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Summary

It is shown that if the distribution of min {X/a,, X;/a,,- - -, Xy/ay}
is close to that of X, then the distribution is close to the exponential
distribution.

1. Introduction

In a previous paper Shimizu [2] proved that the minimum, Z, of
the independent variables X /a,, X,/a,,---, Xy/ay, where the X’s are
identically distributed positive random variables and the a’s are posi-
tive constants such that a,+a,;+---+ay=1 and such that log a,/log a,
is an irrational number for some j and %k, has the same distribution
as X, if and only if the distribution is exponential. In fact the theo-
rem was stated in a more general form and the result was substantially
extended by Shimizu-Davies [4] in which it was proved, in particular,
that the above mentioned characterization theorem holds true if the
a’s are random variables independent of the X’s.

The purpose of the present article is to prove a stability theorem
for these characterizations of the exponential distribution. In the next
section we shall show that if the ratio of Pr{Z>=x} to Pr{X,>=x} is
close to 1 then Pr {X,>x} is close to ¢™**. An extension of this is given
in Section 3.

2. A stability theorem

Let m, ms,- -+, my (N=2) be positive integers and let X,,, j=1,
2,-00,my; k=1,2,--+, N be i.i.d. positive random variables with com-
mon distribution F. Let a,, as,---, ay be positive random variables in-

* The paper was presented at the Conference on Mathematical Statistics and Prob-
ability Theory held at the New Delhi Centre of the Indian Statistical Institute, December,
1980.
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dependent of the X’s and let (@, 1, P) be the probability space on
which the a’s are defined. Thus, a, is an _{-measurable real function
on 6: a,=ayf), k=1,2,---, N. We assume that the following condi-
tions are satisfied.

(1) Ia,Em’?,X ess.osup a(0)<1
(2) Pr{a(0)+ay(0)+ - +ay(@)=1}=1 and
(3) Pr {A;(6)/A«(0) is irrational for some 7 and %k} >0

where A,(0)=—log a,(6)/m,, k=1,2,---, N. For k=1,2,.---, N, put Z,

Eél‘}il’l {X;x}. We compare the distribution of the random variable
Jamy

Z=min {m,Z,/a,(0)}
1SksSN

with the underlying distribution F. For 2°>0, let R(x) be the real
function defined by

(4) Pr{Z>x}=(1—R(x)) Pr {X;,>x}, 0<zr<a.

If 2°=0c0 and R(x)=0, then the condition (4) means that Z has the
same distribution as X;,, which is possible if and only if F' is exponen-
tial: F(x)=1—e™*, £>0. For the proof of this characterization theo-
rem for the exponential distribution the reader is referred to Shimizu
[2] and Shimizu-Davies [4]. We shall prove the following stability
theorem.

THEOREM 1. Let ¢ and 3 be non-negative numbers less than 1/2 and
let R(x) be such that

eCx?, of x=1
o, of 2>1

where and in what follows { denotes a quantity bounded in absolute value

by 1. If (4) is satisfied for some x>0, then 2=lim F(x)/x exists finitely
x|0

and we have

F(z)=Pr {X,>x}
{ e e lut, if 0<2<Ll,

e+ (e +8)0-x-exp {—(A—(er+d))x} ,  if 1<z<a’,
where e.=2¢(1—a)™! and 3,=28(1—a)™".

R(x)= {

It is easy to see that if X’s are i.i.d. random variables such that
lim Pr {X;<x}/x exists and positive, then the distribution of n- rgién {X,}
xl0 1sjsn
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satisfies the condition of Theorem 1 provided n is sufficiently large.

PROOF. We assume that 2°>1. We can rewrite the condition (4)
in the form

(5)  (—R@F@=| [l Feowm)dPo), 0<s<a.

