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Summary

A Bayesian procedure for the probability density estimation is
proposed. The procedure is based on the multinomial logit transfor-
mations of the parameters of a finely segmented histogram model.
The smoothness of the estimated density is guaranteed by the intro-
duction of a prior distribution of the parameters. The estimates of the
parameters are defined as the mode of the posterior distribution. The
prior distribution has several adjustable parameters (hyper-parameters),
whose values are chosen so that ABIC (Akaike’s Bayesian Information
Criterion) is minimized.

The basic procedure is developed under the assumption that the
density is defined on a bounded interval. The handling of the general
case where the support of the density function is not necessarily bound-
ed is also discussed. The practical usefulness of the procedure is de-
monstrated by numerical examples.

1. Introduction

The density estimation problem has been attracting the attention
of many researchers at least for three decades. Rosenblatt [14], Whittle
[15] and Parzen [13] proposed the use of ‘window method’ to obtain a
smooth estimate. The main difficulty with this approach lies in the
choice of the ‘kernel’, or the degree of smoothness, and any satisfactory
criterion for the choice has never been proposed. Good and Gaskins
[8], [9] developed the penalized likelihood ’ method for ‘nonparametric’
density estimation. It is misleading that they called their procedure
‘nonparametric’. It really is a ¢ parametric’ procedure. And, we think,
therefore their argument on the choice of the parametrization is in-
sufficient. Another point to be noted on their procedure is that it does
not provide a clear-cut criterion for the choice of the penalty, or more
precisely, the balancing of the penalty with the likelihood. Leonard [11]
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carried through his nonparametric approach. However, his procedure
is very much alike to that of Good and Gaskins, and suffers from the
same difficulty of the penalty-likelihood balancing problem. Both of
Good-Gaskins procedure and Leonard procedure are based on the Bay-
esian formulation of the preference for the smoother estimate. It seems
that Bayesian approach is reasonable. However, when it is combined
with nonparametric approach, various difficulties arise.

If we classify those methods into ‘Bayesian-nonparametric’ ap-
proach, the method proposed by Akaike [3] is to be classified into a
‘ non-Bayesian-parametric’ approach. This procedure is implemented as
the program GALTHY by Akaike and Arahata [4], and GALTHY is so
far the only program which realizes a fully automated density estima-
tion. A sensible part with their procedure is the adoption of the trans-
formation y=G(x) of the original data xz, where G is a suitably chosen
distribution function. By this device, they could convert any density
estimation problem into a relatively easy problem of density estimation
on a closed interval. Let h*(y) be the density function of the trans-
formed data y on the finite closed interval 0<y<1, then the density
function of x is given by

(1) f(@)=h*G(x)g() ,

where g(x) is the density function corresponding to the distribution
function G. In GALTHY, the following parametrization for A*(y)

(2) log he(t) =33 a,y* -

is adopted. For each K, the order of the model, estimates of param-
eters are obtained by maximizing the likelihood. A weighted average
of the maximum likelihood estimates of parametric models with a weight
proportional to exp {(—1/2) AIC} for each model is used as the final esti-
mate of the density function.

GALTHY is a good example of the effectiveness of the entropy
maximization principle which is proposed by Akaike [3] as an extension
of the maximum likelihood principle. As a practical procedure, how-
ever, GALTHY sometimes produces estimates with siderobe-like spurious
peaks. We consider that this is due to the parametrization adopted in
GALTHY.

The purpose of the present paper is to propose a Bayesian approach
that rectifies this limitation. Our procedure is realized as an extension
of the Bayesian approach to the binary response curve estimation de-
veloped by the present authors [10] and works efficiently for any data
set provided that the true density function is properly smooth. Our
approach should be classified into a ‘ Bayesian-parametric’ approach.
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2. Bayesian model

2.1. Histogram model

The basic assumption here is that h*(y) is well approximated by a
piecewise constant function, or a histogram, defined by

(8)  hw)=m exp (hjm)[3} exp (hafm)
for a;,<y<a; j=1,---,m—-1
;. SYsa; j=m
where {a,} are defined by
(4) a’J=j/m (j=0, 1!"'vm)

and h, is a set of parameters which satisfy the relation;
(5) hu=—3 by .

Note that model (3) is flexible enough if it is possible to set m very
large. See Appendix for the derivations of this model.

When a set of data {y,; 0=s¥.,<1; 7=1,...,n} is given, the likeli-
hood of the model (3) as a function of h=(hy, hy,---, h,_,)* iS given by
(6) Lik)=T hiyo=] [P Culm) J2
= 0 33 exp (u/m)

where n(j) is the number of data which satisfies a, <y <a; (@n_1=¥:
<a, for j=m). The maximum likelihood estimate A* of h is obtained
by maximizing (6) considering the restriction (5). The components of
ht is explicitly given by

—s

(7) np=tog {f] 2L (=12, m).

