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1. Introduction and summary

It is well known (and is easily proved) that the sampling distribution
of the Kolmogorov statistic D, can be expressed in terms of rectangle
probabilities for uniform order statistics. Specifically, if

(1) D,=sup |Fy(x)—F(x)|,

F, denoting the empirical distribution function based on a random sam-
ple of size » from the continuous parent distribution F', then, for 0<
axl,

(2) PD,2a)=P (um=Suwy=vy,- ) Uy SUGSY,)

where

(3) %;=max (—a,-i—i, 0) , v;=min <a+ i—1 , 1)
n n

(t=1,--+,m) and u,SUH<- - SU 1S an ordered sample of size n from
a distribution uniform on [0,1]. Steck has shown [9] that for arbitrary
Ugy* 'y Uny Vype ey, ¥, SUch that 0y Su, <0+ - S0, L1, 0SS0, <,
=1 and w,<v; (1=1,---,m),

(4) Pwmsunsv,: ) hSuew=v)=n!det (v,—u,)i(F—1+1)!)

(¢, =1,- -+, n), where &, =max (0, x) and (v,—u,)*/k! =0 if k<0. (Simple
proofs of (4) have been given by Pitman [6] and Sarkadi [8].) Equa-
tions (2), (3) and (4) show that P(D,<a) is an nth degree polynomial
in @ whose form depends on the location of @ in [0,1]: If » is even
there are 3n/2 forms corresponding to the 3n/2 subintervals

<'r——1 r ]’ <’n/2+s——1 ’ 'n/2+s] (r

on ' 2n n n

=1,--+,m; s=1,---,m/2),

while if n is odd there are (3n+1)/2 forms corresponding to the (3n-+
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1)/2 subintervals

(7221’_2%], ((n—lri/2+s, (n—l)/§+s+1]

(r=1,--+,n4+1; s=1,--.,(n—1)/2).

From a geometrical point of view, since (uq),:--, Uwy) is uniform on
the nm-dimensional simplex

S,,z{(um, L UW): 0S U SUeS - SUum=1}

with constant density »!, (2) and (3) show that

(5) P(D,=a)=n!|S,N[u, v]|,
where u=(u,---,u,), v=(v,---,7,), [u, v] is the n-dimensional rectangle
defined by

[w, v1={(ua, ") Uw): MSUGSV, -, U S Uy = Uy}

(u;, v; as in (3)), and, for an n-dimensional set A, |A| denotes the (n-
dimensional) volume of A. The set S,N[u, v] is an n-dimensional con-
vex polytope depending on a whose nature changes as a varies from
subinterval to subinterval.

The values of |S,N[u, v]|, and therefore P (D,<a), for the first two
subintervals and for the last subinterval (n even or odd) assume par-
ticularly simple forms. In fact, if 0<a<1/2n then u,>v; (i=1,-.-, n),
so that [u, v] is empty and

(6) P(D,<a)=0 (0<a=<1/2n).

For 1/2n=<a=1/n, the rectangle [u, v] is a subset of S, with equal sides
v, —u;=2a—1/n, so that

1SN [u, vl|=|[u, v]|=(2a—1/n)"
and
(7) P(D,2a)=n!2a—1/ny* (1/2n=a=1/n).
For 1—-1/n<a<1, the decomposition
A,+B,+C,=S,

holds, where

A={(Uw,++) Uw): 0SUGSUSS -+ - SUp<1—a},

B,=S8,.N[u, v],

Co={(Uw, ") Uw): A<UGSUHS ++ SUHS1]) .
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Hence, since the closure of A, is similar to S, with the ratio of lengths
of corresponding edges 1—a while C, is congruent to A,, the decompo-
sition gives

(1—-a)'+P(B)+(1—ay=1 (1-1/n=ae=l),
i.e.
(8) P(D,<a)=1-21—a) (1-1/n=ae=l).

