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Summary

The distributions of the square of the distance between a random
point and a fixed point on an 7n-dimensional unit sphere when (i) the
two points lie on the surface of whole sphere and (ii) the two points
lie on the surface in the positive quadrant, have been derived and their
moments obtained. Some test statistics are also proposed.

1. Introduction

Let (py, 25+, ) and (¢, 5, ++, q,) be two probability functions,
such that

p, ;=0  for all 4 and iﬁ pi=1_—_ﬁ‘, ¢ .
=1 i=1
Matusita [5] has defined a distance function
n 1/2
Bva v

for measuring the divergence between (py, Dy, -+, P.) and (qi, ¢z, -+ q,)-

The quantities (Vp,,¥2:, -+, ¥p,) and (V¢,,¥¢q, -,V q,) may
be interpreted as two different points on an #n-dimensional sphere of
unit radius in the positive quadrant. With this in mind, we have ob-
tained the distribution of the square of the distance between two points
on the unit sphere in the positive quadrant and have denoted it by M,

in honour of Prof. Kameo Matusita. For application of these distribu-
tions, one may refer to the survey articles of Moran ([6], [7]).

The probability density function (p.d.f.) of X will be denoted by
f(x) in this article.

2. Distribution of the distance function when points are on
n-dimensional sphere of unit radius

We note that the surface area of the unit sphere in n-dimension
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is (Anderson [1], p. 176)

2r™/?

2.1) T

Let (Y;,Y;,---,Y,) be a point on the surface of unit sphere, then
it can be seen that the uniform distribution on the unit sphere with
respect to Y,,Y,,---,Y,_; is given by

I'(n/2)

27/

(2.2) A=yi—- - —yi)2.

A point on the surface of the unit sphere will have polar coordinates

Y, =sin 6,
9Y,=c08 6, sin 6,
(2.3)
Yp1 =008 0; cOS - - -cOS f,_, 8ind,_,

Y, =cosf, cosb,---cosf, ,cosb,_;.
From the definition of the transformation (2.3), we have
24 (QA—-yi—---—yi ) =y;'=(cos b, cos b, --cosf, ,co86, ).

The Jacobian is given by

(2.5) %'—'—'—’%ﬂ%zcos"" 6, cos™ %@, -cos*f,_,cos0,_; .
1%y Upn_t

Thus in view of equations (2.2) to (2.5), we have

I'(n/2)

(2-6) f(an 02; ) 0n—l)= )

cos™ %0, cos” 1@, --cosf,_; .

Result (2.6) could have also been obtained as:

Let X=Col (X;, X;,---, X,) has normal distribution with mean vector
p=col (¢, tt2,+ -+, p,) and covariance matrix %, to be denoted as X~
N(g, 2). Now, if we put =0 and =1 and consider a point on the
n-dimensional sphere of radius », by making a transformation as given
in (2.3), result (2.6) will be obtained. This in turn also implies that
Y=X/S, is uniformly distributed over the unit »-dimensional sphere,
where X~ N(0, I) and S*=||X|*=(X?+---+X?) (Kariya and Eaton [4])
and (Yaqub and Khan [9]).

Now if the coordinates of the other point on this sphere be (1,0,
.-+, 0), then the square of the distance between these two points will be

M*=2[1-sin6,] .

Thus, making the transformation from 6, to M* and integrating (2.6)
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w.r.t. 6;,,6;,---,6,_,, we get

@7 fM)=——L—[ME-MI", 0SMrst.
2B <E’ 2 )

In the case of circle, if we put M*=4V, it reduces to the arcsine den-
sity (Rao [8], p. 165).

An alternative approach

Let the two points on the unit sphere be Y=col(Y;, Y;,---,Y,)
and a=col (ay, @y, -+, a,), where Y=X/S. The square of the distance
between these two points will be

(2.8) M*=21-W), where W=da'X|S.

Kariya and Eaton [4] has shown that if |a]=(al+---+a2)*=1 and X
has N, I), then t=+ n—1 (W/¥Y1—W?) has Students’ ¢ distribution
with (n—1) d.f.

Thus making the transformation

S  2—M¥
(2'9) t=v n—1 [M*(4—-M*)]‘/2

in the p.d.f. of ¢, the result (2.7) is obtained.
It may further be noted that if a=col (1, 0,---, 0), then

where W? has B(1/2, (n—1)/2) (Rao [8], p. 165) in this way also the
p.d.f. of M* can be obtained.

