu [2], Barndorff-
Nielsen [1]). For example, take T'=X. Then, U is ancillary for 6 ¢ @
if r is a constant function, and U is sufficient for 6 € ® if w is a con-
stant function.

In this paper, let us suppose that P, is dominated by a o-finite
measure m; and let us denote by p, a density of each P,e¢ P,. Then
it will be useful to review Definition 1.1 in terms of the corresponding
factorization of densities of 7. Further, it will be useful to establish
a factorization criterion of the densities for the concept in Definition
1.1. In Section 4, we shall consider these problems by using the oper-
ators introduced in Section 2.

Next we shall discuss Pitman’s concept of smoothness of a family
of densities. For ease of reference, we shall here describe the defini-
tion of the concept with some modification; see Pitman ([11], Chapter
3). Suppose that #=6,% --- X 8,, 6, being an open interval of R!. We
shall write 6="(6,,---, 0,), where ‘M denotes the transpose of a matrix
M. Further suppose that p, is differentiable a.e. m with respect to 4,
i.e. there exists p,=‘(p,- -+, p.) such that for every fixed I="'(;,---,1,)
€ R,
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lig)x Doy —Do)]e="lp} a.e.m at every 0¢é@.

Define p,(r, 6), the distance between P, and P, z,0¢€8, by
e, 0)=\ (VB — VP Ydm..

Denote lim inf 2p,(6+¢l, 0)/|e|, which always exists, by s,(0|l); it is a
=0 !

measure of the sensitivity of the family of densities p, to small changes
in 6 in the direction I. We shall call s}(4|l) the sensitivity of the p,
family (at ¢ in the direction l). Putting p,=pj/¥Dp, or =0, according
as 2 € S(p)={x: p(x)>0} or x¢ S(p,), we can write the information
matrix I (0) of the p, family in the form

0= s/pm]
Evidently, for every 6 ¢ @ and every le R", s;(0|1)=1L,(6)L.

DEFINITION 1.2. If for every fixed l € R, lim 4p}(0+¢l, 0)/? exists,
—0

is finite, and is equal to 4I(4) at every 6 €, then we shall say that
the p, family is smooth in 6.

When the p, family is smooth in 6, the value of “I,(4)l is the sen-
sitivity of the family in the direction [ at 6, so that then I,(6) is called
the semsitivity matriz of the family.

It is proved by Pitman [11] that if the p, family is smooth in 8,
then so are the family of marginal densities of 7" and U. Further as
pointed out by him, the property of smoothness is closely connected
with the differentiability of the expectation of a real-valued statistic,
and therefore with a certain property of the efficacy matrixz of the
statistic, a measure of the effectiveness of the statistic in investigating
the value of 4. In Section 5, first we shall discuss the validity of the
following two properties: smoothness of the family of conditional den-
sities of T given U; and differentiability of the conditional expectation
of a real-valued statistic given U in a certain sense. Next, on the
basis of them, we shall introduce a measure of effectiveness of a sta-
tistic in investigating the value of 6 conditionally on U. Here we re-
mark that the conclusions are independent of the particular choice of
that version of p, family which is smooth in 8.

The last section discusses measures of the effectiveness of a sub-
model in inference on parameters of interest. In particular, let us
consider the case where only 6, is the parameter of interest. Up to
now, two measures are proposed to evaluate the effectiveness of a sub-
model in investigating only the value of 4, One is Liang’s [9] meas-
ure of information about 6, and the other is Godambe’s [5] measure of
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information about 6,. We shall show that the former is related to sen-
sitivity and the latter is related to efficacy. Furthermore, we shall
discuss the relationship between the two measures when the conditional
densities of T given U depend on 6 only through 6. In connection
with this, Godambe’s [4] two concepts of ancillarity will also be dis-
cussed.

2. Notations and preliminaries

Let (¥, F) be a measure space: a set X and a o-algebra & of
subsets of ¥. T is a mapping from X into a space I, and II is a
mapping from < into a space UJ. Let .1 be a o-algebra of subsets of
I, and B a c-algebra of subsets of U. We shall assume that T and
IT are measurable. Define a measurable mapping U from X into U
by U=M-T.

Let m be a given o-finite measure over (2, ¥). Then choose o-finite
measures p over (<, J) and v over (U, B) such that m"« ¢ and £"<v,
where m?,=mT !, denotes the induced measure over (<, A) and p”,=
pIT7', denotes the induced measure over (U, B). The o-finiteness of
m guarantees the existence of such measures g and ». It should be
noted that m” and x” are sometimes not o-finite even though m and
p are o-finite. Evidently m”<«v, where m?,=mU™", is the induced
measure over (U, B).

Let us denote by &£(X, &F, m) the class of all extended real-valued
F-measurable functions whose m-integral exists, i.e.

&, g, m)={¢: 8 ), S¢+dm<oo or S¢‘dm<oo} ,

where the notation ¢(€)F expresses the F-measurability of ¢. Of
course, ¢ and ¢ in £(X, F, m) are regarded as identical if g=¢ a.e. m.
Likewise, we shall define &(7, A, p) and &(U, B, v). For every ¢¢
(X, F,m), let us define T*¢ € £, A, ¢) by the following formula:

2.1) Sr-u ¢dm=L (T*¢)dp  for all Ae .

