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Summary

In this paper we extend Ruben’s [4] result for quadratic forms
in normal variables. He represented the distribution function of the
quadratic form in normal variables as an infinite mixture of chi-square
distribution functions. In the central case, we show that the distribu-
tion function of a quadratic form in ¢-variables can be represented as
a mixture of beta distribution functions. In the noncentral case, the
distribution function presented is an infinite series in beta distribution
functions. An application to quadratic discrimination is given.

1. Introduction

Let y denote a k-dimensional vector which has a k-variate t-distri-
bution with » degrees of freedom, k-dimensional mean vector g and
(kx k) matrix parameter V, i.e., the density of y is

v+k)[2]| V| - _ _
1.1)  f(yly, g, V)= F[(P?;/z))/(}l;;z | [4u (g — ) Vi (y— )]0 .
We shall consider the distribution of the quadratic form (y—a)'C(y—a),
where a is a k-dimensional vector and C is a (kXxk) positive definite
symmetric matrix. We first make the linear transformation y=LKx
and g—a=LKb, where x and b are k-dimensional vectors, L is a (kX k)
lower triangular matrix defined by V=LL!, and K is the (kxk) or-
thogonal matrix of the eigenvectors of L‘CL. Denoting the vector of
eigenvalues of L‘CL by a'=(a,, --+, a,), the desired probability

(12 Pr {(y—a)fC(y—a)<t) =Pr {3 aw+b)'<t]
i=1
where x‘=(x,, - -+, ;) has a k-variate t-distribution with » degrees of
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freedom, mean vector 0, and matrix parameter I. @, b(x):ﬁ] ax;+b,)’
i=1

is a noncentral quadratic form in uncorrelated, but dependent t-vari-
ables whose distribution function will be expressed, using a result due
to Ruben [4], as an infinite series of beta distribution functions. When
pg=a in (1.1), b=0 and the distribution function of Qg 0(x) reduces to
a mixture of beta distributions. The noncentral case will be studied
in Section 2, and the central case in Section 3. In Section 4, we ap-
ply the result for the central case to the derivation of predictive prob-
abilities of misclassification in the case of Bayesian quadratic discrimi-
nation when the common means are known.

2. Distribution function for the noncentral case

Letting R,= {x

Qa,b(x)= ﬁ a(x;+b)'= t} , we need
i=1

_ I'l(»+k)/2] Vet x) oo
2.1) Pr {Qa,b(x)ét}—WSRI (v ixtx) o .
Since F[(u+k)/2](1+v“x‘x)““+"’/2=S: 200~ oxp [—(14v7ixtx)2]d2, (2.1)

can be rewritten as
(2.2) Pr {Qa,5(x) <t}
:r_l(”lz)(”ﬂ-')—k/zs S: z(v+k)/2—l exp [—(1+»“x‘x)z]dz dx .
R

1
Changing the order of integration, making the transformation w=
(2z/v)"*x, and collecting terms, we get

(2.3) Pr {Qq,p(x) =t}
—I(v/2) S” (2 {(270-”2 S exp (—w‘w/2)dw} dz,
0 Ry

where R,={w|X] a,[w;+(22/v)*h,'<(22/v)t}. The expression in braces
on the right-hand side of (2.3) describes the distribution function
Pr {3 a,Jw;+(22/v)/,}*<(22/v)t}, where the w,’s are uncorrelated and
have standard normal densities. This distribution function was ex-
pressed by Ruben [4] as a series of chi-square distribution functions,

22¢/(vB) vk/2+j—le—v/2

o PEIT21g)

@4  Pr{Safw+@) bI<(2p)) =5 e,

’

where

¢,=11 (Bfa) exp [ () S H1H' 3} (24»)"’%2)‘(;;—2! :
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G=3 (b/ai*)x;, D=3 (B'—a;")x}, B<mina, is an arbitrary positive con-

stant, and the expectation is taken over the independent standard
normal variables z;, ---,z,. E(D'G*"") can be obtained from the
cumulants «,, of D and G* which are given in Box and Tiao ([1], p. 516),

=2 g (Gt () e,

The relationship between bivariate cumulants and bivariate moments is
given, e.g., by Kendall and Stuart ([3], § 3.28).