The polynomials P (D,<a) for the remaining 3(n—2)/2 subintervals (n
even) or (3n—»5)/2 subintervals (n odd) are evaluated in the next sec-
tion by a non-geometrical method.

We remark that, in addition to the discussion by Steck [9], various
methods for obtaining P (D,=<a) have been considered by Kemperman
[4], Epanechnikov [3], who obtained the values of the polynomials
P (D,<a) for n=2, 3, 4, Durbin [1], and Noé [5]. Kemperman’s results
were generalized by Durbin [1], [2] who treated the empirical distribu-
tion function F, from a parent uniform distribution as a Poisson process
and expressed the probability that F, lies between two straight lines
as an element of a transition matrix raised to a power. The reader is
referred to the monograph by Durbin [2] for an informative survey of
these and many other related results involving the empirical distribu-
tion function, as well as for further references.

It should perhaps be pointed out that the results referred to in
the previous paragraph do not readily lend themselves to calculation
of P(D,<a) as a polynomial in @ (that is, when a is not some specific
number). In the case of Steck’s method, for example, one would have
to expand the determinant in (4) as a polynomial in a and collect to-
gether the terms corresponding to the same power of a.

2. Determination of the exact distribution of D,

Based on Steck’s result (4), Ruben [7] has shown that, for arbitrary
u;, v; as in (4),

n L — . kg
(9) PusSuw=v, ) SUpSv)=nl > T[ﬁ‘u—k‘“‘ih—
Gy keKy =t Colleyy e« <y Ky)
where the 2*! n-tuples (k,---, k,) in K, and the corresponding coef-
ficients cu(ky,- - -, k,) are generated recursively by means of the binary

trees



170 HAROLD RUBEN AND JACK GAMBINO

(kls"'9k») C.(kl,"', kn)

(1, k1,5 ka) (k1H1,0, k2, oy ko) €alkises ky) = (k1F1) ek, oy ka)
with (k)=(@), c(k)=1. Formally,

Kl:{(l)}; Kn+1= U {(1’ kv, k,,), (kl_l']-’ 0, kzy - -+, kn)} ’
(kppeen k) e K,

cl(kl)zl H cn+l(1’ klv tee !kn)=cn(kl’ ) kn) ’
C,,+1(k1+ 1: 07 kz: %y kn)’: —'(’C1+1)C,,(k1, ] kn)

for n=1 (each element (k,,---, k,) in K, generates two elements in K, ,,).
This algorithm thus gives P (D,<a) as an nth degree polynomial in a
on replacing u;, v, in (9) by the special values as given in (3), after
suitable collection of terms.

We have used computer programs employing the algorithm to ob-
tain the coefficients in the polynomials P (D,<a) for n=3,4,---, 10¥
over the range [1/n,1—1/n]. These are given in Table 1. (The com-
puter output consisted in fact of the coefficients of n"P (D,<a) for =
=3,4,---,12 in order to deal with integers and to avoid numerical
errors due to fractions.) Equations (6), (7) and (8) give P (D,<a) for
0<a=1/n and for 1—1/n<a=<1. Thus Table 1 in conjunction with
Equations (6), (7) and (8) give the values of the polynomials for all a
in [0, 1] and for n=2, 3,---,10. (Note from (6), (7) and (8) that P (D,
<a) is 0, 2(2a—1/2)} or 1—2(1—a)’ according as 0=a=x1/4, l/4A<a=
1/2, or 1/2<a<1.) It should be stressed that the coefficients in Table
1 are exact. By way of illustrative examples,

