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Summary

This paper is concerned with the consistency of estimators in a
single common factor analysis model when the dimension of the ob-
served vector is not fixed. In the model several conditions on the sam-
ple size n and the dimension p are established for the least squares
estimator (L.S.E.) to be consistent. Under some assumptions, p/n—0 is
a necessary and sufficient condition that the L.S.E. converges in prob-
ability to the true value. A sufficient condition for almost sure con-
vergence is also given.

1. Introduction

A common factor analysis model belongs to the family of covari-
ance structure models and asymptotic properties of their estimators
have been studied by many authors. Anderson and Rubin [1] first
formulated factor analysis as a mathematical problem and proved the
consistency and the asymptotic normality of the maximum likelihood
estimator (M.L.E.) for the structural parameter. Asymptotic proper-
ties of the generalized least squares estimator (G.L.S.E.) were investi-
gated by Browne [2].

On the other hand, Tumura and Fukutomi [6] and Fukutomi [3]
reported, by using numerical examples, that the M.L.E. can be a dis-
continuous function of the sample variance matrix. Kano [4], however,
showed that each of the M.L.E. and G.L.S.E., as a function of the
sample variance matrix, is continuous at least at the true variance
matrix, and hence is consistent.

When the distance between the sample and true variance matrices
is not small enough or the sample size is not sufficiently large, these
estimators are quite likely to get far from the true value because they
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are continuous but complicated functions of the sample. The sample
size which is required to yield the good estimate depends on the true
value and the structure of the model—especially the dimension, i.e.
the number of items.

The previous authors studied the properties of the consistency un-
der the assumption that the dimension p is fixed but did not consider
the influence of p. Assuming a single common factor analysis model,
this paper investigates how the sample size n should be increased so
that the least squares estimator (L.S.E.) is to be near the true value
as the dimension p varies. Particularly, in Section 2 some conditions
on n and p are given under which the L.S.E. converges to the true
value in probability or almost surely. These results are extensions of
the results in Kano [4] although we restrict the number of common
factors to one and the estimation method to the least squares method
in this paper (see Lemmas 1 and 2 in Section 3).

2.  Main results

Consider a common factor analysis model given by Williams [7]
which is known to be free from factor indeterminacy under some
conditions. An infinite dimensional random vector z=(X,, X;,---) is
said to conform to a single common factor analysis model if there exist
scalars .20, a; (¢=1,2,---) and uncorrelated random variables Y and
E; (i=1,2,---) with zero mean and unit variance such that

=a,Y+uE; (+=1,2,.-.),

where (a;, @z, -« -, Uy, Uy, - -+)' i8 a structural parameter (vector) and Y is
a common factor of . Since the model is scale invariant, we can as-
sume without loss of generality that

(A1) al+ui=1 (t=1,2,---).

For any positive integer p, let 2,=(X,,---, X,), a,=(a;,- -, ap)’ and
U,=diag (u,- - -, 4,), which stands for the diagonal matrix with diagonal
elements u;,---,u,. Then we have
2.1) Var (z,} =a,a,+ U} (=3, say) ,

which means that z, conforms to an ordinary single common factor
analysis model with dimension p.

Let 2,=(Xy--+, Xx) for k=1,---,n be a (projective) random
sample taken from the single common factor analysis model. The pur-

pose of this paper is to find conditions that the estimator (a., IAI,,,,) for
the (projective) parameter (a,, U;), which is constructed from the above
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sample, converges to the true value in probability (or almost surely),
i.e.,

"anp—apll P Gs) 0 and ”f]:p_U;” P (a.8.) 0,
where the symbol ||| denotes the usual Euclidean norm of matrices

and vectors. Since the above quantities are double sequences with in-
dices » and p, conditions on the pair (u,p) will be considered in this
paper.
Let S,,=n" Ep} Z%h. For simplicity we omit all subscripts of 3,
k=1
Supy @py Gnpy U, and U,,. We assume that p=3 throughout this paper
because of nonidentifiability for p<3 (see Anderson and Rubin [1],

Theorem 5.5). Then the least squares estimator (L.S.E.) for the struc-
tural parameter (a, U) is determined by the following relation:

(2.2) 12~ S||=min | F-5],

where $=44'+U* and S=aa'+U? The L.S.E. exists with probability
one because the parameter space can be compactified. By the defini-
tion of the estimator we have easily

2.3) 1E2-21=I3-SI+IS—ZI=21S-2| ,

where I is the true variance matrix.

Write S=(s,;), a=(a,,---, a,) and U=diag (4y,- - -, %t,). In order to
remove the indeterminacy due to the sign of the loading vector a and
its estimator @&, we pose the following restrictions:

(2.4) a,>0 and a,=0.

