Ann. Inst. Statist. Math.
37 (1985), Part B, 369-387

BAYESIAN BINARY REGRESSION
INVOLVING TWO EXPLANATORY VARIABLES

YOSIYUKI SAKAMOTO AND MAKIO ISHIGURO

(Received Apr. 9, 1984; revised May 31, 1985)

Summary

The purpose of the present paper is to propose a practical Bayesian
procedure for the estimation of binary response probability where the
explanatory variable is bivariate. The procedure is an extension of
the procedure for univariate case which was proposed by the present
authors [2] and is based on a model which approximates the logistic
transformation of response probability by a quadratic orthogonal spline
function on the two-dimensional space of explanatory variable. The
flexibility of the model is guaranteed by assuming a spline function on
sufficiently fine mesh. To obtain stable estimates we introduce a prior
distribution of the parameters of the model. The prior distribution
has several parameters (hyper-parameters) which are chosen to mini-
mize an Bayesian information criterion ABIC. The procedure is appli-
cable to cases where each explanatory variable takes continuous values
provided that the probability of the occurrence changes smoothly. The
practical utility of the procedure is demonstrated by examples of ap-
plications to five sets of data.

1. Introduction

The most important problem of the analysis of binary data is to
study how the probability of the occurrence of a certain phenomenon
depends on explanatory variables. The present authors recently pro-
posed in [2] a Bayesian method to estimate the probability which de-
pends on the value of a single explanatory variable. The method has
a wide range of applications and the typical examples are the dose re-
sponse curve estimation, the estimation of the intensity function in the
point process analysis, and the analysis of public opinion poll data. It
also suggests a new approach to the discriminant analysis.

The purpose of the present paper is to generalize the Bayesian
method to the case where the explanatory variable is bivariate. We
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assume that the probability of the occurrence is a smooth function of
the explanatory variable. For the convenience of readers, we will
briefly review the procedure proposed in [2] in Section 2. Our Bayesian
model is proposed in Section 8 and a numerical procedure is described
in Section 4. The practical utility of the present procedure is demon-
strated in Section 5 by examples of applications to five sets of data.

2. Review of the Bayesian binary regression model in univariate case

To estimate the conditional probability p*(x) of the occurrence of
a certain phenomenon given a value of an explanatory variable z, we
assumed in [2] that p*(x) can be approximated by a piece-wise constant
function, or the 0-th order spline function, p(x) defined by

(1) p(x)=expq;/(1+expq;) if a;,_,<x=a,; j=1,--,¢,

where a,<a,<---<a, are closely set segment points. Given a set of
data (h;, x;), i=1, -+, n, where h; is 1 or 0 in accordance with the oc-
currence or non-occurrence of the phenomenon and x; is a value of the
explanatory variable, the likelihood of the parameter vector g=(q;, - - -,
q.)' of the model (1) is given by

4 nl, 7 1 n(0, 7)
2 o=l (ge )" (rema)
(2) @ ;Ul 14expgq; 1+expg;

where n(k, ) denotes the number of data of satisfying both h,=k (k=
0,1) and @, ,<x;<a;. This likelihood and a prior distribution defined by

1 1
3 %, @)= ex {——— D(q— 2}
(3) n(q]v*, q0) Ty P szl (g—av)|
of the parameter vector g constitute our Bayesian model. This prior
distribution is introduced to guarantee the smoothness of the estimates
of {g,} with respect to j. Here we used the notation

1
-2 1 0
(4) D= 1 ‘—2 ) 1 )
0 R
1 -2 1
and
(5) Dqy=(—q-1+29, —q, 0, --+,0)",

where #* and g, are adjustable parameters (hereafter referred as hyper-
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parameters) and are chosen so that they minimize the statistic ABIC
defined by

(6) ABIC=—21og | Lig)n(al"*, a0da

which was introduced by Akaike [1]. Once the values of v* and g, are
specified, the estimate of ¢ is given by the value of ¢ which maximizes
L(q)r(q|v* qu), that is, by the mode of the posterior distribution of gq.

3. A Bayesian binary regression model in bivariate case

A direct generalization of the procedure reviewed in the preceding
section to bivariate case is difficult because of the following reason.
In the univariate case, we have to set the value of ¢ greater than
50 to obtain a practical approximation of p(z) to p*(x) and have to
carry out the maximization of L(g)r(g|v*, @) in c-dimensional space
[2]. Tt follows that if we adopt the piece-wise constant structure of
response probability on two-dimensional, say z-y, plane, then we will
have to carry out a numerical maximization in 50° dimensional space
or more. It is difficult and impractical approach.