This is justified as follows. For each ¢ € £(X¥, &, m), there exists the
indefinite integral @ over (<, .A) such that (D(A):S . ¢dm for all Ae
T4

J. Note that p(4)=0=m"(A)=0=>0(A)=0. Hence x»®, and so by
the extended Radon-Nikodym theorem (Loéve [10], p. 134) there exists
a function ¢ € &(T, A, p), determined up to p-equivalence, such that

@(A)=g ¢dp for all Ae . We shall write ¢ =T%*¢. This averaging
A
operator T* was introduced by Pitman [11]. Similarly, for every ¢¢€
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EG, A, p) we define IT*¢ € E&(U, B, v) by
2.2) [0, #de=] () for all Bea,
and for every ¢ € £(X, F, m) we define U*p € £(U, B, v) by
(2.3) SU_IB ¢dm=SE (U*g)dy  for all Be B.

LEMMA 2.1. We have U*=1IT* o T*,

Here we shall list some properties of the operator II*. Lemmas
2.2 and 2.3 below are easy consequences of the defining relation (2.2).
For Lemma 2.4 and other properties, see Pitman ([11], p. 101) and
Kuboki [8]. We can also see that the operators T* and U* satisfy
properties similar to them. From now on, denote the indicator funec-
tion of a set E by yz, and for a function ¢ denote the set {-: ¢(:)+0}

by S(g).

LEMMA 2.2. (i) Suppose that ¢(€)A. Then

$=0 a.e. u=II*¢=20 a.e.v and S(p)Cl'{S(II*¢)} a.e. .
(ii) Suppose that ¢, ¢(€) A, and that ¢, =0 a.e. p. Then
S(p) = S(¢) a.e. p= S(IT*$)CS(IT*¢) a.e.v .
LEMMA 2.3. Suppose that ¢, ¢ € E(I, A, p), and that Be B. Then
IT*(x4¢)=1T*(x4¢) a.e.v on B for each A€ A
&o=¢ ae. pon II7'B.
LEMMA 2.4. (i) Suppose that ¢, ¢ cET, A p). If a S gdpu+

b S ¢dp exists for constants a and b, then I[T*(ap+bg)=all*¢+blI*y a.e. v.
(i) If ¢e&(I, A, p), then |[T*¢|<IT*|p| a.e. v.

(iii) Suppose that ¢, ¢(€)A. If ¢ and ¢* are p-integrable, then
{IT*(g@)Y <(IT*¢")(I1*¢") a.e. v.

(iv) Suppose that g(€)B. If ¢, (g ¢ e &I, A, p), then IT*{(g o IT)¢}
=gIll*¢ a.e. v.

3. The operators on probability density functions

Let us consider the subclass P(¥, F, m) consisting of all prob-
ability density functions in &(, &, m). Put for each p e P(X, F, m)

@3.1) P(F)= SF pdm  forall Fe .
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As before, we shall denote by P” the induced measure PT"!, and by
PU the induced measure PU-!. Then it follows from (2.1) and (2.3)
that

(3.2) PT(A)=SA(T*p)dp for all Ae,

3.3) PY(B)= SB (U*p)dy  for all Be B.

Combining (3.1)-(3.3) with Lemma 2.2. (i), we see that if a random vari-
able X over (X, &) is distributed with the density p relative to m,
then T*p is the density of the marginal distribution P7 of T'(X) rela-
tive to g, and U*p is the density of the marginal distribution PY of
U(X) relative to .

Now for each pe P(X, F, m), let us denote by p”'" any one of a
whole family of nonnegative real-valued . f-measurable functions which
agree with T*p/{(U*p) o I} a.e. x on II*{S(U*p)}, that is

(3-4) p"=T*p[{(U*p) - I}  a.e. g on I7{S(U*p)} .

To stress this, we shall call p7'? a version of the conditional density
of T given U. Note that any two versions are equal a.e.p on II™*
{S(U*p)}. The following propositions show that »7'Y has actually some
properties of the conditional density. Here we shall denote by E.(-|U)
the conditional expectations taken with respect to the probability meas-
ure P given by (3.1) for each p ¢ P(X, F, m).

PropoSITION 3.1. For each pe P(X,F,m), T*p factorizes as fol-
lows.

T*p={(U*p) - I}p™"  a.e.p.

Proor. From (3.4), it is obvious that the factorization holds on /7!
{S(U*p)}. Let us show that it also true on II-'{U—S(U*p)}. Since
T*p=0 a.e. g, it follows from Lemmas 2.1 and 2.2. (i) that g —S(T*p)
SI{U—-S(U*p)} a.e.p, and therefore T*p=0 a.e.pg on M '{U-—
S(U*p)}. On the other hand, {(U*p)e }p"'"=0 on I {U—S(U*p)}.
Thus the proof is completed.

PropPOSITION 3.2. For each pe P(X,F, m), let ¢ be a real-valued
A-measurable function whose expectation exists. Then

Epg|U)=1T%¢"p""")—II*(¢p""")  a.e.v on S(U*p).
In particular, of ¢p™'7 € (I, A, p), then
Ep(¢|U)=1T*¢p™"")  a.e.v on S{U*p).
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ProOF. Let us show that
Ep(¢*|U)=1I**p""") a.e.v on S(U*p).

This sufficies to prove the above assertions. First note that from Prop-
osition 3.1, Lemma 2.4. (iv) and (3.2), it follows that for every Be B

[,y #70P7=, 9577 (U*D) o Mdu={ (1*@*p" ") U*P)> .
Next note that it follows from (3.3) that for every Be B

Sn_,B 915+dPT=SB (Ex(¢* | U)}HU*p)dy

Combining them, we have the desired result.

Now let us denote by PT'V the restriction of E,(-|U) to the family
{xa: A€}, and call it the conditional probability funmction of T given
U; in other words, P?'V is a function on ./ whose values are $-meas-
urable functions P7'Y(A4) defined by PT'Y(A)=Ep(x.|U) a.e.v. From
Proposition 8.2, it follows that for each A € 1,

(3.5) PTU(A)=IT*(xp"")  a.e.v on S(U*p).