3. Distribution of the distance function, on the unit sphere in
the positive quadrant

The surface area in the positive quadrant of the =n-dimensional
sphere of unit radius is one 2"th part of the whole surface area (Bala-
krishnan et al. [2]). Thus, in the positive quadrant

n—1
3.1) f,,6,,---, 0n_1)=gl157n@ cos" 26, cos" 36, --cosf,_,
T
0=<6,<r/2, 1=1,2,---,mn—1.

Now, the square of the distance from (1,0,---,0) is M=2(1—sin§,).
Here again making the transformation from 6, to M in (3.1) and then
integrating it w.r.t. 6,,6;,---,6,_,, we get
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1
1 n-—1
2”‘_83(_’ ———)
2 2

3.2  fM)= [MA—M)»>2, 0=SM=2.

In this case also the alternative approach of Section 2 can be
utilized.

If the points considered lie in the positive quadrant only, then Y;
and a; are non-negative and consequently W hence ¢ is non-negative.
But since the ¢-distribution is symmetric about ¢=0, with (»n—1) d.f.,
the p.d.f. for ¢ non-negative is

33)  fy= 21 - (1+ t”l)”‘“, 0<t< oo
V=1 B(-, l:__> n—
2 2
or when a=col(1,0,---,0)
B4 f)=fE)=— (-, 0sysl.
B(E’ 2 )

Thus on making the transformation t=+v n—1 ((2—M)/[M(4— M)]"*) in
(3.3) or w=(1—M/2) in (3.4), we can get the p.d.f. of M, as obtained
in (3.2).

4. Moments of the distribution

4.1. Moment when the points lie on the whole sphere
The rth moment in this case is

l‘#: 11 po 1 S: M*T[M*(4_M*)](n—8)/2dM* .
zn-zB<_, n—1
2’ 2 >

Put M*=4u, then

22r+1|—2 1
#£ — 1 o 1 So u(2r+n-—l)/2—1(1 _u)(n-l)/z—ldu
g
2 2

221+n-2

_ ) <2r+n—1 n—l)
B(-l— n—l) 2 2

2’ 2
But since B(1/2, (n—1)/2)=2""B((n—1)/2, (n—1)/2),

p=t I'(2r+n—1)/2)I'(n—1)
T Trtn—D)I(n—1)2)
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In particular,

=2 r—gqmtl )
t f22] "‘——n
Thus,
Mean=2, Variance=—4- .
n

4.2. Moment when points lie on the surface in positive quadrant
The rth moment in the case of Section 3 is given by

= 1 S: M M(4—M)|>2dM .

_ 1 n-—-1
2“ SB <_’ ——>
2 2

Putting M=4sin’«/2, it reduces to

r+1 z/2

2 .

= S (1—cos a)" sin"? ada
¢

—_-__2;?’_1_) é‘, {(—1)‘( : )2 S:/z cos‘ a sin™? ada}

=‘@§(‘”<Z)B< L.

In particular,

r_ _ I'(n/2)
”1_2[1 V7 L(n+1)2) ]

’_ _ 2I'(n[2) _l
"’—4[1 V7 T(n+1)2) +n] '

5. Test statistic
1. In Section 2, we have shown that the p.d.f. of M* is

F(M*)= 1 [M*(4— M*)|»-or 0<M*<4.

w1 25T

In the case of 3-dimensional sphere if we put M*=4w, it reduces to

f(v):]- ’ 0=v=1.
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It is now easy to show that z=—2log,v has the y* distribution with
2 d.f.
Thus, if there are s chords on the unit sphere of 3-dimensions,

then i z, will be distributed as y* with 2s d.f.
i=1

Such type of statistics are useful in Genetics (Heuch [3], p. 686,
Balakrishnan and Sanghvi [2], p. 860).
2. As is shown in Section 2, under the alternative approach

— W 2— M*
v e a7 T T\

has Students’ ¢-distribution with (n—1) d.f.

The Statistic M*/4 has beta distribution (see (2.7)) therefore table
of incomplete beta function may be used in testing the hypotheses of
interest regarding M*. Also, because of the relationship between ¢
and M*, t-table may also be used.

3. Kariya and Eaton ([4], p. 211) has considered a testing problem
and has shown that

1 if @ X g
| X
$(x)=

0o if @X
X
is UMP test of its size. Thus the distribution of W=da'X/|| X| may
be used to obtain the value of k.
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