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Summary

This paper considers the problem of estimating a normal mean
from the point of view of the estimation after preliminary test of
significance. But our point of view is different from the usual one.

The difference is interpretation about a null hypothesis. Let X denote
the sample mean based on a sample of size » from a normal popula-
tion with unknown mean g and known variance ¢*. We consider the

estimator that assumes the value wX when |X|<Cs/y7 and the value

X when |X|=Co/y/7% where w is a real number such that 0<w<1 and
C is some positive constant. We prove the existence of w, satisfying
the minimax regret criterion and make a numerical comparison among
estimators by using the mean square error as a criterion of goodness
of estimators.

1. Introduction

The estimation after preliminary test of significance has been studi-
ed by various authors. A bibliography in Bancroft and Han [2] is a
good source of references. Let X, X,,---, X, be a random sample of
size n from a normal population with unknown mean g and known
variance ¢°. We shall consider the problem of estimating a normal
mean g with known variance ¢* from the point of view of the estima-
tion after preliminary test of significance. Let o be the significance
level for testing a null hypothesis H,: =0 against H;: p#0. A pre-
liminary test estimator for x can be given by

0 if | X|<Coly®
(1) p={ _ -
X if | X|=Colyn
where X:%g){“ C is a positive number and Pr (| X|=Co/v7 | H)=a.
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The preliminary test estimator always depends on the significance level
of the preliminary test. The methods to seek the optimal level of sig-
nificance for the preliminary test have been investigated by Sawa and
Hiromatsu [6], Toyoda and Wallace [7] and Ohtani and Toyoda [5].
Hirano [3] applied AIC (Akaike’s Information Criterion [1]) to deter-
mine the optimal level of significance for the preliminary test. AIC
is defined as —2log, L(f:)+2k, where L(g) is the maximum of the likeli-
hood and % is the number of unknown parameters. By applying AIC
to , C=+2 and a=0.1572--- were obtained (see Hirano [3]).

By the way, the hypothesis H,: p=0 can be considered as an ideal-
ized model for the situation that p is close enough to zero, so in case

of | X|<Co/yn it may be natural to use an estimator close enough to
zero, but not always equal to zero. Thus we propose an estimator as
follows :

wX if |X|<ColyTW
(2) PT (w, C)=1 _ _

X if | X|=Colvn

where the weight o is a real number such that 0<w=1. That is, for
a small value of |X| we use wX as our estimate of x; otherwise, we

use the usual estimator X. This estimator has a merit of never ex-
cessively changing in the neighborhood of +Cs/yn. From the point
of view of the minimax regret criterion we shall prove the existence
of optimal w, o*, in Section 2.

In Section 3 the optimal value of w, w*, is given and we make a
numerical comparison among estimator and discuss this property.

If we use the mean square error as a criterion of goodness of esti-
mators, our minimax regret estimator PT (o*, C) will be appropriate
when we know in advance that g is probably small but we cannot be
completely sure of it.

2. A minimax regret estimate of a normal mean

Let X be the sample mean based on a sample of size n from a
normal population with unknown mean p and known variance . We
consider the estimation of g. By the reason stated in Section 1 we
consider the estimator of the form:

wX if |X|<Coly®
(3) PT (0, C)=4 _ _
X if | X|=Colvyn

where the weight o is a real number such that 0<w=<1. When w=0,
this estimator PT (0, C) is the preliminary test estimator which is given
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by (1) and when w=1, PT (1, C) is the usual estimator X. In this sec-
tion we prove the existence of o, satisfying the minimax regret cri-
terion. We denote the mean square error of PT (w, C) as Mo, 1) and
define the regret function by

(4) Reg, (&, )= Mo, 1)~ min Mo, 1) .

Then the minimax regret criterion leads to the minimax regret weight

w*, which attains the infimum of sup Reg, (o, p).
= ploo

At first we evaluate the mean square error of PT (w, C).