Thus we can regard p?'Y as the density of PT!Y.

4. Factorization of densities of a model

In this section we shall use the same notations as in Definition 1.1.
Let Po={P,: 0 € B} be a family of distributions of a random variables
X over (X, &F), with densities p, relative to a o-finite measure m. T
is a statistic from (¥, &) into (<, A), and U is a statistic from (X, &F)
into (U, B) such that U=II o T. As before, let us denote by Pi=
{PF: 6 €6} the family of marginal distributions of T, by PI={P/:0¢
6} the family of marginal distributions of U, and by P;'"={PJ'":0¢
6} the family of conditional probability functions of T' given U. As
shown in the previous section, 7 has densities f,=T*p, relative to a
o-finite measure p, Y has densities g,= U*p, relative to a o-finite meas-
ure v, and PZ'Y has densities h,=pf'".

First we shall establish the following theorem.

THEOREM 4.1. Suppose that Pe<m. Then (U, T|\U) induces (Pr,
Po) if and only if there exist monnegative real-valued B-measurable

functions §,o, and nonnegative real-valued _J-measurable functions he
such that for every 0¢€8

(4'1) f0=(§r(0) ° H)hw(d) a.e. # ’
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(4.2) Gr>=9o a.e.v,
(4.3) Proier=" a.e. p on II7'{S(g,)} .

PrROOF. It is obvious that the condition (i) of Definition 1.1 im-
plies that g, depends on 4 only through ». Hence g, is expressible as
(4.2). Let us denote by Q%)% the conditional probability functions of
T given U satisfying the condition (ii) of Definition 1.1. Since P,<m
for every fixed we £, it follows from Halmos and Savage ([7], Lemma
7) that there exists a probability measure over (¥, &)

(4.4) Ang‘, P, ¢>0and P, e,,

which is equivalent to &, in the sense that for any Fe S
4, (F)=0& P(F)=0 for every P,e &, .

Putting 2,=dA4,/dm, we obtain dAZ/dp=T*4, and dA?/dv=U*2,, where
AT=A4,T7 and AY=A,U"'. Now we define k,, by
- T*2o/{(U*2 ) © IT} on II"Y{S(U*2,w)} »
(4~5) hw(o):- .
L0 otherwise .

We shall show that this function satisfies (4.8). Note that an argu-

ment similar to the proof of Proposition 3.1 yields T*2,={(U*2,) o I}k,
a.e. #. From this, we can easily see that for each Ac¢ ./ and each
Be 3,

Sﬂ'lB a0 4L = SE {II*(XAE»)} (U*2,)dv .

On the other hand, it follows from (4.4) that for each A € I and each
Be 3,

i ridti=Fa,, uapi=5 o, e aapy
- S QIIU(A)dAY = SB QT (A} (U*1)dy .
B
From these two equalities, we have
QLA =IT*(xshww)  a..v on S(U*Ayw)
for each A€ J1; on the other hand, from (3.5) we have

QUN(A)=IT*(x,hs)  a.e.v on S(g,)
for each A e J. Thus noting that S(U*21,,)>S(g,) a.e. v because PP«
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A%, &Ky, we get
H*(XAﬁw(a))le*(ZAhp) a.e.y on S(g,)

for each Ae¢ . From Lemma 2.3, it follows that h,,, satisfies (4.3).
The factorization (4.1) follows at once from (4.2), (4.3) and Proposition
3.1. Now it remains to establish the converse. However, it is trivi-
ally true.

Let us now suppose that the densities f, of P4 factorize as follows.

(4.6) Jo=(Brw> ° Mtyyo> a.e. u,

where @, are nonnegative .J-measurable functions and B,, are non-
negative PB-measurable functions. Then the question arises whether
(U, T|U) induces (2P, P,) or not. Note that the Fisher-Neyman fac-
torization criterion for sufficiency corresponds to the case where w is
a constant function. Here we shall discuss this problem. Denote by
Prxo the partition of P, induced by r and w, i.e. Pro={P,NP.:
rel', wef}.

THEOREM 4.2. Suppose that the densities f, of P% factorize as (4.6).
Then (U, T|U) induces (Prxay Po). If w is a function of r, then (U,
T|U) induces (Pr, Po).

Proor. It follows from Lemmas 2.1 and 2.4. (iv) that
(4.7) 9= BT *tyo) a.e.y.

Thus the densities g, of P/ depend on # only through » and w; and
therefore, they depend on # only through » if w is a function of .
Next putting D(a,)={t: 0=Za.(t)<oo}NITY{u: 0< T*a,(u)< o}, we define

hoeo by
- ey [{(T*a ) o I} on D(ay,w) ,
w0 —

otherwise .

Since 0= f,<co a.e. ¢ and 0=¢g,<co a.e.v, it follows from (4.6) and
(4.7) that

I{S(g)}c I {u: 0<B,m(u)< oo} {t: 0<a,m(t) < o} a.e. u,
I{S@g)}c I {u: 0< T*a,pn(u) <0}  a.e. p.
Hence 177'{S(g9,)}C D(e,w) a.e. g. Thus we have
how="Fl(goo IT)  a.e.p on IM{S(g,)} .

This implies that for each 6 €8, h,q, is a version of the density of P77,
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Thus the theorem is proved.

5. Smoothness of a family of conditional densities, differentiability
of conditional expectation, and conditional efficacy

Let us further suppose that 8#=86,%x ---x8,, 8, being an open in-
terval of R!. Before discussing our problems, we shall introduce some
notations.