We propose, instead, the use of two-dimensional orthogonal spline
functions for the expression of the logistic transformation of the prob-
ability function, or the following expression :

€xp {é i qjksj(x)sk(y)}

Jj=1k=1

14exp {jzil él qjksj(x)sk(y)}

(7) p(x, ¥|qQ)=

for the probability function itself. Here ¢=(qu, 912 ***» Qx> G» * * *» Qrx)*
and s,(x) and s,(y) are assumed to be the basis of the quadratic spline
functions with suitably fixed segment points. And g, is the coefficient
of the term s,(x)sy(¥).

When data (hy, 2;, ¥:), h:=0,1, i=1,2, ..., n are given, the likeli-
hood of the model (7) is given by

(8) L@) =11 p(@ vl {1—p(w. D}

Note that J and K should be set large enough to guarantee the flexi-
bility of the model (7). The smoothness of the estimate of ¢ is
guaranteed by assuming the prior distribution

2 1 \7x ¢ T)/ap)V/2
(9) ~=(glaus ¢ Gu» W)= <ﬁ> (det D'Djw*)'* exp {—

1
2uw?

|Dg-+rF
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for the main part

(10) a=(Qss Qu> ** *» Qig> Daz> Doy * * *» Qag> Qot» Qozy ** *» Qok)’

of the parameter vector §. Here | | denotes the Euclidean norm, and
the matrix D and the vector r are defined by

q: r;
11) Dq=| g, and r=|r, |,
qQzy Tzy

where ¢, and r, are (J—2)-vectors defined by

st —2¢n+qu
Qu—2qy Qu
Q51— 24 +qx 0

(12) 9.= and r,= ,
1—2¢;_11+q;-21 0
q71—29;-11+qs 21 0

respectively ; g, and r, are (K —2)-vectors defined by

a3 —2¢1+qu
9u—24y Q2
Q15— 2qu+qis 0
(13) a=| and r,=| -
Q1+ —2q1 217G k2 0
G x—2¢ x 1+ Q1 k2 0

Also, ¢, and r,, are

Qs —Qu—qtqy
Qs — 22— q1s G2
Qu—qun—qutqs 0

(14)  @u=| ex—Bx1— Uzt 51 and r,,= 0 )
Q2 — Qs —Qx d2
Qis— Qs — Qs+ 0
95— 95 k-1—Qs-1 &+ As-1 51 0
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respectively. Then we have

(15) |Dg+rf= 2 (@1 e— 201 -1+ 01 1-2)° +2 (95 1—2q-11+q;-21)

K
g 9y e— 95 41— Qo1 6+ 51 -1)"

Note that thus defined D has the unit determinant. The vector r in
(9) is a function of gy, g, and g, which are the parameters of the
prior distribution, or hyper-parameters. Also w* is another hyper-
parameter.

The prior distribution defined by (9) and (15) is derived from the
consideration that the logistic transformation ¢(x, y) of p(x, y|q) should
be approximated, at least locally, by a plane. Note that (15) is mini-
mized when g, is a linear function of j and k.

Since ¢ is composed of ¢y, ¢, ¢u and the elements of ¢, we will
adopt the notation L(q|qi, ¢is @) for L(g). When values of hyper-
parameters are suitably chosen, our estimate of g is defined by the
value that maximizes posterior distribution of ¢ which is proportional

to L(q|qu, q12r 2207(q| Q115 Qrs Qass w).
For the choice of the hyper-parameters qy, ¢, ¢, and w® we adopt

the statistic ABIC defined by

(16) ABIC=-2 IOgS L(q|qu, 912r 0)7(q| Q11> G2y Qe wW)dgq .

The values of hyper-parameters are chosen so that ABIC is minimized.

4. Numerical consideration

Since the exact integration in (16) is difficult, we first find an ap-
proximation of the integrand

aan L(q|qu, 412> @2)7(q|qu1, Q12s Qors w?) .
Taking logarithm of L(q|qy, 912 ), We have

(18) U(qlqu 912> @) =1og L(q|q11s 12 q21)
—E [k, log p(x;, ¥:|@)+(1—h) log {1—p(z:, ¥./q)}]

I

STk 21 32 48, (@)8u(v)

i=1 =

_g‘_{ log [1+eXP {1221 é qjksj(wt)sk(yt)}:' .