1 (k)

k

The maximum likelihood estimate h*(y) of h*(y) is obtained by replac-
ing h,’s in (3) by corresponding k}’s. However, it is well known that
h*(y) is unstable or noisy when m is large compared to n. The intro-
duction of a Bayesian procedure to solve this difficulty will be the sub-
ject of the following sections.

2.2. Bayesian model

To obtain a “stable” estimate of h*(y), we introduce, following
Akaike [5], a prior density of the parameter h, which is defined by
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(8)  a(h|v, hey, he)=TT —— exp |——L

N7 2—1)2‘(hj_2hj—l+hj—2)2} )

where 9%, h, and h_, are adjustable parameters. Our estimate of h is
defined as the mode of posterior density which is proportional to L(h)-
n(h|v% h_y, hy) and relatively easy to calculate. The values of +%, h, and
h_; are chosen so that they maximize the likelihood of a Bayesian model
defined by

(9) S L(R)r(h| o hey, ho)dh
or, equivalently, to minimize

(10) ABIC=—2log S L(h)z(h| ", h_y, ho)dh .

3. Numerical consideration

The maximization and integration of L(h)x(h|v* h_,, hy) are the
numerically most difficult part with our approach. These are almost
the same problem that we had to solve in Ishiguro and Sakamoto [10],
and are likewise solved as follows.

The maximization is carried out by Newton method, which is very
efficient for the present situation because of the negative definitness
of the Hessian of the log-likelihood (see Appendix). Since the exact
evaluation of the integration in (10) is practically impossible, we ap-
proximate it by

(11) S exp {T(h)}dh ,

where T(h) is the Taylor expansion of log {L(h)r(h|v* h_y, ky)} up to

the second order term around its maximizing point, say h. When v
is sufficiently small, i.e., =(h|v* h_y, hy) is sharp compared to L(h), the
approximation will be good enough to practical purposes.

Now we will derive an approximation of ABIC based on the ex-

pression (11). Since T(h) attains its maximum at h, the first order
term vanishes and T'(h) takes the form

(12) T(h>=T(in—%(h—iz)'ﬂ(iz)(h—iz) ,

where T(h) is defined by
(13) T(h)=log L(R)x(h| v, h_y, hy)
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and H(h) can be decomposed into the form
(14) H(ﬁ)=é+%D‘D .

Here D is a matrix defined by

1 Oeeovvennns 0)
—2 1 - :
1 —2 1 :
RO ¥

(15) D=

and (4, k) element of the matrix G is given by

b D) b b)) if j#h
(16) G=

Dyt D (By— D)} if j=k

m

where P, is defined by

exp (hy/m)

(17) i’jz s N
kZ‘.zl exp (hy/m)

The approximate value of ABIC derived from (10), (11) and (12) is
(18) ABIC= —2T(h)+log {det H(h)} .

We can choose h_;, hy and v, by minimizing (18) instead of (10). The
situation is further simplified by the fact that the effect of h_, and h,
on ABIC (18) is almost solely through the first term. It means that
when the value of +? is fixed, it is harmless to choose #_, and h, simul-
taneously with A, by maximizing

(19) log {L(R)z(h|v", h_, ho)} .

The optimization with respect to v* remains non-linear but the density
estimation is not so sensitive to the choice of %!, so we can adopt the
grid search technique here.
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4. Estimation procedure for a general data set

Our procedure can be applied to any kind of data x,---, z, if the
mapping y,=G(x;) into the closed interval [0, 1] is suitably chosen. Once
an estimate of h(y) is obtained, the estimate of f(x) is readily calcu-
lated using the expression (1). This often produces, however, an un-
attractive result that the final estimate f(x) is saw-toothed. A cure
for this difficulty is the adoption of a higher order spline (second order,
for example) function as a model of h*(y). Such a procedure, however,
needs more complicated calculation techniques, so we adopt the follow-
ing procedure here.

Step 1 To transform a given set of data x,,---, %, by y=G(x)
Step 2 To find the Bayesian estimate ﬁ(y) of y

Step 3 To obtain a second order spline estimate h(y) substituting
the Dbasis of 2nd order B-spline for the corresponding Oth
order B-spline basis. Here we keep the coefficients intact

Step 4 To estimate the probability density function of x by

f@)=h(G(x))g(x) .