Consider any two statistics U and T such that U= o T. As be-
fore, we write f, for T*p,, and g, for U*p,. For every z, § € @ define
ps(z, 0), the distance between P” and P/J, and p,(r, 6), the distance be-
tween PU and PY, by

oz, o)=§ WF—=AFiYde, ol 0= (/a—Va Y dv .

To fix ideas we assume that the densities h, of PZ'Y are defined by

- L |l on TS},
. ’——1 0 otherwise ,

unless otherwise stated. Put for every r,0¢@
o¥(r, O)=I*(Wh,—vh, ).

Let us show that p¥(r, 6) is the distance between P7'Y and P/V7. It
will suffice to discuss only the triangular inequality. First note that
a nonnegative B-measurable function ¢ exists such that S(¢)>S(g,)

a.e.v for évery #e® and Sq&dv:l; see Remark 5.1 below. Thus

S (¢ H)h,dggg ¢dv=1, and so S (¢ o HY(Wh, —vh, Ydp<2, for every v,

# € 8. Next using the Schwarz inequality with respect to II* (Lemma
2.4. (iii)), we have

VII*(¢ o ) (W h. —V I, Y SVIT¥(¢p o H)(Vh, —V R )}
+VII*{(¢ o I) (¥ he —v'h, )}

a.e.v for every 6,7, £€6. Hence from Lemma 2.4. (iv) and (5.1)
pX(r, )< p¥(r, §)+p¥(§, 0)  a.e.v for every 0,7,£€6.

Now define the mean difference p,(z, 6; 6) between P77 and PJV un-
der PY by

pile, 05 0)={ guote, o= (g o I WVT—VEy g
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for every z,0¢6. If S(f)=S(f, a.e. n, then we can easily see that
oYz, O)=EF [V fi =1 iz, )=E(V9./¥9, —1), and pi(r, 0;6)=
E vk, |¥h, —1)%, because S(g9.)=S(g,) a.e.v; see Lemma 2.2. (ii).

Suppose for a moment that f, and g, are loosely differentiable with
respect to 4, i.e. there exist functions f/="%(f, -, f) and g,="(gly,- -,
g4 such that for every fixed I=(l,---,l,) e R"

(5.2) (fora—JSo)le -t Uf; and (gsru—0s)le -t A as ¢—0,

at every #e€6. Here we shall say that a sequence {¢,} of real-valued
functions converges loosely to ¢, and write ¢,——¢, if every subsequence
of {¢,} contains a subsequence which converges almost everywhere to
¢; see Pitman ([11], p. 98). Now define hj="*(hl,---, h},) by

(fsgs o IT — fogls o I1)[(gs © H)z on H—I{S(ga)} ’
(5.3) fe=
otherwise .
Then it follows from (3.4) and (5.2) that for every fixed [ ¢ R"
(ora—hs)le—4h)  on I'{S(g,)} as e—0,
at every §c 6. Note that ;=0 a.e. ¢ on 77'{S(g,)}—S(fs). Put
{ filVfe  on 8(f),

otherwise ;

=

) { gilvg,  on S(g.),
g =
’ 0 otherwise ;

" 0 otherwise .

. { WivE on S(f)NT{S@0},

Then the information matrices of the f,, g, and k, families are respec-
tively given by

Lo=[{fdan],  1o=||a9a],

L(0)= I:S (90 ° H)(i"o' ‘a)dl‘] .

Note that &}, k, and I,(0) are independent of the particular densities &,

given by (5.1); they are determined by f, and g, only. Denoting, as

before, lim inf 2p(6+¢l, 0)/|¢| by 8,(0|1), lim inf 2p,(0 +€l, 8)/|e| by 8,(8]1),
=0 0

and lim ionf 20,(0+¢l, 0; 0)/|e| by s,(0]|1), we shall briefly call si(4|l) the
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sengitivity of the f, family, s(6|l) the sensitivity of the g, family, and
87(0|l) the sensitivity of the h, family.

First we shall refer to Pitman’s [11] results. If the p, family is
smooth in 6 (Definition 1.2), then the family is differentiable in mean
at every 0 €@, i.e. for every fixed l ¢ R*,

lim S |Brru—p3)e —Ipbldm=0 ,

at every 0 €6®. From this, it follows that for every fixed ! e R",

lim { 1(Fua—fle—1T*pldpu=0,
(5.4) |
lim § (guru—g0/e—1U*pilds =0,

at every 0€ 6. These imply that f, and g, are loosely differentiable
with respect to 6, and that f/=T*p, and g,=U*p,. Therefore when
the p, family is smooth in 8, I(6), I,(f) and I,(0) are obtained from
the substitution f/=T%*p,, g,=U*p,. Further, then the following holds:
for every fixed I ¢ R*, '

lim | 14T = VT et — (U ldu=0,
(5.5)
lim | 14(v/Gera =V, et (L0 1dv=0,

at every 6 €#. Thus noting that pj(z, 6)=p’(z, 0)=p(r, 6), we have the
following theorem.

THEOREM 5.1 (Pitman [11], Theorem, pp. 19-20). If the p, family
18 smooth in 6, so are the f, family and the g, family, i.e. for every
Sfixzed 1 € R,

11_1511 4p%(0+€l, 6)/*=L,(0) , 1151 4p5(0+¢l, 0)[E="11,0) ,
at every 0 €6 ; and the sensitivity matrices I(0), I(6) and I(6) satisfy
ALON = (0N =L (O)
Jor every 0¢6 and every le R".

Let ¢ be a real-valued ./-measurable statistic with a second mo-
ment for every 0 c®. The differntiability of the expectation E,(¢) with
respect to ¢ is given by the following theorem.