The first and second partial derivatives of (18) are given by
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aal =3 {hi—p(@:, Y| @)} s(2)8(y:)

QH =1

and

19) 5B —=— 35 e)n ) o). ptao ¥lD) (1 —ple wlD)

respectively. Here we used the relation

(20) op(x4, ¥:|q)

uv

= (s, Y| @)8.(2:)8u(Ys) — P(2s, Y:|@)'8u(%:)80(Ys)

From (19) and (20) it is easily shown that the third order derivatives
are uniformly bounded for the entire space of the parameter g. This
observation suggests that log L(q|qi, 91 @) for fixed gy, ¢, and gy is
closely approximated, at least locally, by the Taylor expansion up to
the second order defined by

T(qlqus %12 92 @°) =10g L(Q°|qus, Q12> qa1)

+ {hi—p(x:, ¥:|@")} s, (2)8.(¥:) (@ —G7)

i

1
-

M=
= M

|~

PIPH (s, ¥:|@") (1 — (s, ¥:|@°)}

o
Il

X 8,(2:)8.(¥:)8.(2:)8(Y:)(qre — €2 )(Quo—To) »

where q° is a properly chosen initial point and ¢%,’s are its components.
g’ is the vector which is composed of ¢y, qu;, ¢ and the elements of

q". The summation >} is to be carried out over all elements of gq.
r,t

Given a value of w?, the maximization of (17) is realized by the itera-
tive maximization of

T(ql9u, @ir Qo> @°)+10g 7(q|u1s Qizs Qors W)

starting with properly chosen ¢°, then renewing ¢° by the maximizing
value.

Assume that the maximizing value g¢* is found, then we approxi-
mate (17) by

(21) exp {T(q|qu, G2 @ @)} (@115 Q2s Qs WP) .

Though the integration of (17) is difficult, the integration of (21) is
analytically found and we obtain an approximate value to ABIC. Let
us denote by —(9q—q*)'H*(@—gq*)/2 the second order term to T'(q|qy,
Q12» Qa1y @*), where H* is the minus Hessian of log L(q|qy, ¢, g2) evalu-
ated at g=q*. Then (21) has the expression :
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TE-3
( v ;n‘ > (det D'D/w*)*L(q*| 911, @12s Q20)7(@*|Qu1s Gr2s Qars W)

X exp {—%(q—q*)‘(H * +D‘D/w2)(q—q*)}

and an approximate value to ABIC is obtained as

(22) ABIC=(JK —3) log 2= —log det D'D/w?
—2log L(g*|qu» Quzs Q)7 (@*| Q11 Q12 Qorr W)

—2log S exp { ——%—(q—q*)‘(H *+D'D/w*)(q—q*) dg

= —2log L(g*|qu1, Q12» C)7(@* |91t Qi2r Gty W)
+log det (w*H*+ D'D) .

Note that H* depends on the choice of ¢y, ¢, and q,. However, the
dependence of the approximate ABIC on ¢y, ¢, and ¢, through the
second term of the most right hand side of (22) is relatively minor
compared to that through the first term. This means that when w?
is fixed, the choice of ¢, ¢, and ¢, is practically realized by the sim-
ultaneous maximization by Newton method of L(q|qy, i @)7(q|Quss Gres
@, w¥) with respect to ¢y, g, ¢u and g. The value of w® is selected
by the grid search procedure.

The amount of the computation is proportional to the sample size
n as is clear from the form of the equation (18). This burden will be
significantly decreased if (x;, ¥;)’s take their values only on a few fixed
points. Some kind of data, such as data of the first to third examples
in the next section, have such a property.

If not so, it will be practical to adopt preliminary discretization of
data (x;, ¥;)’s. If this discretization is fine enough compared to the
segmentation of the spline function this trick is practically harmless.
The results of the simulations in the next section are obtained by such
manipulation.

5. Numerical examples

The first example is the data shown in Table 1 which were obtained
in a public opinion poll conducted by the Institute of Statistical Mathe-
matics in Tokyo in December 1981. They asked whether a respondent
prospects that the existing one-party cabinet will endure or not. Table 1
is the table of responses of 568 respondents to this question by age
and ‘durables’ which means here the number of durable consumer
goods in the respondent’s possession and takes an integer value be-
tween 0 and 17. Table 1 takes an unusual form but contains all the
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Table 1. The number of the respondents having conservative prospect out of
each entry in parenthesis according to age and the number of durables.