(5) Mo, #)=S|5‘|<Ca/\/7 (@Z—p)’ ‘\/é_fa exp [_ 27:2 (g_c_‘a)z]di
— s /M n - 2] 3=
+Sm;caw = exp [— =z (x—;z)]dx

="72 [S:’_v {w(t+6)— 0}2¢(t)dt+s ™ oit)ds

—o0

+ S:_v t%p(t)dt]

=L2¢::(w, 0)
n
where 0=4yn p/o, ¢(x)=71__2? exp (—x%2), 07(x)=§:” #(t)dt and
(6) T(w, 0)=1+(e'—1){(—C—0)¢(—C—0)—(C—0)¢(C—0)

+0(C—6)—O(—C— )} —20(1 — w)8
+ {¢(—C—0)—p(C—0)} + (1 — w)*6*
. {®(C—6)—O(—C—0)} .

We observe that minimizing M,(w, ) is equivalent to minimizing ¥ (w, 6).
Let wy(f) and w(9) be the function of ¢ defined by

(7) min o, 0)= T(wy(0), 0) ,
—o<w<o
(8) min T(w, 0)= T(w,(0), 9) .
0sesl
w(0) and o,(f) maybe depend on C, but we abbreviate it.
THEOREM 1. For any 0 the function wy(f) is given by
(9) wy(0)=09(6)/h(6)
where
c C -

g(0)=S C t+0)(t)dt  and h(0)=S 0’_0 (t+0Yp(t)dt .
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PrROOF OF THEOREM 1. As the function Z(w, 6) is quadratic in o
with the positive coefficient to ?, the minimum is evidently attained
at the value given in (9).

LEMMA 1. Let f(0)=(d/d6)g(0) for any 0, then we have
(10) fO)=f(=0), f(0)>0
and there exists a positive nmumber 6, such that
f(0)>0  if |0|<6,,
(11) f0)=0  f |0]=0,,
f(O)<0  f 16]>0,.

ProoF oF LEMMA 1. (10) is obvious. So we consider only the case
of 6=0.

;_0 £(8)=(—C'—14CO)HC— )+ (C*+1+CO)§(—C—0)

=¢(C+0){9:(6) —9:0)}

where ¢,(0)=C0+1+C? and gy(0)=(C*+1—C8)e**’. As ¢,(0)=gy0)=C*+
1 and (d/d8)gy(0)>(d/d6)g,(6) at 6=0, g,(f) increases up the line g(6)
and decreases after 6=C+1/2C. g,(0) stays negative after 6=C+1/C.
Therefore except for =0 the straight line of g,(f) and the curve of
g:(0) cross at a single point between C+1/2C and C+1/C. Thus there
is a point 6, (>0) such that

%f(0)<0 if 0<0<0,,
(12) b fo)=0 it 6=06,,
a6

;l_ef(o)>o it 6>6, .

The fact that f(0)>0 and lim f(6)=0 and (12) guarantee the existence
f—o00

of a positive number 6, satisfying (11). This completes the proof of
Lemma 1.

THEOREM 2. The function w,(60) which is given in (9) is a mon-
negative even function satisfying wy(0)=0 if and only if 6=0 and there
exists a positive number 0, such that
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ol0)<1  if |6]<6,,
(13) o(0)=1  if [0]=0,,
wo(0)>1 ":f |0|>01 .

PRrROOF OF THEOREM 2. As ¢(0)=0 and lim g()=0, Lemma 1 im-
6—o0

plies that g(#) is positive in >0, and hence w,(0) is positive except
for 6=0 because of 60g(6)=—0g(—0) and h(6)=h(—0). Now, w(d)<1,
=1 and >1 is equivalent to h(6)—60g(6)>0, =0 and <0, respectively,
because of h(6)>0. On the other hand it turns out

(14) S(6)=h(6)—069(6)

where f(0) is given in Lemma 1, and because of Lemma 1, the exist-
ence of a positive number 6, is concluded.

