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Abstract

This paper deals with the problem of predicting the sth record value
based on the first m record values (s>m) when the observations are
from the exponential distribution. Various estimates for the sth record
value are obtained and their mean square errors are compared.

1. Introduction

Let X,, X;,--+ be a sequence of independent and identically distri-
buted random variables (rv) with cumulative distribution function (CDF)
F(z) and the corresponding probability density function (pdf) f(x). Let
Y,=max (X,,--+, X,) for n=1. We say X, is a record value of {X,} if
Y,>Y,;. ;. Define L(0)=1, L(n)=min {j|j>L(n—1), X;,>X,;u_1}. Then
Xia, =0 is the sequence of record values. We will denote X ¢ E (x,
#, 0), if the pdf f(x) of X is of the form

o7'exp(—o W (x—p), for x>p, ¢>0,
(1.1) f(w)={

0, otherwise ;

and X € G,(x, #, o), if the pdf f(x) of X is of the type
() o ™(x—p)texp(—a (x—p)) , for x>p, 6>0,
(1.2) f(x)={

) otherwise .

In this paper we will consider various linear estimates of the sth record
value based on the first m record values (s>m) when X € E (w, g, o).

2. Preliminaries

LEMMA 1. If X, € E(x, g, 0), k=1, then
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( i ) XL(m) € Gm+l(xr U 0') and
(ii) Zn,leL(m)zu E Gn-m(m, 0’ 0')
Where Zn,m=XL(n)_XL(m)°

PrOOF. For (i) see Ahsanullah [1]. The joint pdf f, of X.w,
Xiw, s Xy 18 known, Resnick [5] p. 69, as

()7 (@) + - 1(Xns) f ()
(2.1) Ji(®@y, @4y 00, x,)= for Py <<+ <81 <X, < 00,
0, otherwise,

where r(x)=f(x)/((1—F(x)), F(x)<1. Integrating out =z, 2., -+, Zpn_1,
Tmi1ye "y Ta_y, We get the pdf f; of X,y and X, as

(I'(n—m)I(m+1))" R™(%,)7 (%) (R(2,) — R(w,))" ™
(2.2)  ful@,, )= ACAR for p<@,<w,<oo,

0, otherwise ,

where R(z)=—log, F(x), for F(x)>0, F(r)=1—F(x) and r(z)=d/dz-
R(x). Similarly it can be shown that the pdf of X, ,, can be written as

(I'(m~+1))"'R™(x,) f (%) ,  for p<a,<co,
(2'3) fXL(m)(xm): .
, otherwise .

Hence the pdf f; of X,y | Xiom=2, is
(I'(n—m)) (R(x,)— R(®@n))" ™ f (@) (F (@)™,
f3(xn|XL(m)=xm)= fOI‘ #<xm<xn<°° ’

0, otherwise .

Substituting R(x)=0¢"'(x—p), for x>p, f(x)=0'exp(—o'(x—p)) and
Znn=Xrw—Xim, We get the pdf f, of Z, .| X,m=2, as

(I'(n—m))~tgm"zg"~m~1 exp (—o~'2)
(2.4) FiZ| X oo =2%n)= for 0<2z< o0,

0, otherwise .

LEMMA 2. Let g and o be the mimimum variance unbiased esti-
mates of p and o respectively based on the observed values %y, iy,
Lrm-p, then

p=(MT Ly~ rim-p)/(M—1)

0= rim-n—Tr@)/(Mm—1)
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and
Var () =ma*/(m—1)
Var (¢)=d*/(m—1)
Cov (g, 0)=—¢*/(m—1) .

Proor. Let Y;=0"'(X.un—p), then by Lemma 1, it follows that
E(Y)=4, Var(Y;))=4, i=1,2,---, m—1. From (2.4) it follows that for
i>7

1—J3=Cov (Y,—Y,)=Var (Y,)+Var (¥,)—2 Cov (Y,Y,) .
Hence

Cov(Y,—Y)=7, for i>7.

Let Y be the mx1 vector corresponding to the observed values of

Xia-p, t=1,--+-, m. Then we can write

(2.5) E(Y)=a, Var(Y)=V,

where a'=(1,2,---,m), and V=(v,), v,=min(,j), i,5=1,2,---, m.
Now it can easily be shown that

(2.6) EX)=pl+oa, Var (X)=dV,

where X'=(%.q), Zrrs***» Trm-1), the vector of observed values and 1

is a m X1 vector of units. Let 2=V"'=(v%), then
2, if i=5=1,2,---,m—1,
1, if i=5=m,
(2.7 Y=
-1, if |i—7|=1, 1, 5=1,2,--+, m,
0, otherwise .