THEOREM 5.2 (Pitman [11], Theorem I, p.31). Suppose that the p,
family is smooth in 6. If ¢ has a second moment which is bounded
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n some meighbourhood of every fixed 0 € @, then for every fixed l e R*,

lim {B,.(¢)— Eog)}e=1 S ofidy  at every €.

Let us turn to our problems. When the p, family is smooth in 8,
noting that g,=I1*f, and g,=II*f/, and that f/=0 a.e. g on II-{S(g,)}
—S(f,), we have

(5.6) ‘ L(®)=I(6)—1,0) for every 6¢@.

Then we shall prove the following theorem.

THEOREM 5.3. Suppose that the h, family satisfies (5.1). If the p,
Samily is smooth in 6, then for every fixed lc R*,

6.7) lim { (@ © 1)\ (hur—h)fs —Uhildp=0 ,
(5.8) tim { (@« )[40V Frra — Ty et — (ki) dge=0

at every 0 € 8; and therefore for every fixed | € R*,
lim 4p3(0+¢l, 0; 6)/e*="11,(6)l at every 0 €6 .
=0

ProOF. The above assertions follow at once from the argument
given in the proof of Theorem 3.3 in Kuboki [8], though the h, family
does not sometimes satisfy the assumption of the theorem, if we have
only to show that

lm | |@a—g)feldv=|_ |tgild» ,

=0 JS(geInSleyy ) S(gyp

limS o —«/E;)z/demS Clg)dy .
0 JSgPN Sy, Segp

We shall prove the former; the latter is proved similarly from (5.5).
Note that

I(g“.L—g,)/eld»—Ss |'lgs|d

SS(g,)nS(ng) (70)

§S I(go+.z—gv)/3"‘tlg$|d”+ ’ S XS(g,)nS(gH‘,)ltlng”—S Xs(g,)ltlgﬂdv .

The first term on the right —0 as e—0 by (5.4). Next note that for
every fixed I, Xswpns(u,hp—l—'xsw,p as ¢—0 because g,,,——g, as €—0.
Thus it follows from the dominated convergence theorem with respect
to loose convergence (Pitman [11], Theorem, p. 99) that the second
term —0 as ¢—0, as was to be proved.
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Remark 5.1. We shall show that for each 6 € 8, there exist a com-
mon $-measurable set S and a version h, of the density of P! such

that
SDS(g,) a.e.v,
(5.9)
hy=0 a.e. p on I"{U—S} and IT*h,=1 a.e.v on S.

This h, family satisfies the assumption of Theorem 3.3 in Kuboki [8],
and therefore it satisfies (5.7) and (5.8). To see the above assertion,
note that there exists a probability measure 4 over (X, &) such that
for any FedJ

AF)=0& Py(F)=0 for every 6¢6.

Putting 1=dA/dm, we get dA"/du=T*2 and dA”/dv=U*A. Define S=
S(U*2). Since P/« A"«v, we can easily see that SOS(g,) a.e.v. Fur-
ther define

Sol(gs o ) on II7{S(g,)} ,
hy=41 T*2[{(U*2) o I}  on H{S—S(g,)},
0 otherwise,

which satisfies (5.9).

Remark 5.2. Suppose that the p, family is smooth in #. Then it
follows from (5.4) that

(5.10) S Jdp=0 and Sgédv:O , at every 0€@.

Here we shall show that the following is also true:
(5.11) IT*{(g, o INk}}=0  a.e.y at every 6¢@.

Let h, satisfy (5.9). Since (g, o I)h,,. and ‘l(g, o IT)h}, is p-integrable
for every le R, it follows from (5.9) and Lemma 2.4 that for every
le R

[ @ n)|(ha+.1—ho)/e—'lh;|dygS UT*{(g, o MRS} |d .

Letting ¢—0, we see that (5.11) follows from (5.7).

Next let us discuss the differentiability of conditional expectations.
From now on, we shall always assign 0 to the value of E,(-|U) on a
PP-null set U —S(g,), i.e.

(5.12) E(-|U)=0 on U—5S(g,) for every 6€@.
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Combining this with (5.1), we get from Proposition 3.2
(56.13)  Eyp|U)=IT*(p"hy)— IT*(¢p~hy) a.e.v for every 6¢@,

where ¢ is a real-valued J-measurable function whose expectations
exist. .

Consider a real-valued _/-measurable statistic ¢ such that E,{E.(¢!|
U)}<oo for every r in some neighbourhood of every fixed # ¢ 8. Then
from (5.13)

E{E@U)=| (@ ° My'hdy .
Hence (g, o II)¢h, is p-integrable, and therefore from (5.13)
| 4(0v » Myphddv={ adiT*(g*h)— g R Yo = 0B (010> .

THEOREM 5.4. Suppose that the p, family is smooth in 8, and that
¢ 18 a real-valued _A-measurable statistic with a finite second moment
Sfor every 0 €8. Under the assumptions (5.1) and (5.12), if E{E.(¢*|U)}
18 bounded in some meighbourhood of every fixed 6 ¢8O, then for every
fized l € R

lim | 10,Bos (8 10)— g U)o —UT*(a, o Mghi}ldv=0,
at every 0 €8 ; and therefore for every l e R*
{Eor 9 |0) = Efg|U)Y e~ UT*{(g, - M¢ki}g,  om S(g),
at every 0 €6.

PrOOF. For every fixed 6 €8, let U(d) be a neighbourhood of 6,
and suppose that S(aa o ¢y, du< K, provided 6-+eleU(6). Note
that (g, o IT)¢‘lh; is p-integrable for every !¢ R because

(5.14) (90 © I)| ¢ | =( ¢ W T2 ) (¥ o o 1T | U]}
.§¢zfo+(ga ° H)(‘li%)z a.e.y.