We impose the following assumptions about the underlying prob-
ability space and the true value of the parameter:

(A.2) there exists a scalar M;>0 such that E(X{)<M, for all 1€ N,
(A.3) there exists a scalar a,>0 such that |a,|>a, for all 1€ N,

where N denotes the set of all positive integers. Under the above
assumptions we have the following

THEOREM 1. The L.S.E. (&, U) is determined by (2.2). Then un-
der (A.1)~(A.3), if n"'p—0, then ||a—a|20 and |U*—U*|=0, i.e., for
any e, e,>0 there exists a scalar 3>0 such that if n'p<d, then Pr{|la—
al|<e;, and |U—Ut|<e} >1—e,

In order to establish the converse of Theorem 1 we further assume
the following
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(A.4) there exists a scalar #,>0 such that u,>u, for all 1€ N,
(A.5) there exists a scalar m,>0 such that Cov(X?, Xj)>m, for all
1, J €N,
(A.6) there exists a scalar y>0 such that
— P 247
hmEHp-Iiz:(Xz-l)l }(oo :
=1

p—co

Remark. The assumption (A.5) is satisfied if for any ¢ and j (¢#7),
(X,, X,) has the bivariate normal distribution with E(X;)=0 and inf

i,JeN

|E(X,X,)|>0. The assumption (A.6) guarantees the Liapunov condition
and it can be replaced by the following assumption:

(A.6) there exists a random variable X with E(X*)<co such that | X
<X (w.p.l.) for all 2€ N,

which is sufficient for the Lindeberg-Feller condition.

THEOREM 2. The L.S.E. (&, U) is determined by (2.2). Under (A.1)
and (A.4)-(A.6), if ||a—al->>0 and 10:=U?|| -0, then n~'p—0, i.e., for
any >0 there exist scalars 9, 3,>0 such that if Pr{|la—a||=d, and
10 —U|3,} >1—2,, then n-'p<e.

Theorems 1 and 2 show that under (A.1)-(A.6), n~'p—0 is a neces-

sary and sufficient condition for ||@—a| and |0:=U?|| to converge to
zero in probability.

Finally we give a condition under which the L.S.E. converges to
the true value almost surely.

THEOREM 3. The L.S.E. 18 determined by (2.2). Under (A.1)-(A.3)
for every a>0, if n~'p***—0 then ||a—al >0 and |0t —U?| 220, i.e.,

Pr{ lim ||6—a]|=0 and Lim |0*-U*||=0}=1,
J(n,p)—0 J (n,p)—0

where f(n, p)=n~'p*te.

3. Proofs of the theorems

The proofs of Theorems 1-3 depend on the following lemmas, which
will be proved in Appendix.

LEMMA 1. Under (A.1) and (A.3), there exist scalars & and M,>0
such that if p~ ﬁ‘; (@, —a.a,) <3, then
i
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o (A 2 -1 o (4 2
g‘.l(ai—ai) =p lezj(aia,—ata,) .

LEMMA 2. (i) Under (A.1),

33 (1 —u)'s2 33 ((su—1)'+ (@ —ad'}

i=1

(i) Under (A.1) and (A.4) there exists a scalar M,>0 such that
1 (8~ 1S M, 33 {@1—ap'+ (@ —ud)} -
We are now in a position to prove theorems.

PROOF OF THEOREM 1. Assume that 4p~'||S—J3|*<d*. Then from
(2.3) and Lemma 1 we have

(3.1) la—al’<4p™ M,||S—2|" < M,3* .

When p is fixed, Lemmas 1, 2 and the relation (3.1) imply that the
L.S.E. is a continuous function of S, as was shown by Kano [4].
From the assumption (A.2) we have

(3-2) E{|IS—-2|} <n~'p’M, ,
which implies from Markov’s inequality that if 4n~'pM/e<d? then
Pr{4p7'||S—2|’<d?} >1—¢.
This implies from (3.1) that
Pr{lla—all<M)} >1—¢,
which proves that

(8.8) la—al 20 as n'p—0.

Next we shall prove that ||[U*—U?||%-0. Since E{é (s¢,—1)’}<

»n~'pM,, we have similarly
(3.4) ﬁ;(s,,—1)2L0 as n-ip—0.
=1

By (A.1) and Schwarz’ inequality,
P

4
33 (@1—a)'S2 31 (G—a)'+8 33 (G —a)

i=1

3.5) =2|a—al'+8lla—al*,

which implies that
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(3.6) i( —a?p> as n7lp—0.

i=

-

It follows from (3.4), (3.6) and Lemma 2 (i) that

(W—u?20 a8 nlp—0. Q.E.D.