In Step 1 we have to choose G(x). If the data contain some neg-
ative values, we adopt as G(x) the normal distribution with the param-
eters estimated from the data. If all the data are positive, the normal
distribution, the log-normal distribution or the exponential distribution
are conceivable as G(x). In such cases, the choice of G(x) is realized
by minimum AIC procedure by Akaike [2]. AIC’s for those three
models are respectively given by

AIC 1)=nlog 2z +mn log o*+n+4
AIC (2)=n log 2z +n log 62+ 2n6,+n+4
AIC(8)=2nlogZ+2n+2,

where the necessary maximum likelihood estimates are defined by

.
Il
-

H >} (log 2,— AR
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If it is known that the sample space is bounded, we adopt as G(x) the
uniform distribution defined in the corresponding sample space.

In Step 2 we have to choose the number of classes m. Although
it is desirable to choose it as large as possible not to distort the infor-
mation of the data by discretization, setting of m=100 would be ade-
quate for most practical purposes.

5. Numerical examples

We first apply the present procedure to the data shown in Table 1
which are taken from Table 1 of the paper by Maguire, Pearson and

Table 1

378 203 286 113 871 228 66 37
36 176 114 32 48 271 291 19
15 55 108 23 123 208 4 156
31 93 188 151 457 517 369 47
215 59 233 361 498 1613 338 129
11 315 28 312 49 54 336 1630
137 59 22 354 131 326 19 29
4 61 61 58 182 1312 329 217
15 1 78 275 255 348 330 7
72 13 99 78 195 745 312 18
96 189 326 17 224 217 171 1357

124 345 275 1205 566 120 145

50 20 54 644 390 275 75

120 81 217 467 72 20 364

From Table 1 of [12], pp. 169. (Read columnwise)

Wynn [12] on the time intervals between severe explosions in mines
and were earlier analyzed by Boneva, Kendall and Stefanov [6]. By
applying the rule in the preceding section to the above data we get
AIC (1)=1563.54, AIC (2)=1418.69 and AIC(3)=1415.64. Following
MAICE procedure we adopt the exponential distribution as g(x) for this
case. Under this choice, ABIC takes its minimum 1412.07 for *=
0.0078125* and our procedure produces probability density shown in
Figure 1 as the final estimate. This figure shows the values of the
density function at 50 equally spaced points. This result is clearly bet-
ter than the result by Boneva et al. which does not always take posi-
tive value.

We next reanalyze the data for the distribution of silica in 22
chondrite meteors reported by Ahrens [1] and Burch and Parsons [7];
0.04, 0.15, 0.16, 0.18, 0.40, 0.44, 0.45, 0.46, 0.47, 0.49, 0.54, 0.59, 0.64,
0.75, 0.81, 0.83, 0.84, 0.84, 0.85, 0.87, 0.87, 0.92. This data set was
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also analyzed by T. Leonard [11] and I. J. Good and R. A. Gaskins [9].

For this data set the normal distribution is adopted as g(x) and
the final estimate by our procedure is shown in Figure 2, which shows
that our result is intermediate in shape between the tri-model results
by Good et al. and the uni-model result by Leonard. Since we do not
know the real density function the evaluation of these three results is
difficult. '

For the comparison of these procedures, we suggest that they will
analyze the following artificial data. It is a set of 200 measurements
in Table 2 that were drawn from the distribution defined by f*(x)=
0.425¢(x — 1) +(0.15/0)(x/0) +0.425¢(x — p1;) with p,=—1.4, p,=1.7 and
0=0.5, where ¢(x) is the density function of the standard normal dis-
tribution. The frequencies under 50 classes are represented graphically
in Figure 8. The final estimate for this set of data by our procedure
is shown in Figure 4 and the graph of the real distribution is shown

Table 2
3.989 24461 0.057 24957 0.271
1.880 =14949 0370 =2.071 =2.076
=24110 0820 =1847 -2.718 =0e604
1.713 -04259 =14857 =24431 ~0039
1006 =20267 =44300 34334 =04395
24962 =24339 0+104 04548 l1.862
=0e846 =14455 1e322 1.040 -1.753
1.564 =1¢406 04072 2.886 =1.407
=24985 34398 =14797 =0.293 =14675
=2.733 14963 =0e272 =0+965 0,101
34294 -2.102 =1s717 =0s404 0,008
34326 -1le674 =1e362 24404 -1.879
14336 -0e562 0134 =3,003 ~1.824
~0e344 14565 =24135 1.131 24298
=1.819 14912 =0.980 24463 14443
1830 04547 ~0.999 -0.131 1,773
3.148 '0,0560 20377 1-556 ‘0.3‘43
=0+460 00437 =0.184 '00508 2.840
40229 1963 =0e706 14573 24756
0977 04607 14253 =24478 0,026
=1.195 -2.588 =2e¢541 -0203 ~1e474
04594 0.899 1855 2778 24853
0.508 00357 1e449 -24939 04690
«0.949 1e916 =1¢765 =0039 0688
0.621 2.051 =0¢248 =2+684 3.358
=14959 04820 0565 =0669 24583
2157 =0e139 24528 14220 04001
04452 24440 =0+839 -1.757 1.338
=0¢420 -1.854 1890 -34279 24759
=1362 =1.854 =0+283 1e707 ~3.182
1.529 =0.114 00182 -1.132 0.360
=14166 =0.261 1541 =-0e303 =0s077
24484 3.150 2747 2+164 =0.158
0.378 -14607 1931 ~0e284 24256
=1.755 0.538 04286 =0.075 14234
=1.559 -24789 0703 0.004 24603
=1.001 =0.019 =24279 04214 24078
04302 =0.606 0200 24373 34902

