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Abstract

The higher order asymptotic efficiency of the generalized Bayes
estimator is discussed in multiparameter cases.

For all symmetric loss functions, the generalized Bayes estimator
is second order asymptotically efficient in the class A, of the all second
order asymptotically median unbiased (AMU) estimators and third order
asymptotically efficient in the restricted class D of estimators.

1. Introduction

The expansion of a generalized Bayes estimator with respect to a
loss function of the type L(6)=|0|* (¢=1) is obtained by Gusev [5]. His
result can be extended to all symmetric loss functions. Strasser [8]
also obtained asymptotic expansions of the distribution of the gener-
alized Bayes estimator.

In one parameter case the second order (or third order) asymptotic
efficiency of the generalized Bayes estimator has been discussed by
Takeuchi and Akahira [12].

It is shown in this paper that in multiparameter case for all sym-

metric loss function the generalized Bayes estimator g is asymptotically
expanded as

—A o _gr 1 o 1 ., ( 1 >
vr@@—-6)=U 2~/'77I V+¢WI W+o, 7))
where the symbols of the right-hand side are defined in the contexts.
And the asymptotic distributions of the estimators are the same up to
the order n~' except for constant location shift. Therefore if it is
properly adjusted to be asymptotically median unbiased, it is third or-

der asymptotically efficient among the estimators belonging to the class

D ([3], [4], [11]) whose element ¢ is third order AMU and is asympto-
tically expanded as
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— A 1 1
VEG=0)=Ut Qo L)
and Q.=0,1) (a=1,---,p) and E[UQ]=0(1) (k=1,2) for all a, g=1,
-++, p, where E denotes asymptotic expectation and U=(U,,---, U,y and

Qz(Ql)"'s p)l°

2. Results

Let (X, $) be a sample space. We consider a family of probability
measures on B, P={P,: 0 € 0}, where the index set @ is called a pa-
rameter space. We assume that @ is an open set in a Euclidean p-
space K? with a norm denoted by ||-||. Then an element 6 of & may
be denoted by (6;,---,8,). Consider n-fold direct products (X, ™)
of (X, B) and the corresponding product measures P™ of P,. An esti-

mator of # is defined to be a sequence {é,,} of $™-measurable func-
tions 4, on X™ into @ (n=1,2,...). For simplicity we denote an esti-
mator as § instead of {é,,}. Then 6 may be denoted by (él,- .-, 0;,). For
an increasing sequence of positive numbers {c,} (¢, tending to infinity)
an estimator is called consistent with order {c,} (or {c,}-consistent for
short) if for every ¢>0 any every 9 €6 there exist a sufficiently small
positive number 4 and a sufficiently large number L satisfying the fol-
lowing :

Im sup P™{cll§—0l=Ly<e  ([1]).
n—oo 0:)0—9||<3

For each k=1,2,-.--, a {c,}-consistent estimator 6 is kth order
asymptotically median unbiased (or kth order AMU) estimator if for
each 9¢€¢@ and each a=1,-.-, p, there exists a positive number 3 such
that

lim sup ¢! P,‘”’{é,gﬂa}—-l—| =0;
n—co §: [|6—3]|<d 2
lim sup ¢! P,<">{é,g_o,}—l|=o :
n->o0 0:0—9[<d 2

For 6 kth order AMU, G, 0.)+c2'Gy(t, 0,)+ - - -+ PGy_y(t, 6,) (a
=1,..-,p) is called to be the kth order asymptotic marginal distribu-

tion of c,,(é—ﬁ) (or 4 for short) if
lim ¢ P {e,(0.—0,) <t} —Gu(t, 0.)
' —¢'Gy(t, 0,)— - - - — i ¥ PG _((t, 6,)|=0 .
We note that G(¢, 46, (¢=1,---,k—1; a=1,-.-.,p) may be generally
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absolutely continuous functions, hence the asymptotic marginal distri-
butions for any fixed » may not be a distribution function.