54640 _ 120240 . + 36240 . + 45040 ,

7 i T 78

- 15?250 a'— 35740 a@+2120a°— 1680

P (D<a)=

(2/1=a=5/14),

P (D, <a)=0.01016064—1.2628224a + - - - —58060800a"
' (1/10=a=3/20),

* The coefficients in the polynomials n” P (Ds<a) for n=11, 12 can be obtained from
the authors.
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Table 1. Coefficients of P (Ds<a) for a in the various subintervals of
[1/n,1—1/n], n=3(1)10
n=3 [1/3,1/2] [1/2,2/3]
0 -1
—8/3 10/3
14 2
—-12 —4
n=4 [1/4,3/8] [3/8,1/2] [1/2,3/4]
3/8 3/8 —11
—9/2 —63/8 37/8 |a
21/2 75/2 3/2 |a?
24 —48 —10 |ad
—48 16 6 |at
n=5  [1/5,3/10]  [3/10,2/5] [2/5,1/2] [1/2,3/5] [3/5,4/5]
—96/625 336/625 0 -1 —-11]1
672/125 —168/25 —728/125 522/125 738/125 |a
—1464/25 12 224/5 24/5 12/25 |a?
240 424/5 —456/5 —56/5 —92/5 |a3
—288 —240 74 —6 22 |\a*
0 160 —20 12 —8 |a’
n=>6 [1/6,1/4] [1/4,1/3]  [1/3,5/12]  [5/12,1/2] [1/2,2/3] [2/3, 5/6]
—5/81  —35/1296 5/16 5/16 -1 -1
10/27 145/27 —565/81  —7645/648 3371/648 4651/648
235/9 —785/9 1525/54 775/9 175/36 —8280/7776
—1280/3 4240/9 515/9 —1985/9 —185/9 —265/9
2360 —2600/3 —1115/3 295 0 160/3
—4800 320 560 —240 32 —38
2880 320 —280 104 —20 10
n=7 [1/7,3/14] [3/14,2/7] [2/7,5/14] [5/14,3/7]
8640/7¢ —31860/7¢ 54540/7¢ 54540/7¢
—8640/7¢ 140400/75 —120240/75 —157740/75
20880/78 —176760/7+ 36240/74 73740/7¢
—128160/78 15600/78 45040/78 60040/78
—2880/7 99840/49 —15950/49 —51950/49
92160/7 —57600/7 —3540/7 15660/7
—43200 11200 2120 —2296
40320 —4480 —1680 1008
[3/7,1/2) [1/2,4/7] [4/7,5/7] [5/7,6/7]
0 -1 -1 —-11
—153852/75 81446/75 104486/75 141986/7° |a
31512/78 2700/73 11220/74 —7530/7* |a?
—103000/7 —6960/7° —11120/78 —14870/7% |a?
3770/7 —150/7 710/49 5210/49 |a*
—4380/7 324/7 41417 —786/7 |as
468 20 —80 58 |a®
—168 —40 30 —12 a7
n==8 [1/8, 3/16] [3/16,1/4] [1/4,5/16] [5/16, 3/8]
—1260/131072 —176860/87 —12460/87 1168790/87
6615/8¢ —77490/85 25795/8¢  —2286620/88
—277830/8¢ 3677940/85 —559265/84 434630/8°
80325/64 —804930/8? 523005/8? 951790/8¢
—737100/64 *600390/64 —211190/64 —302820/8°
49140 —22785 6020 —11802/8
—55440 10360 —9485 7931
—161280 35840 14560 —12096
322560 —35840 —11200 6720

171



172

[3/8,7/16]

140/85
—2480534/86
1720964/8
409108/8+4
—79590/64
240940/64
—46900/8
4928

—1792

n=10

[7/16,1/2]

140/85
—4127620/8°
626892/8
—2414468/8¢
11060/8
—143220/64
18956/8
—1344

256

n=9

[5/18,1/3]

3267040/9°
3360000/9°

—92895040/9°

88599840/9°

—37843540/94

9812712/9°

—2242912/81

56000
—76608
45696

[1/2,5/9]

-1
25924114/97
654640/95
—1820000/95
—34720/98
79408/9°
840/9
—1760/9
—70

140

[1/10, 3/20]

.01016064
—1.2628224
59.185728
—1349.9136
14595.0336
—25256.448

—1075576.32

11496038.4
—49351680

92897280
— 58060800

[1/2,5/8]