Thus from Lemma 2.4, it follows that for every 6+el € U(6)
S |9ol{ Eos (¢ |U)— E(p| U} e]—UT*{(g, o M) ¢phi}|dy
<{ @ o D9ttsu=hile—phildp

<[ @ DIgQhi—hfe—gthildy
I¢lse
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+S|¢l>c (g,, o H)|¢(ho+.z—hg)/€|d‘u+Sw])c (ga ° ”)l¢'lh§[dy .

From (5.7), it follows that the first term on the right —»0 as ¢—0.
Denoting the second term by «(e, ¢), and using the Schwarz inequality,
we have

e, 0=[ 19IVas T hu+VEWa o T~V E)leldu|

1#1>

<2 ¢, o Mtwsathidp | (@ o D Fea =V Ye'd

1¢1

A

4K, SI¢I>c @0 o NV horu—VhV[ePdpe

which — K, S (9o © IT)(th,Y'dp as e— 0 because of (5.8). Hence lim lim
>c

1¢1 c—+00  s—0

a(e, ¢)=0. Further it follows from (5.14) that the last term on the
right —0 as ¢—oco. Thus the theorem is proved.

Finally, in connection with Theorems 5.3 and 5.4, we shall propose
a measure of the effectiveness of a statistic in investigating the value
of @ conditionally on U, and discuss its property. Before starting this,
let us refer to Pitman’s ([11], p. 30) definition of the efficacy (matrix)
of a statistic.

Let ¢ be a real-valued .f-measurable statistic which has a finite
second moment for every 6 ¢ ®. Suppose that E,(¢) is differentiable
with respect to 6, i.e. there exists %(6; ¢)="'(5:(0; ¢),* -+, 7.(0; ¢)) such
that for every fixed ! € R*, {E), . (¢)—E((¢)}/e—Uy(0; ¢) as e—0 at every
6 € 6. Define

J(O; ¢)=7(0; ¢)'9(0; $)[V¢) ,

with the convention that 0/0=0, where V denotes variance. We shall
call it the efficacy matriz of ¢ at 6. It is a measure of the effective-
ness of ¢ in estimating ¢ or in testing a hypothesis about #. The value
{l9(0; ¢)F is an indication of the sensitivity of the distribution of ¢ to
small changes in ¢ in the direction . We want this to be large. The
denominator V,(¢) indicates the liability of ¢ to vary from observation to
observation. We want this to be small. Thus high efficacy is a desir-
able characteristic of a statistic used in investigating the value of 4.
Pitman said that ¢ is regular at 6 €@ if E,(¢) has a derivative given

by »(6; ¢)=S ofidp at . If the p, family is smooth in  and if ¢ is
regular at every 4 €6, then

w0 )=\ (9= BN fidy
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because of (5.10). Applying the Schwarz inequality to this, we get
(5.15)  UJ(6; NI (O) for every 0 €6 and every le R.

In particular, if ¢=¢ o II, ¢ being B-measurable, then

(5.16)  UJ(0; NI (O) for every 6 € 8 and every l ¢ R",

because 7(6; ¢)=S ¢f,’d/z=g ¢9/dv. Theorem 5.2 gives a regularity con-
dition on ¢.

Taking account of the above discussion, let us turn to our problem.
Suppose that E,(¢|U) is loosely differentiable with respect to # on S(g,),
i.e. there exists »*(0; ¢)="(3*(; ¢), -+, »¥(0; ¢)) such that for every
fixed ! € R,

{Eora(p|U)—E(p|U))e—"1n*(0;¢)  on S(g,),

as e—0 at every 0€8. Put »*; ¢)=0 on U—S(g,). Then we shall
define the conditional efficacy matriz J*(6; ¢) of ¢ given U at 6 €8 by

JHO; 9)=2*X(0; $)'2*(@; ¢)[V(s|U) ,

with the convention that 0/0=0, where V(- |U) denotes conditional vari-
ance given U. We shall say that ¢ is conditionally regular at 0 c 6 if
E(¢|U) has a loose derivative given by 7*(0; ¢)=1IT*{(g, o I)¢hj}/g, on
S(ge) at 6. If the p, family is smooth in &, and if ¢ is conditionally
regular at every 4 ¢ 8, then

750 ¢)=1*(g, - M{¢p—E(¢|U) - M}killg,  a.e.» on S(g,).

To see this, note that as proved in (5.14), (g, o II)¢h; is p-integrable,
and therefore so is (g, o 1){E(¢|U) o II}h; because {E,(¢|U)F<E (4% U)
a.e. P’. Then the above equality follows at once from Lemma 2.4 and
(5.11). Here using the Schwarz inequality with respect to I7* (Lemma
2.4. (iii)), we have

(1g*(0; PP Vi(@|U)TH(Th)}  a.e.» on S(g)

for every 6 € 8 and every l € R*, where V,(¢|U)=I*[{¢p — E((¢|U) o I}h,]
a.e.v; recall (5.1) and (5.12). This inequality is also true on U —S(g,).
Thus for every 6 €@ and every l ¢ R*,

G.17)  WXO; USITH(Th)) ae.v, UEI*O; N<L(O) .

If ¢ satisfies the condition in Theorem 5.4, then it is conditionally reg-
ular at every 6¢#.
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6. Discussion: sensitivity, efficacy, and other measures of information

Throughout this section, we use the same notations as in the pre-
vious section. Further we define the family of conditional densities by
(5.1), and define conditional expectations by (5.12). Let us now suppose
that the inference problem at hand relates only to #¥=t(4,,---, 6,),
k<n.