Suppose that § is kth order AMU and has the kth order marginal
asymptotic distribution Gy(t, 6.)+c;'Gi(t, 6.)+ - - - + ¢, ¥ PG _y(8, 0,) (e=1,
-+, p) and the joint distribution of 6 admits asymptotic expansion up to
kth order, i.e., the order of c;*P. Letting 6, ( €8) be arbitrary but
fixed. Denote 6, by (6, -, 0,,). Let a be arbitrary but fixed in 1,---,
p. We consider the problem of testing hypothesis H*: §,=6,+tc;! (¢
>0) against K: 6,=6,.. Put &,={{g.}; B, .cz1($)=1/240(c;*™?), 0=
#(Z)=1 for all ,€ X™ (n=1,2,---)}. Putting A4 00a—{c,,(0, 0,.) <t}
we have

hm P, e1(Ag,, 6,) = hm ,,(‘,"Lunl{ﬂ <60, +tc;'} _—_% .

Hence it is seen that a sequence {X4; 00} of the indicators (or char-
acteristic functions) of A4 4, (n=1,2,---) belongs to @,,. If

sup Iim ¢t H{EP (¢.)— Het(t, 0o) — i Hit (¢, 00) — - - -

{$n}EP1/2 n>o0

—c; *VHF (¢, 6..)} =0,
then we have
Go(t, 00u)§Ho+(t; 00a) ’

and for any positive integer j5 (k) if Gi(¢, 6..)=H;(t, 6,) (i=1,
j—1) then

Gj(t, 00a)=Hj+(t, 00,,) .

Consider next the problem of testing hypothesis H-: §,=6,.+tc;! (t<0)
against K: 6,=60,,. If
sup lim ;" H{EQ (¢,) — Hi (¢, bon) — i Hi (¢, O0c) —

{pn}s@,y/3 n—>

—c;“PH (1, 6,,)} =0,
then we have
Go(t, o) Z Hy (¢, bo.) 5
and for any positive integer j (<k) if G.(t, 6,.)=H/ (¢ 6,) (i=1,---,

j—l)v then Gj(t9 00a)ng_(t! 00«)'

6 is called to be kth order asymptotically efficient in the class A,
of the all kth order AMU estimators if the kth order asymptotic mar-
ginal distribution of it attains uniformly the bound of the kth order
asymptotic marginal distributions of kth order AMU estimators, that



406 KEI TAKEUCHI AND MASAFUMI AKAHIRA

is, for each a=1,...,p
H7(t,40,) for t>0,
H(t,0,) for t<0,

Gt(t: 0a) s

1=0,---,k—1 ([2], [4], [9]). [Note that for t=0 and each a=1,.-.-.,p
we have G.(0,46,)=H*(0,6,)=H(,40,) (t=0,---,k—1) from the condi-
tion of kth order asymptotically median unbiasedness.]

§ is called to be third order asymptotically efficient in the class D
if the third order asymptotic marginal distribution of it attains uni-
formly the bound of the third order asymptotic marginal distributions
of estimators in D. It is generally shown by Pfanzagl and Wefelmeyer
[6], [7] and Akahira and Takeuchi [3], [4], [10], [11], [14] that there
exist second order asymptotically efficient estimators but not third or-
der asymptotically efficient estimators in the class A4,. But it was also
shown in [4], [10] and [11] that if we restrict the class of estimators
appropriately, we have asymptotically efficient estimators among the
restricted class of estimators and that the maximum likelihood estimator
belongs to the class of higher order asymptotically efficient estimators.

We assume that for each 6@ P, is absolutely continuous with
respect to o-finite measure p. We denote a density dP,/du by f(x, 0).

Then the joint density is given by ﬁ [z, 0).
i=1

In the subsequent discussion we shall deal with the case when ¢,
=yn. Let &=R?. Let L,(u) (u=(uy,---, u,) € R*) be a bounded non-
negative and quasi-convex function around the origin, i.e. for any ¢
the set {u: L(u)<c} (CR?) is convex and contains the origin and =(9)
be a non-negative function. Define a posterior density p.(0|%,) and a
posterior risk r.,(d|z,) by

pu018)={[1 @, O}=0)| |, (I 1. 0))s@a0]”
and
rud|5) =, Ld—0)p.(012)d0

respectively, where %,=(z;,---,x,). Now suppose that lim L.(u/yn)
=L*u) for all u € R?. We define

r@|E)=|, LHVRA—0)p. 0170

An estimator 4 is called a generalized Bayes estimator with respect to
a loss function L* and a prior density « if
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ri(@13)=inf r3(d|Z) -