COROLLARY. w,(0) defined by (8) is given by

w6)  if |6]<0,
(15) ()=
1 of 16120,

where w,(0) s defined by (7) and 6, is given in Theorem 2.

PrOOF OF COROLLARY. The function 7 (w, 0) is quadratic in o with
the positive coefficient to »* and by Theorem 2 we have 0=<w,(0)<1 in
case of |0|<6,, so in this case o,(f) is equal to w (). And from (13)
we have o(0)=1 in case of |0|=6,, therefore min ¥ (o, ) is attained

. 0sws1
at w=1, that is, w,(8)=1.

THEOREM 3. The minimax regret weight exists, whose value is in-
dependent of n and o.

PRrROOF OF THEOREM 3. By the corollary of Theorem 2, the regret
function (4) can be written as Reg, (v, g)=(d¢*/n)R(w, 0) where 6=+ n p/
¢ and R (o, 0)=T(w, 0)— T(w,(0), §). As T(o,0) and ,(f) are conti-
nuous, R w, 6) is continuous both in » and 4. Examination of (6) in-

dicates lim R (w, #)=0. Therefore the supremum of R.(w,f) on ¢
§—+o0

(—o0, +0) is attained at a finite value of 6, or equivalently there is
a function 6(w) with sup R (e, §)=R. (0, 6(w)) and 6(w) € (—oo, +0).

—0<f< o
And R, 6(w)) is a lower semicontinuous function of w defined on [0, 1].
As [0, 1] is compact, the infimum of R,(w, 6(w)) is attained at a point
in [0, 1], which does not depend on n and ¢. This completes the proof
of Theorem 3.
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3. Numerical comparisons and discussions

At first we calculate the value of the minimax regret weight in
case of C=+'2. After rather extensive numerical examinations, we
arrived at the value of the minimax regret weight, which is «w*=0.6396.
We also found that ,(f)=1 when [#|=1.22356. In Fig. 1 the curves
of (0, 0), Tr(1,0), Tr(wyb), 6), Tri(w(0), 0) and T (w*, §) are plott-
ed as functions of |4].

For an estimator §, let 6* be defined as the largest value of |4
such that for all |#|<6* the mean square error of § is smaller than
one. 6* will be referred to as the effective interval when compared

with the well-known estimator PT (1, C)=2X.

Y AACK))]
2_
¥z (0,0)
1.5F
L ¥a@n0)
B
1 5 Ry
L~ ¥5,0) ]
0.747=="" Vi (@(8),0)
0.572 i
0.5[ : .
i : 01=0.59986 a2=0.77707 a3=1,06420
| 6,=1.22356
|
!
1.1 1 1 1 1 1 1 1
0 0.5 1 1.5 2 2.5 3 3.5 4
a1 az az 6, 161

Fig. 1. Curves of ¥ /5(w, 0)

The mean square error of PT (w, ¥ 2 ) is equal to (¢*n)¥,5(w,6). The
curves of ¥,5(0,6) and ¥,5(1,6) correspond to PT (0,¥2) and PT 1,v2).
¥r3(0o0), )= _min ¥.5(a, 6).

{ Ua(wo(d), )  if |0]<1.22356.
if |6]|>1.22356 .

The curve ¥, 5(w*, 6) corresponds to PT (w*, ¥ 2), the minimax regret esti-
mator, which minimizes the maximum of ¥ (o, 0)—¥ ,5(w(6), 9).

¥ 5(0:(0), 0)= min ¥ 5(w, )=
0Sws1

The curves of Fig. 1 indicate: (I) the maximum possible value of
the mean square error is smaller for PT (w*, ¥ 2) than PT (0,4 2);
(I) the effective interval is greater for PT (w*, ¥/ 2 ) than PT (0,v2);
(IIT) for larger values of |0|, PT (w*, /' 2) is better than PT (0, v 2)
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and (IV) for smaller values of |f|, PT (0,4 2) is better than PT (o*,
V2). PT(wy(6), ¥V2) is always better than PT(0,+2), PT(1,+2)
and PT (o*, ¥/ 2), but it depends on an unknown parameter and hence
it is not an estimator. Furthermore the region of |¢| that Z(w*, 0)
= ¥;(0, 0) is |6|=0.59986.