6.1. Partial sensitivity and Liang’s measure of imformation

To simplify notation, we shall here represent p,, f, g, and &, by
a common symbol ¢,, and their derivatives or loose derivatives with
respect to 8 by a common symbol ¢;; see (5.2) and (5.3) for loose de-
rivatives. Further we shall denote by si(f|l) the sensitivity of the g,
family, and by I,(d) the information matrix of the ¢, family. In our
problem, we may ignore that part of s)(f|l) which depends on small
changes in 0®="%f4.1," - -, 0,), i.e. which depends on the direction I®=
*(les1s+* +» L), because information gained on 6 is of no direct relevance
to the problem. From this consideration we shall define the partial
sensitivity s(6; 0% |c) of the g, family with respect to ¢ (at €@ in
the direction c € R*) by

$4(6; 0| c)=inf &3(0 1D

where Lc={leR":l“’=c} for every ce R*; I¥=(,---,1,). In general,
by using Fatou’s lemma with respect to loose convergence (Pitman [11],
Lemma, p. 98), it follows that

83(0; 0| 9)z inf O}

for every 6 ¢ @ and every c¢ R*. Note that the term on the right is
a generalization of Liang’s [9] measure of information about 6, in the
g, family. ‘

Suppose that all elements of I(f) are finite for every 6 ¢ 8. Parti-
tion I(6) as

T5® L)
LO=[740 1)

where I,,,(6) is of order kxk, and put
Iq(ﬂ; 0(1))=Illq(0)_LZq(a){IZZQ(a)}+I2lq(0) ’

where M* denotes the Moore-Penrose inverse of a matrix M. Then
we have

(6.1) inf L0 ="cI(6; 6)c
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for every 0 ¢6 and every c € R*; this is a direct consequence of a well
known result on the extreme values of quadratic forms (Rao [12], p.
61). Further we can show that I(4;60")=0 for every 6¢@ if and
only if

(6.2) Qo+, Q) =A0)(Qhrror- > Q)  a.e. at every €8,

where A(6) is a matrix of order kX (n—k) depending on only 4.

Combining the above discussion with Theorems 5.1 and 5.3, we see
that if the p, family is smooth in @, then for every €& and every
ceR*

8X(0; 0V |e)="cl(8; 0V)c .

For this reason, when the p, family is smooth in #, we shall call I(6;
6°) the partial sensitivity matrixz of the q, family with respect to 6
at 6€eé.

6.2. Efficacy and Godambe’s measure of imformation

Here we shall discuss the case where §°=6,. Let T be sufficient
for 6 € 8. Consider a real-valued function ¢=g¢,(t) on 6, X< such that
¢s(€)A for every fixed 6, € . An estimate of 6, is obtained by solv-
ing the equation ¢,(t)=0 for 6,. From this, ¢ is called an estimating
function. If Ey(¢,)=0 for every 6¢6, then ¢ is called unbiased
(Godambe [4]). We shall say that ¢ is conditionally unbiased if Ey(¢,,|U)
=0 a.e. PY for every 0 ¢€6.

Throughout this subsection, let us suppose that the p, family is
smooth in 6, and that the supports S(»,) are independent of 4 ¢€6.
Therefore from Lemma 2.2.(ii), an {-measurable set A exists such
that for each 0¢6, A=S(f,) a.e. p¢; and a B-measurable set B exists
such that for each 6 € &, B=S(g,) a.e.v. To fix the idea, for each f¢
6, we take f, and g, so that they satisfy A=S(f,) and B=S(g,), respec-
tively. For estimating functions ¢ under consideration, we assume that
E(¢;)<oo for every r in some neighbourhood of every fixed € 8. We
shall say that an estimating function ¢ is regular or conditionally reg-
ular if for every fixed ¢, the statistic ¢, is regular or condition-
ally regular at 6, respectively. For a regular estimating function ¢,
we shall define the efficacy matriz J,(g9) of ¢ at 6 €6 by J(4; ¢,), the
efficacy matrix of the statistic ¢, at #; similarly, for a conditionally
regular estimating function ¢, we shall define the conditional efficacy
matriz Jj(6) of ¢ at 6 €8 by J*@; ¢,). Naturally, one would prefer
an estimating function with high efficacy in a certain sense.

Now let us denote by C the class of all regular and unbiased esti-
mating functions; by C* that subclass of C each member of which is
conditionally regular and conditionally unbiased ; and by C° the subclass
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consisting of all ¢ € C such that ¢, =¢, o II, ¢, being B-measurable.
Further, let us denote by Jy(4;6,) the (1,1) entry of J,(#), and by
JX¥(@;8) the (1,1) entry of J}(). Note that if ¢ €, then all ele-
ments of Jy,(6) vanish except Jy(0; 0,), because E,,.(¢s)—Ef¢p,)=0 for
every | of the form 1=%0,1,--.,1,). Similarly, if ¢ € C*, then all ele-
ments of J}¥(#) vanish except J}(4; 6,). Define

J,0; 0,)=sup J,(0; 6, , J(8; 6,)= sup J,4; 9, ,
geC gecCe
(6.3)
Iu(0; 0,)= sup E{J}; 0,)} .
geC*

Then combining (5.15)—(5.17) with (6.1), and taking account of the above
observations, we obtain

Il 0; 01056y, 905 0,)<I(8;6,) ,
Iu0; 6)=I(0;0) .