Then f:JTz'(é—ﬂ) may also be called a generalized Bayes estimator
w.r.t. L* and n. Since

lim

n—oo

inf S L(d—6)p(6)d0—inf Se L*(/ T (d—0)B(8)d6| =0

uniformly in every posterior density $(6), it follows that for a gener-
alized Bayes estimator
hm[mf rod|E,)—r¥(0|%,)|=0

Suppose that X, X;,--+, X,,--- is a sequence of i.i.d. random var-
iables with a density f(x, ) satisfying (i)-(iv).

(i) {z: f(z,08)>0} does not depend on 4.

(ii) For almost all xz[g], f(z, 6) is three times continuously differ-
entiable in ¢, (a=1,---, D).

(i) For each a, 8 (a, =1,--, D)

0<L,6)=E, H aa

} 5, ox fe 0>H

=B [ao o9, g @ 0)]

(iv) There exist

log f(x, 0)} {_a_ log f(x, 0)” ,

pe '7‘0 =Eg[{
Tor0) 26,06, 26,

K.,0)=E | 2 }{-5% log £(, 0)]

JERR
and

Worl0)=E, | -—-C—log f(,0)]

a6 ao,aa
and the following holds:

B, [ a6 60560 log f(=, 0)] = =g (0) = oy s(0) — 3,.(0) — K..,(6) .

It was shown by the same way in [9] that a maximum likelihood esti-

mator (MLE) is second order asymptotically efficient. Let 6 be an MLE.
By Taylor expansion we have
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0=23 az i

-5 st L 0)]6.~0)+2 5 5T log £(X,, 0)]
= 4 %0, i I Pt i 2 3.9, i
om0ty L o
6.~006,-00+5 223 {51 E 08 X, 07)

- (0.—0.)6,—6,)(6,—6,) ,

where ||6*—6||<||§—0||. Putting T=y7(6—0) we obtain

2%2 izilogf(Xi,ﬁ)} T+l (s T lg s, ol

2 ae,a
_I_

sss s log (X, 0%)| T.T,T,

2n x/—— a6, 80 a0,

where T=(T,,---,T,). Set

Z0) == 31 2 log (X, 0) s
_13
2D = 3o 8 S K OHL0)

Then it follows that W,,,(6) converges in probablhty to — {Jop.,(0)+J.,.5(6)
+J5.a(0) + Ko ()} We put  pos(0) = I (0) + Iy s(0) + Jr.0(0) + Ko,(6).
Hence the following theorem holds:

THEOREM 1. Under conditions (i)-(iv)

BO—0)=U—s i IV~ L,
VEG-0)=U=g e IV v
where I=(1,;) and P=(P,;) are matrices and V=(2 X p.;, U, U,), W=
BT
X2 UsZ;,) and U=(U,) are p-dimensional column vectors and U,=>) I**Z,
8 B

and I** denotes the (a, B)-element of the inverse matrix of the imforma-
tion matric I.

I"Wo (

Since the proof of the theorem is essentially same as that of one
parameter case ([9]), it is omitted.
Put

1
f* =04
+6n

where Y=(3 > U,W,;,) is a column vector. Then 6* is second order
B 1
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AMU. From Theorem 1 we have established the following :

THEOREM 2. Under conditions (i)-(iv) 6* is second order asymp-
totically efficient in the class A,.

Since the proof of the theorem is essentially same as that of one
parameter case ([9]), it is omitted.