Durables

Age 0 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17
20 o o ot 2) 22 1 n
21 01 1c1) ot nn ¢ 1 12y 1 D o 2)
22 10D o¢ 1) 2t 2) 1t 2y 1 30 2t 2)
23 0C 1) 2( 3) 1¢ 2) 0t 2y 2¢2) 0 1)
26 1C 1y 0¢ b 1c2) 0 11 0 1 2
25 0 1) 1¢1) 12y 1) 20 2) e
26 0 1) 1C2) ot ¢ 12y 1t 2) 1D
27 1 n 0( 1) 202) 202y 2¢2) 12y 1t 1c 2y
26 0C 1) 0L 12 0L el 33 1 le2) a2
29 1C2) 01 1C3H e e 12y o b 10 1)
30 102) 2¢3) 203) 2¢2) 01 22 202 1n
3 10 1) 20 3) 4C 4 0 1) 2t 2) N
32 0C 1) 12y 203 12y 3¢3 2y 1t 1D 1N o 1)
33 102y 102) 202) 202) 202) 13 1 203 1D 1D
34 1D 1w 304) 102 103 002) 1t2) Db 1D 1t 1t
35 203) 2t 1) ol uen o
36 1t ¢ 202y e 1C ) 1t
37 1D o 0 1) 3¢ &) 1010 WD 12 o
35 20 3 1D 203 101 405 o 4)
39 10D 10203y 3C4) 10D 1) gz 20 3)
40 1 n 33 b 0c ) 1) e 1D 1y
“l a2 ARl o2 oC 1) 11D 1 1
42 1C 2 1 1D Wb e 101
43 1 202 1) 1c2)y oty 20 3) D 1
s 10 D 33 10 10 22 1t ) at 1)
45 ey IS} 10 2) 22 101 0 03 101y
“b 1D W 202 10 2zt 1D 202 ¢y WD ot
“? 101 00 1) 202) 203 D 10D 34 1D
“E 10 1D e 11 e e e
“9 1 10D 00z 1 HE
50 1 o) 13 0l 1w e
51 e W2 i 10 36 202) HEE3] 1wn
52 “no1e D 10D 103 001 101 304 20w
53 (T30 9] 1w e a2y 1w e oze )
54 1D 103 10D 2w o 1D e
55 [TERY] SRR I TS I O S I U S P I T 3]
50 1w 2) wn o 16D we2) zt 3)
57 1 10 103) 101 0t e
56 wn ¢ 1D ¢ oD ez 3 a3 2 )
59 o1 10 D N3] w2 10D
34 1c e b 1 12 1t n
el 1 1D b 1D a1 0 &
62 WD 10D 103 2t w (SS8]
63 1D 1D D a3l n
b4 It zc2) 1ch ) (1) e
€ 11 D [13%}
(X3 oC 1) 12>
67 1w ¢l 1D 1D
o8 0¢ 1y 00 1) e
05 0y ot b 0t 1 [I3n e} 10 1)
70 (43¢
71 (138 ¥] U TR ] 1D 0Ch D 9t 62
3 o by 1Ly 1t cen
73 o D 1w 101
74
75 WD o2y
7¢ 10
77 ¢ 1D
7% [ S A I S I (3]
7y
&) 1h e o
ol
L 10 1) 0C 1y
€3
b4
b5 0 1)
e
87
bE
59
90
91
92
93
94 o

information which will be furnished by a familiar 2Xx75x 18 three-way
table. In Table 1, an entry in parenthesis in each cell represents the
marginal frequency with respect to the two explanatory variables, age
and ‘durables’, and a numerical value preceding the parenthesis re-
presents the number of respondents belonging to the category ¢ will
endure’ out of the respondents in the parenthesis. Empty cells mean
zero frequency.