The quantities J/(0; 6,), J,(0;60,) and J,(6;0,) are essentially the
same as Godambe’s [5] measures of information about 6, in the respec-
tive families, although his regularity conditions on estimating functions
and on families of densities (Godambe [4]) are different from ours. For
example, Godambe ([4], Theorem 2.2) has shown that the estimating
function for which J,(¢; 6,) attains its supremum in C can be often ob-
tained from the efficient score. The following is a corresponding result

of ours. Let us define f,, g, and k, by

S Shlfe on A,
fo=4 (glyo IM)(gooT) on II'B—A,

(6.4)

0 otherwise ;
gslg. on B,
0 otherwise ;

/Ry on ANII'B,

0 otherwise .

These are essentially equal to 9log f,/06;,, 0 logg,/06, and 619g .00,
respectively, provided they exist. It follows from (5.3) that f,=g, I7

+h, a.e. p. Now put
(6.5) $=0,(t)=a(6)Fi(t)+bi(2) ,

where a(6) is a real-valued function on 6, and b,(t) is a real-valued
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function on @X such that Ey(b¢,)=0 for every ¢ € C and for every
fe6. It is easy to prove that if ge(C, then J(0;6,)=I,0;6,). In
fact, examining the proof of Theorem 2.2 in Godambe [4], we see that
the assertion follows at once from the obvious relation :

E(¢o,00)=0(0) S Go fidp=a(0)n(0; ¢,)  for every ¢ €C.

Further suppose that the conditional densities h, depend on 6 only
through 6, say h,=h,, and suppose that the family P; defined by
(6.6) Po={P:0€{0,}x8,%x---%x86,}

is complete for every fixed 6, € 8,. Then, it can also be shown that J,(4; 6,)
attains its supremum in C for ¢=7L=7&,1(t), provided % € C. This result

corresponds to Theorem 3.2 in Godambe [4]. Note that % is obtained
from (6.5) by putting a(6)=1 and —b,=g, o II.

From now on, let us consider the case where the conditional den-
sities h, depend on 6 only through 6,. To emphasize this, as before,

we shall write ho, B, fb,l and Eﬂ; for h,, h}, h, and h,, respectively. It
follows from (5.11) that E,(E,l)=0 for every 6 € 8, and therefore E:ﬁ,l(t)
is unbiased. Here we shall assume that % is regular, i.e. ke C. More-
over, we shall assume that & ¢ C*. Then for every 0¢8,

(6.7) Ea{JE*(O; 0)}=1.(0; 6,)=J%0; 6,) .
The left-hand equality follows from the easily proved,
2505 ko) =IT¥{(hy J}=Vi(ho |U)  ace.».

Next, noting that #;=0 a.e. » on II"'B—A, we obtain from (5.3) and
(5.11),

[ B fidu—{ @ o M) yap
={ @t o b= @ o M@, - Wi d={ 51140, o MYh)v=0 .
The right-hand equality is then obtained from the following observation :
203 k)= (@ o Ml Ydu=Vi(h) .

Taking account of (6.3) and (6.4), we see that (6.7) implies the relation,
(6.8) I(0; 6)=3.0; 0)<I(0; 6)=1,0; 6,
for every 6€8. Further, it follows from (5.6) and (6.1) that for every
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0¢eb,

(6.9) I(0; 6)=1,0; 6)+1.0; 6y) .
Obviously, the property

(6.10) L(6; 6,)=148;6,) for every 6@

is one good quality in the h, family used in investigating the value
of 4,. Naturally, we can regard the property

(6.11) I(0;0)=39,0; 0,) for every 0¢@

as another good quality in the h, family. Let us examine the rela-
tionship between (6.10) and (6.11).

Clearly, it follows from (6.8) that (6.10) entails (6.11). Further-
more, we see that (6.10) yields J,(@; 6,)=0 for every 6 €& on account
of (6.4) and (6.9). For example, suppose that the densities g, depend
on 6 only through », say ¢,=§,«, where r=*'r,---, r,_,) is a continu-
ously differentiable function of #, and §, is differentiable a.e.y with
respect to r. Partition the Jacobian matrix K,.(6) of » as K(0)=[K,.(6)
K,.(9)], K,,(0) being of order (n—1)x1 and K;(#) being of order (n—1)
X(n—1). Then, we shall say that the statistic U is ancillary with re-
spect to 4, if rank K,()=n—1. Note that Godambe’s ([4], Assump-
tion 3.2) one concept of ancillarity with respect to 6, is a special case
of this. If the rank condition is true, then

9i="K, ()" Ks(0)} ' (Ganr- - +» 9) ~ B.€.0

at every ¢ ®. Thus it follows from (6.2) that I,(9;6,)=0 for every
6 € ®, which in turn implies (6.10) because of (6.9). Hence the above
concept of ancillarity is justified by both property (6.10) and property
(6.11).

Godambe’s ([4], Assumption 3.4) another concept of ancillarity with
respect to 0, is described as follows: the family P; defined by (6.6)
is complete for every fixed 6, € 6,. As mentioned above, in this case,
(6.11) is true. However, (6.10) is generally not valid. To illustrate
this, let us take X and Y to be independently normally distributed with
variance 4, and mean 6,; 6="%4,, 0,) € (0, ©)XR', and let T=%X, Y) and
U=X+Y. This example was given by Godambe ([4], Example 4.3).
Then we can easily show that 9,(0; 6,)=9(0; 6,)=07*/2 and J,(@; 6,)=0
for every 6. However, I(0; 6,)=0;*/2+0, and hence I,(8; 6,)<I(8; 6,).

Recently, Godambe [6] has shown that his two concepts of ancil-
larity can be unified with an extended concept of Fisher information.
However, his new measure of information is also defined in a relation
to the class C of all regular and unbiased estimating functions, as is
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the information J,(0;6,). On the other hand, the partial sensitivity
or Liang’s measure of information is related only to a given statistical
model, i.e. a given family of distributions.
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