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1. Introduction

Let X, X;, -+ be a sequence of random variables identically dis-
tributed, whose distribution function depends on the parametric vector
Gc2,CRr. Let L,x/6) and G(8), defined over £, be the conditional
likelihood function for

xz(xlywza"°sxj)y jzls 2)"'

and the distribution of @, respectively. Let us consider the same se-
quential process described by Wolfowitz [6] and also the existence of
a estimating function g, ,(z, 6,) for 8,, with 1<h<p, defined by Godambe
[4].

2. Regularity conditions

We now postulate the following regularity conditions to be satisfied
by L,(x/8) and gx,.(, 0,)

i) 6,e 2CR for 1<h=p.

il) There exists a set A;, 7=1,2,---, independent of 6,, Pr(4,)=
0, such that for all

(@, Ty, x) ¢4, we have that

ar
—L,(x/®
= Li(al6)

exists for h=1,2,.---,p and r=1,2,---, k. Now if L,(x/8)=0, we de-
fine

H;W\(2/6)=0, that is,

.(x/@) is defined completely for all #,¢ 2 (1=h<p) and for almost
all z € R,, where HJ,(x/0)=(1/L(x/0))(0"[06})L,(x/6).
iii) Ee E[gy (X, 6,)/6]=0 for 1<h=<p and all 6 ¢ 2,.
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iv) There exists a set B,, j=1, 2,..-, independent of ¢, (1Zh=<Dp),
Pr(B;)=0, such that

or
o0, —9;, (5 6,)

exists for all
(@, #3,-++,2,)¢B; and r=1,2,---,k.
v) For j=1,2,-.-,h and r=1,2,---,k, let
T (@, Ty vy %)

be non-negative and L-measurable functions.
a) There exists a set C,, j=1, 2,--- independent of

0, 1=h=p), Pr(C;)=0, such that,

for all (x,, x;,---,2,)¢C,, we have

<Tlr(x1’ Loy sy xj) .

ar
oo;,
b) |, Tiw @, m) [ dwi<eo,

vi) Let us define for lshSp and j=1,2,.

40)=, 01z, 0 L,(5/6) ﬁ do, ,

and let us also postulate the uniform convergence of the following series

oo

for r=1,2,-.-, k.

vii) For each j=1,2,---, there exist functions
Si(xy, 2z,-+,2;)  for r=1,2,---, k,
such that, when g, ,(z, 6,) and
Ti(x,, @2y 0 0, ;)

are replaced by unity and Sj(, #,,- - -, %,), respectively, the conditions
v) and vi) remain valid.

viii) The covariance matrix ||1,,]] of Hj .(x/8), r=1,2,---, k exists
and is non-singular.
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3. Theorem
Under the above conditions, we can show that
. .
(3.1) B, E[gha(X, 0)/6]2 3} " E, E[Wi(X, 0,)/6]
* EG E [WI:",‘;L(X) 0h)/6] ’

where Wiki(x, 8,)=Hf .(x/6)(//00])gy (2, 8,) and 2" is the element of
the rth line and sth column of the inverse matrix of ||2,.].

PrOOF. Let

(3.2) D=gya(s, 0)— 2} . Hi o(2/6)

where «,’s are independent of X and @ for r=1,2,---, k. According
to the sequential procedure developed by Wolfowitz [6], we can write

3.3) g Sn, L,@/8) ;[’rl do,=1.

Now taking the rth derivative with respect to 6, (1<h<p) in both
sides of (3.3), we get by virtue of condition vii)

fd J
5|, Ha@o)L@e) [T dui=o0,
) Jj=1 Rj i=1
that is,
(3.4) E[H(X/6)/8]=0  for r=1,2,---, k.
From iii) and (3.4), it follows that

E. E (D/6)=0 .
So

k 2
(35) Var(D)=E, E(DY6)=E, E {[g:s(X, 6)— 3 0. Hz.n(XI8)] [8} -
Equation (8.5) can be written like

(36)  Var(D)=E Elgu(X, 6)/6]-2 S et + 31 aad,,

where
As=Ee E[H} ,(X]6)- H;,1(X]6)/6]=Cov [H;,«(X/6), Hy,(X/6)]

and
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4 =Ee E[WiA(X, 6,)/6]=CoV [gyn(X, 6,), H} (X]8)] .

We propose now to determine the values of e, for r=1,2,.--,k that
minimize (3.6). Condition viii) says that ||4,,|| is non-singular; then
these values of a, (r=1,2,---,k) are given by

k

(3.7) a, =S\ A

§=1

Taking the values of «, (r=1,2,---,k) given by (8.7), into (3.6), we
get

(3.8) Var (D)=FE, E [gh (X, 0,)/6] — é AL

Since Var (D) is non-negative, from (3.8) it follows that
k

3.9) EoElgha(X, 0,)/8]2 33 144

Obviously, by the definition of A", equation (8.9) can be written as

k
E, E [ghu(X, 0,)/6]12 3 2" Eo E[W5(X, 6,)/6]
- Eo E[WiX(X, 6,)/6] ,

which is the result expressed by (3.1).

4. Application
From inequality (3.1), for 1<h<s, let
Iv,n(X, 02) =8y n(X)— 0, —E[T(O)] +E (6,)
be, such that
E [by/(X)]=T(0) -
Thus, we get
(4.1)  Ee E{[0n,/(X)—0,]/6}

2B (50O)-01+ 3 1 E[Z56)| 5[ L ne6)].
8= 13 13

When N is fixed and equal to n, (4.1) can be written as
(4.2)  E.E({[s,(X)—0.]/6}

2B [56)-01+ 3 1B [ 2 5,6)| B[ L 56)
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which is the inequality obtained by Gart [3]. Now, when 6 is constant
and equal to @ for all 1<h<p, then (4.1) becomes

dr
de

@mlmmm4W%wma%minﬁ%mm 7 (o) .

7,8=1

From (4.3) it follows that

k dr ds
4.4 v = s & L ,
(4.4) ar [3x(X)]2 3 12T -T()

which is the inequality obtained by Seth [5].

Finally, from (4.3) we get inequality proved by Wolfowitz [6] and
from (3.1) inequalities obtained by Campos [2], which contains the
Bhattacharyya [1] and Godambe [4] inequalities, setting appropriate
conditions.
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