Our purpose is to see the relation of the probability supporting
the opinion ¢ will endure’ to a pair of values of age and ‘ durables’.
Figure 1.a is a digital representation of the final result for those data
and Figure 1.b is a gray shading display of the result. We put J=K
=10 for this and following all examples in this section. In these fig-
ures we plotted age in abscissa and the ‘ durables’ in ordinate. Though
our procedure gives the estimate at any point on the 2-y plane, the
magnitude of the probabilities only at 75x18 grids is represented in
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P T T L L T P P e R Y

17 IVVVVWWWXXXYYYYZ2222222222222ZYYYXXWWVUUTSSRAPPONMLLKJJTHHGGFEEDDCCBAAG9877661
16 TUUUVVVWWWXXXYYYYYZZ22222Z2ZZYYYXXXWVVUUTSSRGAPONMLLKJIJIHHGGFEEDDCBBEAAYE88776651
15 ITUUUUVVVRRWXXXXYYYYYYYYYYYYYXXWWVVUUTSSRAGPUNMLLKJI I THHGFFEEDCCBBA99887665541
14 ISTTTUUUVVVWWWWXXXXXXXXXXXXXXAWVVUUTSSRRAPUNNMLKJJITHGGFEEDDCBBAA9987766544331
13 1SSSSTTTULUUVVVVWWWiwiwWkiiwwn VVUUTTSSRAGPONNMLKJ T THGFFEDDCCBAA9967766544332111
12 IRRRRSSSSTTTUUUUVVVVVVVVVYVUUUTTSRRUGPUNNMLKKJITHGF FEDCCBBA99867665543322100+1
11 JGUGARRRRSSSTTTTUUUUUUUUUUTTTSSRRGGPOONMLLKJITHGGFEDCCEAA99877665443321100+4-1
10 IPPPPPUGGRRRSSSSSTTTTTTTTSSSSRRAGPOCNMMLKJJIHGFEEDCBBA99ET7766544332210044=00 ]
9 10000PPPPRUGKRRRRSSSSSSSSSRRRUAPPUNNMLLKJJTHGFEEDCBBA99677665443321100++=40 I

8 INNNNOUOPPPPUUGURRRRRRKRRRRGQPPOONNMLLKJJTHHGFEDDCBAAGE677655644322110++~ 1

7 [MMMNNNNOOOPPPPURGAGEEUGGEQGUPPOONNMNLKKI ] THGFFEDCCBAAGE877655443221104+==40 |

[ TLLMMMMANNNOOGPPPPPPPGPPPPPPUUONNMMLLKJJ HHGFFEDCCBAA988776554433211004==40 |

5 IKLLLLLMMMNNNNCOOCOUPPPPOUCCONNMMLLKKJJ I THGGFEECCEBBAAGE877655443321100++=40 1

4 IKKKKKLLLLMMMMNNNNNNOOOUNNNNNMMMLLKKJJ T THGGFFEDDCBBAG988776556443321100¢+=,¢ |

3 1JJIKKKKKLLLLMMMMMMNNNNINMMMMLLLKKJJJ T THGGFFEDUCCBAA99877665543322110+ ¢~ 1

2 11JJJIIKKKKKLLLLLMMMMMMMMLLLLLKKKJJ I IHHGGFFEELCCBBA99E8776554433221004+4= 1

1 TTTTTJJJJIKKKKKKLLLLLLLLLLKKKKJJJI I THHGGFFEEDDCBBAA9G67766554432211004 %~ 1

4 THITTITTJJJJJIKKKKKKKKKKKKJJJJT 1T THHGGGFFEECDCBBAAIIBET77655443322100+4~=00 |

+

Durables(y) R ke P LR T L L cemam- cemmma- P L L L T e Y

Age(x)
Note :
Ge35960+00 ~ 0435500¢0C0
0e39G00+4C0 ~ 044083D0+00
Ge40B30+400 ~ 0441770+0C
0e4177C+00 ~ 0442700400
0e4270C+00 ~ 0443640400
0043640400 ~ 0444570+00
044570400 ~ 0445510400
0445510400 ~ 0446440+00C
0e4644C+00 ~ 0447380+00
0e4738D+00 ~ 0.48310+00
048310400 ~ 0449250400
049250400 ~ 0.50180+00
0450160400 ~ Co51120+00
0451120400 ~ 0.52050+00
0452050400 ~ 0452990400
0652990400 ~ 0453920400
0653520400 ~ 0454860400
Ce54860+00 ~ 0455800+00
055800400 ~ 0456730+0C0
0456730400 ~ 0457670400
045767C+00 ~ 0458600400
0+58600+C0 ~ 0459540+00
0e59540+00 ~ 0460470+00
0060470400 ~ 0461410400
0061410400 ~ 0462340400
006234D+0C ~ 0.63280+00
0463280400 ~ 0464210400
0e64210+00 ~ 0465150400
0665150400 ~ 0.66080+00
066080400 ~ 0.67020+00
0467020400 ~ 0.,679550+00
0667950400 ~ 0.68890+00
0.68690+00 ~ 0469820400
006982D+00 ~ 0470760+00
047076D+00 ~ 0471690400
0e7169D0+00 ~ 0072630400
0472630400 ~ 0473560+00
0¢7356D+00 ~ 0474500400
0674500400 ~ De7543D0+00
0475430400 ~ 0476370400
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Figure l.a. Digital representation of the estimates corresponding to the min-
imum of ABIC attained at w=1/16.