-2.083 =34290 =1e524 =1.016 1835
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in Figure 5. Figure 4 illustrates that our procedure satisfactorily re-
produces the real density function which could not be guessed from
Figure 3 by eye.

T T T T T T
-5.00 -3.00 -1.00 1.00 3.00 5.00

Figure 5

Of course, the performance of the present procedure depends on
the sample size and the true structure. For instance, in case of the
last example, we need much more sample size, say n=1000, to esti-
mate the precise detailes of the true distribution. If the true distri-
bution had simpler structure, the present procedure would work for
data of size less than 200. To test further the performance of the
procedure, we generated 100 sets of data each composed of random
sample of size 100 from the density function defined by f*(x)=0.5¢(x)
+0.5¢(x—4.0). Our procedure has detected 98 times out of 100 that
the true distribution has two bumps. These observations imply that
our procedure is good enough for most practical use provided that the
density varies smoothly.

6. Concluding remarks

As is seen from the arguments in the previous sections, the present
procedure will be practical and useful since it automatically gives stable
estimate of density. In our procedure, however, we approximated the
function h*(y) in (1) by a piece-wise constant function. As is noted in
Section 4, we could have approximated h*(y) by a higher order spline
function and develop a procedure to estimate its parameters. We think,
however, that what we gain by such an approach will not be worth, at
least for the estimation of unidimensional density, the amount of com-
putational task required. We did not discuss the estimation of two and
higher dimensional density in the present paper. Those aspects will be
the subject of future study.
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Appendix

Multinomial logit transformations of the parameters of
the histogram model and its nature

Let p=(p,, P+, D) denote a vector whose components are posi-
tive and add up to 1. Then the loglikelihood of the histogram on the
interval [0, 1] is defined by

i(p)= ;: n(j) log (mp,) .

Define the multinomial logit transformation of p by h=(hy, hy,- -+, hp_y)
whose elements are given by

m

h;=log { I%L} =mloxg:1o,—k§__}l logp,  (§=1,2,-+-, m—1)
) >

k=

then the inverse transformation is given by

pj_—_-_me_xp_(ltilm)_ (j=1,2,"',m)
2 exp (hy/m)

where h,, is defined by
m—1
hm= - jg h/ .

Then the log likelihood of the model as a function of h is given by

Uh)=33 n(3) log (mp)=33 n(j) log (xR (Bufm) |
"~ " > exp (hu/m)
The kth element of the gradient of l(h) is given by

ol _ n(k)—mn(m) _
ol m

2 (De—pa) -
m
0p,/oh; is given by

i{(’k,fpk—pk(pj—pm)} if k#m
) m
Dr _
oh,

i{—10m—1om(1o,—pm)} if k=m
m
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where 3., is Kronecker’s delta. Therefore, the (k, j)th element of the
Hessian of I(h) is given by

0%l

S L n
T —W{awp.,+pm—(pk—pm)(p,—pm)} =Gy .

Let G be a matrix whose (k, j)th element is G,;, then it is explicitly
given by

VD VP \(VD
VA, VB
G= . : .
. . E pm—l
VDnt VPu/\VDPn Dn - VDn
D1—Dm
p.ﬂ_pm
it (pl—p'm.’ D:—DPms* " pm—l—pm) .
Pn-1—DPm
Let x=(x,, %3, +, n_,)' be any vector, and defining x, by
m—1
Tp=—2 %
i=1
it follows:

m m 2
x‘Gx=jZ‘ p,mﬁ—(jz p,x,) =0.
=1 =1

Note that the equality implies, if p,>0 j=1,2,--, m, that
x,=0 (7=1,---,m-1).

This proves the positive definitness of G.
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