As 1—R(x) is bounded away from 0, (5) implies that F(x) is positive
for all 0<2<2’, and the function

9(x)= —(log F(x))/x

is defined for 0<x<x'. By Hdlder’s and Jensen’s inequalities we have
for sufficiently small x

R.H.S. of (5)= Se exp {—x é a,,(a)g(a,,(a)x/mk)} dP(9)

= (Se exp {—é‘; ak(ﬂ)g(ax(ﬂ)w/mk)} dP(0)>x
=({, 23 @0 exp (—g(@O)/m)}aP()).
Also we have for sufficiently small 2
L.H.S. of 5)=(1—ex?)e @ =((1—ex)e ') .

It follows that
(6) (- x| 31 a0) exp (—g(@(0)a/m))dP(O)
which holds for sufficiently small £>0. For x>x,=—log z°, put

H(z)=g(e™®) and Hy(x)=e¢¥®(1—e(l—a)'e™®),

and let G(x) be the distribution function on the half interval [0, o)
defined by

G@)=|, 3 a)e@—A0)dP0) ,

where &(x) denotes the distribution function degenerate at x=0. The
inequality (6) implies

(1) Ho(x)ggj Hiz+y)dG(y), for sufficiently large .

By Lemma 2 of Shimizu-Davies [5] we can find a sequence {x,}3, of
positive numbers and positive constants K, K;, and K, such that

(8) K=x,—2,.,=K,
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and

(9) Hyz,)=K, .

Note that this is a simple consequence of (7) when ess. inf a,(8) is posi-
[}

tive for all k. In fact in this case the distribution G is concentrated
on the finite interval [A, B], where 0<A=—log agm’icn ess. inf A,(6)<
[

max ess. sup 4,(0)=B< o, and the inequality (7) implies that for any
k ]

x there exists an &’ such that A<2’<B and Hy(z)< H(z+z').

The inequality (9) is tantamount to saying that H(x,), n=1,2,---,
are bounded from above by a constant C, say. Let x be any real num-
ber between z, and «,,.;. Then,

H(z)= —¢ log F(e )< e*"(—e*n log F(e™*n))<eX:H(x,) < Ce¥: .

As H(x) is bounded in any finite interval we conclude that it is bounded
for all x=0. Now, we can rewrite the equation (5) to obtain

10) (1—R(e))e— 5= Se exp {—e-w kyi} a,,(ﬂ)H(x-i—Ak(O))} dP(),
or
(1) H(@)=—elog Sa exp {—e“ kﬁ; a,,(e)H(x+Ak(a))} dP(0)+S@) ,

whieh hold for all 2>, and where
2ele”, if =0,
(12) S(z)=e®log 1—R(e )=
28Ce” , if z,<x<0.

For =0 we have, as H is bounded,
RIS of (10)=| (1-¢™* 3 a,H(s+A)+Be™)dP
k=1
=1-¢= " H@+y)d6@w)+Be™,  and

L.H.S. of (10)=(1—Be *)(1—e *H(x)+ Be %)
=1—e*H(x)+Be™,
where and in what follows in this and in the next section the symbol
B denotes a quantity which is bounded by a constant independent of

2 and 4. It follows that H satisfies the functional equation with an
error term

(13) H@)={ Ha+9d6@)+Si@e~, 220,
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where Sy(z) is a bounded function. By Theorem 3 of Shimizu [3], there
exist positive constants 2 and y such that

14) H(x)=2A-+7yCe™*, x=0.
In particular we have

A=lim H(x)= —lim e* log F(e™*)= -—liﬁl z~'log F’(x)=ligl F(x)/ .

ZT—o0 &

We can take y=¢(=2¢(1—a)™) or

(15) H(x)=21+¢e™", x=0.
In fact we can prove, by mathematical induction, that
(16) H(x)=247,e™", j=0,1,.--, and =0,
where
(¢, if 7=0,
={ ra’{+2¢(14+a+---+a’ )¢, if j=1.