M=

o
Il
-

PROOF OF THEOREM 2. In this part we write S=(s,,). From (3.5)
and Lemma 2 (ii) we have

» A
2 (=17 =M (2]|@—al'+ 8l —al*+(|U*-U"|I"}
and hence the assumptions of Theorem 2 imply that
Y4
P (sm"l)z_r’o .
i=1

It is sufficient to prove that for any £>0 there exist scalars 4,, 3,>0
such that if Pr {é (8.u—1)< al} >1—2,, then n'p<e.
i=1

We shall show a contradiction by assuming that there exist a scalar
€,>0, sequences {n;}, {».}, {3!} and {48!} such that
(i) ¢, 3:>0 and &, 8:—0 as l— oo,

P
(i) Pr {3 (su—1<o >1—0} for all 1¢ N and that

(iii) w;'p,=¢, for all le N.
From (ii) we have

3.7 Pr{(s,u—1) <3} >1-9; for all le N.
It follows from (i), (3.7) and (A.5) that
(3.8) Ny —> 00 as l—oo.
By Schwarz’ inequality,
L -1 ls 2 2 2 :
2 Gu—'=31 [ 3 (XD} 2o (B S xa-1)
which implies that
P
(3.9) Pr[{p;wn,—l 5 (X;,,—l)}2<a;]>1—a; for all Le N.
k=11i=1
Define
] ]
Yu=t2=l(X5c—1), T1=1§1 Y, and si= Z}Var(Ylk)

Then we can rewrite (3.9) as
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(3.10) Pr [{piV*n;'s(si'T))}2 <81 >1—2% for all le N.

First we shall show that s,“T,—Ii»N(O, 1) as l-—»o0. The variable T is
the sum of independent and identically distributed variables and hence
under (A.5) we have

P D,

(3.11) Var(Y,,):iEL 51 Cov (X4, X2)>pm,  and
=1 j=1

(3.12) si=mn, Var (Y;) >n,0im, .

From (3.8), (3.12) and (A.6) we have

™
i 2 E{|Yul "} =i “PE{| Yu[*)

< mo—(2+r)/2nl-7/2pl-(2+r)E{l Y“ |2+T} — 0

as l— oo,
which implies that
(3.13) 87T, N(0, 1)

by using the Liapunov Theorem. Under the assumption (A.6) we can
use the Lindeberg-Feller Theorem. Since

n 2 73 n
1= 2 X-D) 5p3 Ka—1r<p B (XHI<AX 1),

we have from (3.8), (8.11) and (3.12)

Lo=st3|  vap
k=1 [Y”‘IZ:SL
=(Var (¥} vidp
170z
<@mytx| PX*+1ydP
X +1)2:(nlpl2m0)1/2

=mo-1xg (X2+1)2dp__)0 as [— oo ,

Xz+l>¢(nlmo)l/3 .

where P is a probability measure on the underlying probability space.
It follows from (i), (3.10) and (8.13) that p;"*n;'s,—0 as l— oo so that
by using (3.12) n;'p,—0 as l—oo. This contradicts (iii). Q.E.D.

PROOF OF THEOREM 3. If p is bounded, we have p~!|S—I|2%
0 because the assumptions of Theorem 3 imply that n—oco and S is
the mean of independent and identically distributed variables ./,
(k=1,---,n) with E(z,zn)=2.

We assume therefore that p increases unboundedly. The assump-
tions of Theorem 3 imply that n-'p***<e¢ for some ¢>0. For any pe¢
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N, let » be any element of the set {n e N|n 'p***<c}. Since
S pE(IS— 31 < M, 33 n'p< Me 3} p < oo,
p= = =

we have p~!||S—2X|*%%0 by using Theorem (iii) on p. 111 of Rao [5].
Therefore it follows from (2.3) and Lemma 1 that

(3.14) lé—all==0,

and hence we have from (3.5)

(3.15) 2 (@i—ai)=>0.

i=1

Similarly we have

5[ B{E a1} | <6 B noip<oo,

=1

which implies
(3.16) ﬁﬁ(s“-1)1&&»o .
=1

It follows from (3.15), (3.16) and Lemma 2 (i) that
|0 =0z 220 . Q.E.D.

Appendix

In Appendix we give proofs of Lemmas 1 and 2. For simplicity
we write b, and v, instead of &, and %, (1=1,---, p), respectively.

ProoF OF LEMMA 1. First we shall show some preliminary results
(R.1) through (R.4), which are related to the quantities

(1) c;;=bb,—a.a, @ j=1---,p).
(R.1) If |bi—a?|<#, then |b—a|<az'y:.
ProoF. From (2.4) we have
[by—ay|=(b+a,) " |bi—all<ar'm<ag'n . Q.E.D.

(R.2) If |e,|<%: and |b,—a,|<Ln, for some L>0, then |b;—a,|<as'(L|b;|
+1)772.

