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Summary

The most powerful test of the null hypothesis H,: o=0, versus
the alternative hypothesis H,: c=g, based on a few selected sample
quantiles is proposed here where ¢ is the scale parameter of the dis-
tribution and the location parameter x is known. The quantiles are
chosen from a large sample that is either complete or censored (singly-
censored or doubly-censored). The relationship between the proposed
test and the asymptotically best linear unbiased estimate (ABLUE) of
the scale parameter is discussed.

1. Introduction
Given a large ordered sample of size n
X(1)<X(2)< cre <X(n)

from a distribution with the probability density function (1/¢)f[(X— p)/o]
where ¢ is the scale parameter and g is the known location parameter,
we want to find the most powerful test in testing the null hypothesis

H,: o=g,

against the alternative hypothesis
H: o=a0 (>a)

or
H;,: o6=0a, (<0

based on a few sample quantiles selected from the given sample above.
Ogawa [13], [14] proposed a t-test based on a few selected order
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statistics to test the scale parameter of exponential distribution. He
used the least squares procedure. Eisenberger [3], [4], [5], [6] and Eisen-
berger and Posner [7] found an approximate normal test to test the
location parameter and the scale parameter separately and jointly based
on one, two, four, six and eight sample quantiles. When they use two
or more quantiles, the test statistic is a linear combination of sym-
metric quantiles. Of all cases considered, the samples are taken from
a normal distribution and quantiles are selected from a complete sample.
Cheng [2] discovered an asymptotically uniformly most powerful test
in testing the location parameter using a few selected sample quantiles.

In this article, we will deal with the testing of the scale param-
eter while the location parameter is known. The sample is taken
from any continuous distribution whose p.d.f. is of the form, (1/o)f-
[(X—p)/a], the selection of the quantiles to be used will also be dis-
cussed. The quantiles could be chosen from a complete or a censored
sample.

The relationship between the most powerful test proposed here
and the asymptotically best linear unbiased estimate (ABLUE) of the
scale parameter will be discussed in Section 5.

2. The notations
Let
(1) Xon<Xp<- <X

be a set of n order statistics taken from a distribution with the p.d.f.
and the c.d.f. (1/0)f[(X—p)/e] and F[(X— p)/o] respectively. The value
9, which satisfies

\" ray=2, o<i<1

is called the population quantile of order 2.

A set of real numbers {1,} satisfying 0=2,<4, <A, < - <2, <A1, =1
is called a spacing. Define n,=[n4,+1], where [y] denotes the integer
part of the number y. Then we call

( 2 ) X(nl)<X(n2)< ot <X("k) ’ kén ’

the sample quantiles chosen from the sample (1).

Let X be the vector of &£ sample quantiles (2), u the vector of
the corresponding k population quantiles and 1 the unit vector of k&
elements, i.e.
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X(nl) ul
Xy Uy

X=|"." u=| . 1=
X(nk) U 1

where u, is such that
u
|7 rwiy=1,.
2
We also denote i’n—l1 the covariance matrix of the sample quantiles

(2), i.e. I'=[y,], and mzl%_?ﬂ)— for j=1, and y,=r, for <4, 4,7
oJy
=1,2,.--,k, and f,=f(u,), 7=1,2, -+, k.
Mosteller [11] showed that the limiting distribution of the k sample
quantiles in (2) is asymptotically normal with p.d.f.

L(X)=(n/2Ha)"*T"~" exp {(—n/20") (X— pl —ouy (X — pl—ou)} ,

where I'=det I.
Now that

1111-11=:_z+§ (fi—Sin)? =K,,

1 Ai-1

u/['—xu=§ (foui—fios¥er) =K,,

t=1 A=Ay

llr—luzg (fi=Si) (fori—fi_sti_y) =K,
t=1 Ai—2iy

where fi=fi.1=0, fily= frs1Ue+1=0.

3. The ABLUE o*

Ogawa [12], [14] first obtained the asymptotically best linear un-
biased estimate (ABLUE) o* of the scale parameter ¢ when the loca-
tion parameter g is known:

: K,
a*:g b¢X(n‘)—‘ —.K—:

where

bizli_[fiui—fi—lui—l _ ft+1u¢+1_‘f¢u¢] , 1=1,2, -+, k,
Kg 21—11_1 Zi+l—'zi

and the asymptotic variance of o* is
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AV@*):%Z-KL.
2

The spacing {2;} which minimizes AV (¢*), i.e. equivalently maxi-
mizing K, with respect to A, 4, ---, 4, is called the optimum spacing
for the ABLUE ¢* which will determine the ranks of the quantiles to
be selected.