Using (2.4) in (2.8), first making the transformation u=wvv/(22), and
then writing v for u, and rearranging terms, we get

(25)  PriQue®)sth=I"0/2)| [T (3fa)™] 2 B2y T k/2+d)

22(j—7‘)E(DrG2(j—r)) t/B e/2ri—1
(2] —2r) 71yt So v

;
X2
r=0
x {S” 2=t ey [ oy 31 bi4-v)u]de] do.
0
The expression in braces on the right-hand side of (2.5) equals I'[(k+v)/2
+25—r][(v+> bi+v)p] k¥ Using this, making the transforma-
tion u=v/[v+(+3>] b?)] so that u € (0, 1), and then writing v for u, the
right-hand side of (2.5) equals
oo i k
@6) 33 Ie/2)| 1T Bla)” |1+ bip)

E (D'G* =T (k[24 7 —7) . a
X Gi—an e e+ s by LRt vf2 i),

where d=t/[t+A(»+>) b})] and I(d|e, 7) is the beta distribution function
with @ and y degrees of freedom,

d
0

2.7) I(d|e, 7)=B\(a, T)S w1l —uy-'du .
Now using the fact that

o Blati ) -
. ’ - = _1 i’ ——_.—____-——Id ’ ’
2.8) Id|e, 7+35—1) t}f‘_,=0( )'C, Bla, 75 7—7) d|a+1, 1)

we can rewrite (2.6) and get
w [(j/2) =3 .
@9  PriQusst=3| 3 5 o0 Hdlk/245,2),

where
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ey-sna= [T @le0"] 1+ b -p 1 B EED
y-ir L E2+5)  TTlet)/2+2j—2i—r]
T(kf2+5—1) [(+3b)/2) " T(k+v)/2+7] '
and {a) is the integer part of .

Thus the desired distribution function for a noncentral quadratic
form in t-variables is an infinite series in beta distribution functions.

3. Distribution function for the central case

In the central case a=g and thus =0 in (2.1). This leads to
a considerable simplification of (2.9). When b=0, R, in (2.3) reduces
to Ry={w|>) a;w?<(22/v)t}. The same simplification is obtained in (2.4),
in particular, the c¢,’s are not functions of z. Ruben [4] derived con-
venient recursion formulae for the ¢,’s.

=1 (Bla)™,

=@ Sg 0, (G2
3.1) o=
gr:l.Z=1 (1'—,8/0/1)7 ’ and

B<mina, .

Using (3.1) in (2.4), making the transformation w=wy/(2z), but
writing v for u, (2.8) reduces to
/8 PRI
v VT (k[2+4 )

X {Sm e—z(v+'v)/vz(v+k)/2+j—ldz} d,v .
0

(3.2)  Pr{Qeox)st)=T "(”/2>§“f3

Now the expression in braces on the right-hand side of (3.2) equals
I'[+k)/2+ 71 [(v+v)/p]"¢*t®2+i Using this and making the transforma-
tion w=wv/(v+v) so that u€(0,1), we get

(3.3) Pr {Qa,o(x) <t} = io cj1<rt‘9” \k/2+ i, p/2> ,

where I(d|a, y) is given in (2.7). Thus the desired distribution func-
tion for a central quadratic form can be expressed as a mixture of
beta distributions.

If the series in (3.3) is truncated after » terms, the accuracy of

this approximation can be assessed by noting that i‘, e I(t(t+pv) "' k/2
j=n+1
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+5,5/2)S (1= 5 ¢, I+ kj24n, vf2), since I@la, 1)2I@la+1, 7)

and i‘, ¢;=1.
i=0

4. An application

Desu and Geisser [2] examine a discrimination problem with two
populations where the units in each population come from k-variate
normal distributions with known common mean vector, taken to be 0,
and unknown different covariance matrices. They give a Bayesian
treatment of the problem which involves predictive distributions as
a basis for diserimination. In one case examined, the two predictive
distributions are k-variate t-distributions, denoted by f(y|v,0,V,), r=
1,2, with f(y|-, -, -) as in (1.1). The discrimination rule is then to
assign a unit y of unknown origin to population 1 if

(4.1) D(y)=y'Cy>t,

where C=V;'—wV;"!, and w and ¢t are constants depending on the
costs of misclassification, prior probabilities for the two populations,
[Vil, Vi, v and k. Predictive probabilities of misclassification can now
be found. For example, the predictive probability of misclassifying
an observation from population 1 into population 2 is Pr {D(y)<t},
where y has density f(y|v, 0, V)). Note that C in (4.1) is not necessa-
rily positive definite (or negative definite in which case it can be made
positive definite by interchanging the labels of the two populations),
but in many cases it will be so. If C is positive definite, Pr {D(y)<t}
is just the probability in (1.2) with g=a&=0, and V=1V, i.e., a prob-
ability for a central quadratic form. The other probability of mis-
classification can be found in a similar way.

In the more usual discrimination problem when the means of the
two populations are unknown and not equal, predictive probabilities of
misclassification involve noncentral quadratic forms in ¢ variables.

5. Remarks

The distribution function for the central case can be evaluated
conveniently using a modification of the algorithm described by Sheil
and O’Muircheartaigh [56]. Some numerical work carried out suggests
that if 8¢ [(.90) min a;, (.96) min a;] then the number of terms needed
in (3.83) to achieve a required level of accuracy will be smaller than
for other values of 3.

The series representation presented for the noncentral case, how-
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ever, requires a heavier computational effort.
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