The equality (16) reduces to (14) if j=0. Therefore assume that (16)
is true for some j. If =0, then x+A4,(60)=0 for a.e. § and k=1, 2,
..+, N, and

H(x+A)=2+7Le "4 =2+r,0le™", k=1,2,--.
Substituting these in (11) we obtain

H(x)= —e¢"log Se exp {—e™(A+7,ale ")} dP+2ele™
=i+ rjaCe”+ 2eCe™"=2A47;..0e”"

as was to be proved. As j is arbitrary (15) follows from (16).
Now, let us derive a similar expression for negative . We shall
prove, by mathematical induction, that

(17) H(x)—_—/H'ElC'I'le ’ if T= —jA’ j=0y 1,2,..-,
where A= —loga<A,(8), and
0, if 7=0,
Zj_—'

26(1+a+---+a’h), if j=1.

The assertion is clear when j=0. Suppose (17) is true for some j.
Then 2= —jA implies H(x)=2+el+2;,{=2+¢&(+2,,,{. We assume there-
fore —jAzx=—(j+1)A. Then we have x+ A (6)=—JjA for a.e. § and
k=1,2,-.., N, and the induction hypothesis yields
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Hx+A)=i+el+2,L, ae. 6and k=1,2,---, N.
Substituting these in (11) we obtain

H(x)= —elog Se exp {—e (A +el+1,0)} d P+ 28Ce"
=2+el+2,{+200 =2+l + 218,
as was to be proved. As j is arbitrary we obtain from (17)
(18) H(x)=24(e1+81)C if x,<2=0.
The desired result follows from (15) and (18). q.e.d.

3. Generalization

The result of the preceding section can be further generalized.
We can prove the stability of the general characterization theorem of
the exponential distribution as given by Shimizu-Davies [4], of which
Theorem 1 is a special case.

Let (@, A, P) be a probability space and let {V(-;0)[0 €6} be a
family of distribution functions on the open interval (0, a), where 0<
a<1l, with 0@ as its parameter space. A family of distributions on the
half interval [—log a, oo) is defined by

U; 0)=1—-V(e=";0), feb.
Let G be the mixture of the U’s with respect to P:

G(z)= Se Ue; 0)dP() .

THEOREM 2. Suppose the distribution G has a finite mean and 1is
not concentrated on a lattice p, 2p,--+ for any p>0. Then the conclu-
ston of Theorem 1 is valid if F' satisfies the functional equation
19)  (1—R(@)F(@)= Se exp {So ut log F(ux) V(du; 0)}dP(a) ,

0sx<a.

PrROOF. Theorem 2 can be proved as in Theorem 1 without any
essential change. In fact if we define the functions g, H,, and H as
in the proof of Theorem 1, then we have the following inequality, in-
stead of (6):

(1—ex)e 7@ < Se dP(6) S 90 V(dy; 0)= S:’ eI G(y) -

The boundedness of H follows from this. Corresponding to the equal-
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ities (10) and (11) we have

@) (A—Re e 0={ exp (- | H@+yUEy; 0ldP©),
and

@)  H@=—elog| exp |- " Ha+y)Udy; O}PO+S@) ,

respectively. The equation (20) yields (18), which in turn implies (14).
On substituting (14) in the left-hand side of (21) and remembering the
fact that the U’s are concentrated on the interval [—log a, o), we ob-
tain the desired result. q.e.d.

Note that the equality (19) reduces to (11) if we take
N
Viz; 0)=;2=1 a(0)E(x—a(0)/m,) .

Another specialization of Theorem 2 gives the stability of the char-
acterization theorem established by Davies [1].

COROLLARY. Let X, X;,--- be a sequence of t.i.d. positive random
variables with common distribution F, and let N be an integer valued
random variable independent of the X’s. We assume that N=2 with
probability one and that the distribution of log N has a finite mean and

is mon-lattice. Then the conclusion of Theorem 1 with a=1/2 and F(x)
=Pr {X,>x} follows from the condition

(1—R(z)) Pr{X,>«}=Pr {N-min {X}, X;,---, Xy} >x},
o<z<al.

PrOOF. The condition can be written as
(1—R(@))F(x)= k}"j Pr{N=n}F"(z/n) .

This is a special case of (19) in which #={2, 3,---}, P is the probability
measure corresponding to the random variable N and V(x;n) is the
probability measure degenerate at x=1/n. q.e.d.
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