The minimum variance linear unbiased estimates of # and & of x and
o respectively (David [2]) is

p=a'V'(la'—al)V-'X/4 , 6=1V"'(1la’'—al’)V'X/4,
where
A=AV 1) (@'V'a)—1'V 'a)?,
and
Var (g)=d'a'V'al4d ,
Var (6)=01'V'1/4 ,
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Cov (g, )= —d'1'V'a/d .
It can be shown that
1'v—'=@1,0,0,---,0)
a'V-1=(0,0,0,---,1),
aVia=m, and d=m-—1.
On simplification we get
p=@Erm-p—MmEL0)/(M—1),  I=(Trn-v—Tr0)/(m—1),
and
Var ()=md*(m—1) ,
Var (¢)=d*/(m—1) ,
Cov (g, )= —d*/(m—1) .

3. Prediction of X,_,

We shall assume s>m. Let W'=W,, W,,---, W,), where W,=
Cov (Xripr XiG-v)y 1=1,2,----,m and a*=0¢"'E (X.,.p—py). It fol-
lows from the results of Goldberger [3] that the best linear unbiased

(BLU) predictor of X, is X1, Where
(3.1) Xoo=E Xrao)+ WV X—fl—ia) ,
with

B (Xpq-n)=ft+ba*,

and g and ¢ are as given in Lemma 2. But o¢*=s, W'=a'. It can
easily be shown that WV (X—pl—¢a)=0. Hence '

(3-2) XL(:—I)___E (Xu:-n):ﬁ'{'&a* .

Substituting the values of g, ¢ and a* in (3.2), we get in terms of ob-
served values

(3.3) XL(:—!)Z((S—I)xL(m—I)—(s—m)wL(O))/(m_l) .
It can be shown that

E (XL(s—l))zE (Xio-p)=p+s0,
(3.4) R
Var (XL(,_U)=02(m+82—2s)/(m—-1) N

and



LINEAR PREDICTION OF RECORD VALUES 367
MSE (XL(s—n) =E (XL(s—l) _XL(x—I))Z
=d(m+st—ms—s)/(m—1) .

Let X;._,, be the best linear invariant predictor of X,_,. From the
results of Mann [4] it follows that

(3.5) X=Xz p—(Cul+Cx) )5,
where
Cyo*=Cov (6, A—W'V 1)+ (a*— W'V 'a)s)
Cyuo*=Var (g) .
It can be shown that
Cp=(—m)/(m—1), and Cp=1/(m—1) .

On simplification we get

v > S—M « m—s S
(3.6) Xis-v=Xr6-n— c= Zro+—Xrom-v
m m m

E (XL(:—I)):E (X’L(S_D)—- s—m &=#+(8+ m—s )0'
m \ m
(3.7 )
Var (X, _p)=d*(m*+ms*—s?) , and

Y _ % 2 __ % (s—m)*
MSE (X.4-1)=E (X1¢-0—X1¢-0)'=MSE (X (_p) ———~0 .
m(m—1)

It is well known that the best (unrestricted) least squares predictor
XL(:—I) of X;_p is

(3‘8) XL(S—[)ZE (XL(s—l)[XL(O)y Xrws oy Xeom-n) -
By using Lemma 1, we see that
(3.9) Xi6p=Zrm-nt(s—m)o .

But )?’L(s_l, depends on the unknown parameter o. If we substitute
the minimum variance unbiased estimate ¢ for ¢ in (8.9), then X,._,, be-
comes equal to Xm_n- Now

E (Xy-p)=p+s0=E (Xa-0) ,
(3.10) Var ()L( L) =ma’, and
MSE (‘XAVL(s—l)):E (XL(g_l)_XL(g_l))zz(S—m)az .

By considering the mean square errors of X;._;, Xre-pn and X, o,
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we see that MSE (X,q_1) <MSE (X1c_1) <MSE (X1e_s) -

Acknowledgement

The author is grateful to the referee for helpful suggestions which

improved the presentation of the manuscript.

UNIVERSITY OF BRASILIA

[1]

[2]
[31]

[4]
[5]

REFERENCES

Ahsanullah, M. (1978). Record values and the exponential distribution, Ann. Inst.
Statist. Math., 30, A, 429-433.

David, H. A. (1970). Order Statistics, John Wiley and Sons Inc., New York.
Goldberger, A. S. (1962). Best linear unbiased prediction in the generalised linear
regression model, J. Amer. Statist. Ass., 57, 369-375.

Mann, N. R. (1969). Optimum estimators for linear functions of location and scale
parameters, Ann. Math. Statist., 40, 2149-2155.

Resnick, S. I. (1973). Limit laws for record values, J. Stochastic Processes and Their
Appl., 1, 67-82.