2222222222333333333344444444445555555555666666666677777771776885886868695999
0123456768901234567890123456769012345678901234567890123456789012345678901234



378 YOSIYUKI SAKAMOTO AND MAKIO ISHIGURO

........ ———3

17 IBUOOUBUEFCHEERUVEDBUYBEUIUEBUENONENCEBERBEB86888688000000 SHdtptdmann]
16 [EHBEECEELEPDUBUREUUUEBIUESEUBUBEBOBEERBBMEBBBE688886000000

15 [SEBHEFEBUEBUCEURUEERYBUEROUBYBBELLLOLBEREEE858886000000==

14 [BEBREEUBREHYISEEECUEBEBBUBUBBNBbLEEEBLEEEEB888886000000

13 [ERBECEEERLOLELEERBYFNRORBUEUECEEBEEBEEEBBB886E800000

12 |EBBEBHEEUEABHBLBEbHHERLEREBBLEBLEBEEEBEEE88680000==

11 |6EBEEEEBHENELBEBEEEBEEBLEBBBEBEBREEBBEBE683G0000=

10 |5EEBEEEEBEREEEREHEHHRBEBREELOBBBEEBE6E86800000=

9 | 88B8BHEEBEBELEBEEBEEEREEREBEEBEEELEELB800000=
1688568688 680666668E6868888E88868E686£8000000=
[8686b5LBBEHEBEEEEBEEEEHEEEBE86E558BL8800000
6866006088 0858E8E8E68868RBBEEBELEEEEB000000
[EB8666LEBLEBEBBBEBEBBEEERBRBEELLEEBE0000000
186880686668 BEEELEE8HBBEE3EB30886068L0000000=
[C0086868888E68686EL8888888688b6868606000000
1000000886868E6686E8LE688850E8E86E06G00000
1000C0C000EBEE866EB8E5868588806066C0000000
1¢6000000C000068eE5E68668880000060G060000=
Durables{y) 4-meececceccrccaca ecanca E e e e L R

O-NWsUNO N

22222222223333333333444444644445555555555666666666677777777778E868586889999Y

Agel : X ;
Bt ) 23450676901234567690123455769012345676901234567890123456785012345675901234

Note:

0e389€040C ~ 0442700400 H

0e42700+400 ~ 0446440400 :

0646440400 ~ 0450180400 :

0+450180+CC ~ 045392C+00

0653920400 ~ 0457670400 HE
0657670400 ~ 0e61410+00 :

064616410+00 ~ 0465150400 i £88s86688Y
0e6515(400 ~ 0.6889C+00 { 8888888886

~

0e6EEGL+00
0672630+00

067263D+00 : EPE000BBHE
0476370400 : UeeReBEENE

Figure 1.b. Gray shading display of the estimates in Figure 1.a.

40 different stages in Figure 1.a and in different 10 grades in Figure
1.b. In Figure 1.b the darkness of the symbol is proportional to the
magnitude of the corresponding probability.

The two-way table data between the responses to the same ques-
tion and age were analyzed in [2] and it was found that the curve of
the probability supporting the opinion ‘will endure’ is unimodal with
respect to age and the probability takes the maximum value 0.7143 at
the age of 42. Figure l.a clarifies further detailed aspects that the
conservative view increases with the ‘durables’ and that the effect of
the ‘durables’ on the probability is not uniform over all age.