4. The most powerful test
We want to test the null hypothesis
H,: o=g,

against the alternative hypothesis
H: o=0, (>0)

based on k sample quantiles (2). Let the known value of z be g,
Applying the famous Neyman-Pearson Lemma, the best ecritical
region (BCR) is

(3) LXIH) _

k
LX|H) (2o ex {‘%[ i (X— pol =) T (X' — ol — o)
0 1

(4]

— L (Xl — oy (X~ yol—aou)]}
)

{2 o -3~ Bt

gy 2\a? ay+0y
XF“<X—p01—-ﬂgL—u> — <ﬂ1~—>2u’l"1u]} =c
gy+ay o)t+oy

where ¢ is a constant.
Let Y=X— yol——‘f_":;u, then (3) can be simplified to

)10y
Y/ I"—l Y_Z_ C*
where
c*= (‘700'1)2 . E In [(ﬂ)kc] + <_.00L>2u'['-1u .
o*—al m ) oo+,
Since

X~N<y1+au, ir}
n

hence
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v ~N([o—2 u, 21).
gy+a, n

Johnson and Kotz ([9], pp. 178-179) has stated a theorem which
was proved by Mikeldinen [10].

Let X'=(X,, ---, X,) be a random normal vector with mean vector
& and dispersion matrix V. Let A be an nXn real symmetric matrix
and assume that tr (AV)=y+#0. Then Q(X)=X'AX has a noncentral
x* distribution if and only if VAVAV=VAYV,

§AVAE=8'A8 and VAVAE=VAE.

The degree of freedom and the noncentrality parameter are y and
&' A&/2 respectively.
It can be easily checked that all the conditions mentioned in the

theorem above are satisfied by Y hence %Q:%(Y’I’“Y) will have
ag g

noncentral y* distribution with %k degrees of freedom and the non-
centrality parameter

2
gl )

g g+,
__n _ﬂ_yK
24 (0 g+, :
— ’an <1_ 0y0y ‘ >2
2 alay+ai]

Define ¢q,=the 100ath population quantile of a noncentral y* distri-
bution with % degrees of freedom and the noncentrality parameter y,
2 2
— 1k, (1— 9 ) - "K2< % ) . Hence the BCR of the level a, 0<
2 gy +a, 2 gy+a,
a<ll, is

2
Qg%ql—a

or

’
(Xl =22 ) T (Xl =272 % g,
oy+o, gyta, n

this proves the following theorem :
THEOREM 1. The most powerful test T, in testing H,: ¢=a, against
H,: 6=a, (>ay) at the level of significance a is

! 2
X— Fﬂu) 1"-1<X— 1_&,,)2_% B
< t o+ 0,y He gto, / m @
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where q, 18 the 100ath quantile of a moncentral y* distribution with k

2
degrees of freedom and the moncentrality parameter v,= nfz <%——> .
O)1 0,

Similarly, we have

THEOREM 2. The most powerful test T, in testing Hy: o=a, against
H,: o=0, (<a,) at the level of significance a is

Xl 20 ) P X— il - 2% ) < B g,
( # gyt 0, o gyt o1 “ n 1

where q, is the 100ath quantile of a moncentral y* distribution with k

2
degrees of freedom and the moncentrality parameter v,= né{z <%) .
)10,

5. The power of the test

For the test T,, the power of the test is
P= ( 0z1a-.)

where %Q has a noncentral y* distribution with % d.f.’s and the non-
g1

centrality parameter

vl=n_-K_2_<__00_>2.<_¢11_>2=d2v0 and d:ﬂ.

2 0'0+01 () gy

Similarly, the power of the test T is

P=Pr(%Qs 50,

where ——Q has a noncentral y* distribution with % d.f.”s and the non-
o
centrality parameter

:ﬁ&(4&—YQﬂy=ﬁ
& 2 0'0‘*‘0'1 gy Yo
For the test T, d>1 and for the test T, d<1.

It can be shown that, both P, and P, are increasing functions of
y, for fixed a, » and k. And

”K2.< % >2=_’3. 1
2 \gtao/ 2 (A+dy

YVo—

In order to obtain the maximum power of the test, we have to maxi-
mize v, and in turn, to maximize K;. Therefore, the optimum spacing
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{4;} in obtaining the ABLUE ¢* will provide the maximum power and
hence the most powerful test.

6. Remarks

(1) As it can be seen, the test statistic depends on the parameter
value under the alternative hypothesis, hence there is no uniformly
most powerful test in testing a simple hypothesis against a composite
hypothesis.

(2) From the results we have obtained above, we can see that, as
long as there is an optimum spacing for the ABLUE o¢* of a given
distribution, there will be a most powerful test of the scale parameter
(simple versus simple) when the other parameters are known. As we
know, there exists the ABLUE ¢* of the scale parameter of the follow-
ing distributions—normal, Cauchy, logistic, exponential, Weibull, double
exponential, gamma, Rayleigh, and Pareto.

(3) Furthermore, the test can be applied not only to the complete
sample but also to the censored samples where some observations are
missing so long as the ABLUE ¢* exists.

(4) In evaluating the value of the power, one can use Johnson’s [8]
table for quantiles with upper tail probability=.999, .9975, .995, .99,
975, .95, .9, .75, .5, .25, .1, .05, .025, .01, .005, .0025, .001 with the
degree of freedom=1(1)12, 15, 20 and the square root of the noncen-
trality parameter=.2(.2)6.0. For any other cases, one may use the
computer program written by Bargmann and Ghosh [1] to do the cal-
culation.

(5) It can easily be shown that both tests T, and T, are unbiased.
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