PROOF. |b,—a|<|a,|"{la;b;—b;b:|+|b,b,—a,a:|} <ag'(L|b:|+1)7..
Q.E.D.

(R.8) If |eyl, lesh lew|<27ad (<1) for different 4, j and k, then (bi—ai)’
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<48a;(ci;+chr+Chi)-

ProOF. From (1) we have

(2) (b:d,b) = (@@, +€:5) (@054 i) (@ +Cri) and
(3) (b= (a0t

Since

(4) |a,0:+0nlZlasal—lenl>27al,
dividing (2) by (3) we have

(5) bi=(a,a,+C;) (@@, +C05) (@i +Cri) -

From (4) and (5) we have (noting that |c;|<1)
|b3—a2| <205 %(| 0y |+l e sl Hl el oy llce) SAas (e |+ e el Hlewd) 5
which implies that
(b2 —a?)*<48a5*(cl;+chutchi) - Q.E.D.

(R.4) There exist scalars », L'>0 which depend only on @, such that
for any p=8 if |c,|<n, for all 1=4, J<p and 1#J, then

M

i

(bi_at)zép-lL’ é ciy -
i#J

1
ProOF. Taking 7,<27'a?, we have from (R.3)
(6) (b} —a?)* <48ay*(ctj+ Che+Ch)
for all different 1<4, j, k<p, which implies that
3 (bi—a)i<48aq* X (¢, +Clet i)

where the summation is extended over all different subsecripts 1=4, 7,
k<p. Then we have

(p—1)(0—2) 33 (bi—al)'S3x 4805(p—2) 3 s ,

which implies that

M=

(7) bi—aly<p L, 3 ¢
i+]

2

[

1

for some L,>0.
From (6) and the assumptions of (R.4) we have

(b1—al) <48 3057}
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which implies that |b,/’s are bounded and hence we have from (R.1)
and (R.2) |b,—a,|<a,, provided 7; is very small. Therefore we have

[bita;|>a
which implies that
(8) (b;:—a.)'=(b,+a) ¥(bi—al)<a;*(bi—al)’  for 1<iZp.
Therefore (R.4) follows from (7) and (8). Q.E.D.

Let us prove Lemma 1. Since the assumption of this lemma is
written as

p 3 (B et) <o,
=1 N
there exist at least two different integers k and !l (1<Fk, [<p) such that

» P
Eci,<262 and jZ‘,lc§,<2az,

ik j=t

which imply that
lexs| <28 for every j with 1<j<p and j (#k), and
le;;/<28  for every j with 1<j<p and j (#I).
Take 20<27'al. Then using (R.3), we have from (9)
(b2—al)’<48x3a;*x(23) for 15j<p,
which implies that there exists L,>0 such that

(10) |b;l<L, for 15i<p
and that
(11) |b,—a,|< 24a;%3

in view of (R.1). We can assume that k1 without loss of generality.
Then using (R.2), we have from (9)-(11)

(12) |by—a:|<ai'(12a5°Ly,+1) X 28 (=Lsx29, say).

Using (R.2) again, we have from (9), (10) and (12)

(13) |b,—a,|<as'(L;Ly+1)x23  for 1<j<p and j (#k).

From (10), (12), (13) and (A.1l) there exists a scalar L,>0 such that
(14) lei|=]bb,—a.a,|< L3 for 1<4, j<p and i#j.
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Therefore Lemma 1 follows from (14) and (R.4). Q.E.D.
ProOF oF LEMMA 2. Since the objective function (2.2) is written
as
15— SI'=33 (a0, =)'+ 3} (a1 ui—s)
we have
8, —bi if bi<sy,
(15) vi=
0 if bi=s,,.
When bi<s,, it follows from (15) and (A.l) that
(16) vi—ui=(8y—1)—(bi—ai) .
When bi=s,, it follows from (15) and (A.1l) that
a7 0<ui—vi<1—bi+|bi—ailS[1—sy|+|bi—all .

From (16) and (17) we have
(vi—ui)*=2{(sx—1)+(bi—ai)’}

for every i. Therefore the proof of Lemma 2 (i) is complete.
Let us prove Lemma 2 (ii). When b}<s,, we have from (16)

(18) (su—1y=2{(wi—ui)'+(bi—ai)’} .
When bi=s,, and s;;>1, we have
(19) (su—17=(i—-1) s (bi—ai)’ .
When b:=s,, and s;<1, we have from (15) and (A.4)
(20) (8u—1)r=S1<uz (vi—ul).
It follows from (18)-(20) that

(8 — 1) =2(bt — @)+ ug *(vi—ui)?

for every ¢, which proves Lemma 2 (ii).
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