1P‘C(")ye)
4.0f
(1) ¥, 00,6)
351 (2) ¥¢,(0,0)
(3) ¥c;(0,0)
3.0 (4) ‘I’Cl(wl‘r 0)
(5) V’c;(‘”z'v 0)
2.5 (6) ¥cy(wg, 0)

2.0

C,=2.57583 C,=1.95996 C;=1.64485

0.5 w}=0.7133 ©;=0.6694  w;'=0.6507
b,=0.61685 b2=0.64430  b3=0.70610
I=E 1 1 1 1 AL L
0 /AN 1 2 3 4 5 6
by bz bs 161

Fig. 2. Curves of ¥0, 6) and ¥(w¥*, ) for C=Cy, Cs, Cs.

Let C,=2.57583, C,=1.95996 and C,=1.64485. C=C,, C;, C; corre-
spond to a=0.01, 0.05, 0.1 respectively, in the preliminary test estimator
given by (1). For C=C,, C,, C;, we have the values of the minimax
regret weight, which are »*=0.7133, 0.6694, 0.6507 respectively. In
Fig. 2 the curves of Z,(0,60) and Z(w*, 6) for C=C,, C,, C; are plotted
as functions of |#|, and in these casses similar results to the case of
C=+/2 are obtained. Thus it seems that the minimax regret estima-
tor PT (w*, C) is an adequate choice.

Next we shall examine another type of the estimator of the form:

0 if | X|<Colym

(16) d(w, C)= _ -
wX if | X|=Co/lvW

where the weight o is a real number such that 0<w<1. The esti-
mator d(w, C) is treated by Meeden and Arnold [4]. They exhibit the
loss function for which this estimator is admissible. The loss function
is given by
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L(0, d)=W(|d—6])+br(d)

where y(d)=0 if d=0 and y(d)=1 if d+#0, b is some positive real num-
ber that measures the cost of the complexity of using an estimate dif-
ferent from zero, and W is a nonconstant, nondecreasing function that
measures the loss due to the inaccuracy of the estimate. If we denote

the mean square error of d(w,C) as MD, (w, 6), we have MD, (w, 6)=
c—-0

(@*/n)kfw, ) where 6=y pjo and ko, a):S - 02¢(t)dt+g:0‘" {0(t+0)

oo

—0}2¢(t)dt—l—g {o(t+0)— 0 p(e)it.

o
c
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Fig. 3. Curves of x,5(w, §) and ¥ 5 (w*, §)

The mean square error of d(w,v 2) is equal to (¢¥/n)cy7(w,6). The
curves of x,5(w, ) and ¥,z(w*, 0) correspond to d(w, v 2 ) and PT (o*, ¥ 2).

As the mean square error is used as a criterion of goodness of
estimators in this paper, in Fig. 3 we show the curves of ¥,3(w*, 6)
and ks3(w, 0) as functions of || for w=0.2, 0.4,0.6,0.8. The curves of
Fig. 3 indicate: (I) the maximum possible value of the mean square
error is smaller for PT (0*, +/2) than d(w,¥2), in fact for any C
values of the mean square error of d(w, C) increase infinitely as |6| in-
crease; (II) for larger values of |0|, PT (w*, ¥ 2) is better than d(w, ¥'2)
and (III) for smaller values of |0, d(w, ¥ 2) is better than PT (o*, ¥/ 2).
For any other C similar results are obtained.
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Therefore when the experimenter has the information that || is
close to 0, he should use PT (0, C); otherwise the minimax regret esti-
mator PT (w*, C) will be appropriate since it controls the mean square
error for small as well as moderate values of |4]|.
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