The second example is the data shown in Table 2 which were ob-
tained from the survey of the Japanese national character carried out
by the Institute of Statistical Mathematics. The survey was originated
with the first nation-wide survey in 1953. Since then, a similar survey
has been conducted every five years. KEach of the seven surveys car-
ried out thus far consists of 2000 to 3000 respondents, aged 20 and
over. Table 2 is a table with the same manner of representation as
Table 1 and shows the number of people whose principle in their daily
life was “don’t think about money or fame; just live a life that suits
your own tastes ”. If we regard the survey period and age in Table 2
as the explanatory variables to apply the procedure to those data, we
get the final result shown in Figure 2. This figure shows that the
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Table 2. The number of the respondents having the life style ‘“Don’t think

about money or fame; just live a life that suits your own tastes’ out
of each entry in parenthesis according to age and survey period.
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Figure 2. Estimates corresponding to the minimum of ABIC attained at w=1/32.

percentage of people choosing the principle has been increasing since
the thickness of symbol at a given age group increases with the sur-
vey period. In an age-period-cohort table, such as Table 2, great in-
terest is often focused on which of the three effects, age, period and
cohort effects, is dominant on the growth of the principle. Figure 2
illustrates that the cohort effect is dominant as seen from the be-
havior of the contour in it. This finding coinsides with the result by
Nakamura [4] obtained by the use of a Bayesian cohort model.

Next example is the analysis of a set of data supplied by the
Meteorological Agency in Japan. The data are concerned with the
number of days of snowfall observed at 46 spots (Figure 3) in Central
Japan in January and February from 1978 through 1982. All the spots
are situated within lat. 34°04’'N to 37°55'N and long. 136°04’'E to
140°54'E. Applying the present procedure to the data, we get Figure
4 as the final estimates of the probabilities of days of snowfall over
the area. Figure 5 is a reproduction of the patterns in Figure 4 on
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Figure 4. Estimates of the probabilities of days of snowfall, which corre-

spond to the minimum of ABIC attained at w=1/2.
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Figure 6. An example of the final estimates of p¥(x, y) for #=1000.
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Figure 7. An example of the final estimates of p¥(x, y) for n=2000.
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the map. Apparently, the analysis of the data observed only at 46
spots has to result in a rough sketch of the real snowfall probability
which may have local structure. Nevertheless, we can see that there
is a noticeable difference in the probability of having snow between
the Pacific side and the Japan Sea side. We remark that snowfall on
the Japan Sea in Figure 5 may be neglected if it is not necessary. If
we refine our procedure so that it gives confidence regions of the esti-
mates, we shall see that the estimate on the Japan Sea is not reliable.

Finally we shall describe some results of simple experiments illus-
trating that the performance of the present procedure depends on the
true structure and the sample size n. Figure 6 is an example of the
final estimates from a random sample of size 1000 from a population
whose true structure is given by

=2 o [ I3 + 2]+

where both x and y are random numbers from the uniform distribu-
tion on the interval [0,1]. When we put

o2l
r (90 2 +(y 5]’

p¥(x, y) has its maximum —% for r=0 and r:% and has its minimum

% for 7':711-. But, Figure 6 does not reconstitute such features.
The performance of the procedure improves with the sample size as is
illustrated typically by a result shown in Figure 7 for »=2000. Of
course, if the true structure is not so complicated, we can obtain fair-

ly accurate estimates even from data of smaller sample size.

6. Conclusion

As mentioned in [2], there are two types of random variables,
categorical and continuous, and then there are four types of relations
between a response variable and its explanatory variables. Sakamoto [5],
[6] proposed a practical procedure for the variable selection in the case
where the response variable is categorical. To obtain good estimates of
the conditional probabilities, the present authors proposed in [2] a Bayes-
ian method for a binary response curve estimation in case of single
explanatory variable. The present procedure is an extention of the
method to the bivariate case. The demonstration in the preceding
section suggests that the present procedure will efficiently work for
any data set provided that the true function is properly smooth, and
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should have a wide range of applications. If we further refine the
procedure so that it takes care of the multivariate cases, it will find
a wider range of applications. This will be the subject for further
study.
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CORRECTIONS TO

“BAYESIAN BINARY REGRESSION INVOLVING
TWO EXPLANATORY VARIABLES ”

YOSIYUKI SAKAMOTO AND MAKIO ISHIGURO

(This Annals Vol. 37, No. 2 (1985), pp. 369-387)

. 1 1 \¢
21, h .
At line o should be <x/§;u>

The line 2 should be
=T > Qr1s Ty **» Qugs Qozy* * 5 Qogr Qs * * 4:x).

At line 1, (712,) "*(det D'Djwt)® should be deleted.
T

At line 4, (JK—3)log 2r—log det D*D/w* should be deleted.

At line 8, log det (w*H*+ D!D) should be
log det (H*+ D!D|w*)— (JK—3) log 2.
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