-1
150028486
33740/84
—131460/8¢
—140/8
6188/64
—140/8
—110

70

[1/9,1/6]

—89600/97
555520/9°
—703360/95
—2535680/9+
9623040/9°
—13332480/81
9067520/9

— 2938880
3225608

[1/3,7/18]

17812480/9°
—4929792/9°
16411472/9°
13801760/9°
—7209524/9*
—174776/9°
849296/81
—244384/9
30464
—13440

[5/9,2/3]

-1
31524114/97
4491760/9°
—2730000/9
—42080/9+¢
13412/81
—9632/81
—1704/9

294

—112

[3/20,1/5]

.04281984
—.421848
—69.709248
2361.38112
—31227.6384
190366.848
—406990.08
—896716.8
6096384
—10752000
6451200
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[5/8,3/4]

-1
1894034/8¢
138670/85
—192710/8+
20790/8°
5838/64
—1666/8
156

—42

[1/6,2/9]

500080/97
—3365600/9°
7269920/95
—4827200/9¢
—29097600/9¢
56743680/9°
—30365440/81
806400

— 752640
215040

[7/18,4/9]

17812480/98
—57544816/97
29588160/9°
17566528/9°
—19041652/9*
7508424/9°
—1697136/81
232288/9
—17664

4992

[2/3,7/9]

-1
39362322/97
1879024/9¢
—3818640/95
537628/9¢
90468/9°
—35840/81
4512/9
—226

56

[1/5,1/4]
~.11313792
1.3578768
82.82232
—2113.96752
19086.8076
—78189.552
136876.32
35481.6
—594720
1102080

— 806400

[3/4,7/8]

-1
254721888
—187922/8°
—247142/8¢
96390/8°
—16842/64
1610/8

—82

14

[2/9,5/18]

—9682060/9°
46340000/97
—62515040/9¢
14007840/9%
27233360/9+
—21514080/9°
804160/9
—1420160/9
179200
—107520

[4/9,1/2]

0
—60169328/97
9157696/9°
—41500928/9
1434944/9%
—2859920/9°
49224/9
—43232/9
2234

—372

[7/9,8/9]

-1
52539010/9"
—4709320/9¢
— 4759832/9
2016644/9¢
—389732/9°
43736/81
—2936/9

110

~16

[1/4,3/10]

—.15369417
10.0991268
—150.30918
425.05848
5766.4656
—51541.8624
198156.672
—467389.44
754387.2
—801024
419328
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[3/10, 7/20] [7/20, 2/5] [2/5,9/20] [9/20,1/2] [1/2, 3/5]
.504851382 504851382 .24609375 .24609375 -1
—9.13959144 —10.91844432 —11.95911504 —19.70752482  6.19872518 |a
16.767576  28.6265952  82.9458144 237.91401 11.648385 |a®
298.303992  388.658424  152.373432 —1225.12164  —44.62164 |a®
—715.81608 —1748.43816 —3033.98844 4108.5786 —46.7964 |a*
—3310.9272  —1651.356  13862.5956  —9945.9612 197.0388 |a’
13338.192 29670.48  —35923.104 16984.8 48.3 |a®
1061.76  —95276.16 59053.68 —19328.4 —440.4 |a7
—74592 153964.8 —60672.6 13977 126 |a®
134400 —129792 35232 —6240 392 |a°
—77952 44928 —8712 1528 —252 |g10
[3/5,7/10] [7/10,4/5] [4/5,9/10]
—1 —1 —17
7.45283846  9.23169134  12.25159022 |a
8.5131018 2.5835922 —12.5159022 |a®
—62.910792 —85.4094 —104.373768 |a®
13.44168 142.51944 472.82088 |a*
255.0996 151.3764  —984.0348 |as
—320.628 —831.012 1233.372 |a®
—232.08 1273.2 —984.72 |a
781.2 —1004.4 493.2 |a®
—616 416 —142 |a®
168 —72 18 |at0
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