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Summary

The Student distribution is obtained by means of the principle of
maximum entropy.

1. Introduction

The principle of maximum entropy can be considered as such a
criterion to select the best probability distributions compatible to some
set of restraints. According to this principle, we choose the probabili-
ty distribution which maximizes the entropy or the conditional entropy
compatible to some set of restraints. This principle was established,
according to S. Guiagu [2], independently, by R. S. Ingarden [3], E. T.
Jaynes [5], S. Kullback and R. A. Leibler [7]. Using this principle,
E. T. Jaynes [5] obtained the exponential distribution, J. Kampé de
Fériet [6] obtained the normal distribution, R. S. Ingarden and A. Kos-
sakowski [4] obtained the Poisson distribution and V. Preda [8] obtained
the gamma distribution.

In this paper we will show that the Student distribution can be
obtained by means of the principle of maximum entropy.

2. Statement of the problem

Let (2, K, P) and (T, T, ) be two probability spaces where T=
(—o0, +0), 4 is the class of Lebesgue measurable sets on T, g is
Lebesgue measure on <. If X is a random variable defined on (2, A,
P) and taking values in (T, J), then the corresponding probability dis-
tribution will be: yy=PoX. If v,<p let py(x)=(dvy/dr)(x) be the
probability density function of X and H(X)=—E,In p,(X) the entropy
of the random variable X, where E; denotes expectation under y,.

Let X, be the set of all random variables X defined on (2, X, P)
and taking values in (7, ) such that:
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(1) ”X<<Il ’
(2) Exlnl+n*'-X¥)=2-a,,

where 7 is a natural number and a, is a real constant defined by :
(3)  a=ln2; anzg(—1)""‘(k+1)"+(—1)”" In2, n>2.

Now, we consider the following problem :
(4) sup {H(X)/X € X,}.
In this paper we shall prove the theorem :

THEOREM. The solution of the problem (4) s given by the random
variable X with the Student probability density function with n degrees
of freedom.

3. Lemmas

LEMMA 1. Let be the gamma function
I'a)= S:W x* e~ dx
for a>0. Then, we have:
I'@)r@=| -y (1-y)ydy—C

of a#1, and equal to: —C, if a=1, where C is Euler’s constant, and
I'(a)=dI'(a)/da.

Proor. See H. Bateman and A.Erdelyi [1], Subsection 1.7.
LEMMA 2. For a€(—oo, +o0) we define the function:
x/2
J(a)=So (cos t)—'dt .
Then :
a) J(@<+oo if and only if a>0; in this case we have
J(@)=2"r I'(a/2)/T((a+1)/2) .

b) For a>0, we have:

J'(a) = dJ(d)/da
=4 x [T((a+1)/2)"(¢/2)— I'(@/2)"((a+1)/2)]
X[C((e+1)/2)]72.
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Proor. It is immediate if we use H. Bateman and A. Erdelyi [1],
Subsection 1.5.1.

LEMMA 3. If n=2 is a natural number, then
S#*@+DWh=§ﬂ—1rﬂk+nd+(-nwwn2
k=0
and for n=1,

Sl 27 Y(2+1)'dz=In2.
0

Proor. It is immediate.
LEMMA 4. Let a, be defined by (3). Then, the equation :
Ma)=J"(&)/J(e)+a,=0
has a unique solution, a=mn.
ProOOF. Because
K (@) =(T"(e)J (&) — (J"(@)))/(J (2))*

by using the Schwartz inequality we have h/(e)>0 for any a>0 and &
is an increasing function. Hence the equation h(a)=0 has at most
a solution. But according to Lemma 2, Lemma 1, Lemma 3 and rela-
tion (3) we have h(n)=0.

4. Proof of Theorem
Using Lagrange’s multipliers method, we get

H(X)—u—2a,v=E;zIne A +n"' X% "(px(X))*
SEr e (1+n7'X") " (px(X))" -1,

with equality if and only if:
(5) px(X)=e(1+n7' XY™, XelX,.

Because px(x) is a probability density function, by using a change of
variable, we obtain

(6) oWnJ(2v—1)=e*,

where v>1/2 (Lemma 2).
From (2) and (5), using a change of variable, too, it results:

(7) —4vn J'(2v—1)=2a,6" .



338 VASILE C. PREDA

Now, from (6) and (7) we have
(8) J'(a)/J(a)+a,=0

where a=2v—1. But, according to Lemma 4 the equation (8) has
a unique solution, a=n. Hence

(9) v=(n+1)/2
and by (6) we obtain
(10) e*=+vnr I'(n/2)/T(n+1)/2) .

From (5), (9) and (10) it results
(@)= (nx) VAL +n7) AT ((n+ 1)/2)/ T (n)2)

which gives us the Student distribution with n degrees of freedom and
the theorem is proved.
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