It will be shown that the generalized Bayes estimator w.r.t. a loss
function and a prior density is second order asymptotically efficient.
Let 6, be a true parameter of # (€8). Denote ¢ and 6, by (6y,---, 8,)
and (6y,- - -, 0,)" respectively. Further we assume the following:

(v) For each a=1,..., p, n(#) is twice partially differentiable in 4,.
Then we have

pn(0 I %n)/ pn(aﬂ l %n)
=exp [log {p.(6|%.,)/p.(00] Z.)}]

=exp [ 3log {f(z, 0)/f (@, 00} +log {<(0)/x(00)} |

=exp LZZJ: log f(x, 0) —g log f(x;, 8,)+log =(8)—log n(ﬁo)]

—exp [ (55 09} (0.~ 00.)
1
t3 B3 (Bl log @, 00]0.~0.)0,~0)
. .
+ ZEZ;'; {gm—logf(wuﬂ )}

2 (00)
.= 0) (0, 0) 0,0+ T 810, a.,.,)+o( 1/_)]

=exp [V 5 200 0.~ 0u)++ 5 S} (VT 200 —nLA0)
(0= 00.)(0,— 00)+ - 335 5 W (0%)(0.—0n.) 05— 0)

0,0+ S 0.0+ =) |

where #/(6)=0r(6)/00, (a=1,---, p). It follows that

pn(e I in)/ pn(00 I ‘En)

_ 0] +L (00
=exp [SZONVAO.~ 01 +5 23 (20— 1,0)]
- (0. ~0) =00} = £ 35 .50

. {'”W/W(ﬁa —05) (0,9 - 005) (0r - 0or)}
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b SO WO —0) 4o )]

Putting t.=v 7 (6.—6,.) (a=1,---, p) we obtain
( 1 ) pn(alin)/ pn(00 | %n)

—exp [2 20t ++ 55 (280 06

v

_W: P 2 2 Pap;(ao)t tp

Jnn(ﬂa) 2 m(bo)te +°"(¢W)]

=exp [“— 2 Z Inﬁ(00)(ta_Ua)(tﬂ_Uﬁ)+'1— 2 2 L«(6)U.U;

~/__ 0 > 2 mO)te+——— J_ PIDY Zs(Ou)t.t

o= T2 D pltttto ()|

= (exp > g Eﬂ] L4(6,)U, Up)
[exp {—l S5 L6 (ta—U,)(t,s—U»}]

. exp { S Byt + —2 J_ 53 Z,00t.ty

«/ n(fy) e

_6«/_— = 2 b3 Pasr (00t tﬂtr+°P< J%‘)E

= (exp 0 Zﬂ] ? Ly6,)U, Up)
[exp {—l S5 L0t~V (4T}

{1 ~/._ R 2O+ —— ~/__ P 2 Zop(Oo)t.ts
s ST S ettt o))
=qn(t) 00lxn) (SaY) ’

where t=(t;,---,t,). Let = JW(é—ﬂo). Then the posterior risk is
given by

(2) itz =~ m (015 | LHE—0)0.t, G2
n
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Further we assume the following:
(vi) L*(u) is a convex function;

(vii) For each a=1,.--, p, S L*¥(—u)g.(u+t, 6,|%,)du is continuously

partially differentiable with respect to ¢, under the integral sign.

By (2) and the assumption (vi) it is shown that the generalized
Bayes estimator ¢ w.r.t. L*(-) and =(-) is given as a solution u of the
equation

(d/du.,) S L*(u—t)q.(t, 6, Z,)dt=0 (a=1,--+, D).

Since by (vii)

d S L*(u—t)qn(t: 00 l Ezn)dt
ua
- d SL*(——t)q,.(u+t, 0| %,)dt
du,
—_d S L¥(—u)g,(t+u, 6| E)du
du,

=§ L*(—u){di aolaa,,)}du (@=1,-+-, p),

the generalized Bayes estimator ¢ is obtained by a solution of the
equation

(3) | w Lt ala)du=0 (=1, p).

Since t=+/n(0—0,) and f:«/’ﬁ(@—ﬁ@, t may be called to be the gen-
eralized Bayes estimator. From (1) and (8) we have

0={1x-wew[-Lxx I,p(ao)(£.+u.,—Ua)(£;+uﬁ—Up)}

[ =S LG u-Up 1L s )

Vnr(fy)

+§~_/: 3 2 Z.5(60) (£ 4u.) (s +us)

57 53 T o0t u) Gt )|

1
M8

1 R R 1
_2«/—_”7 g ; Papr(0o) (tp+uﬁ)(tr+“f)]du+ o”< J%‘) )

x2(0y) +ﬁ 3 Z.4(00) (Es+%,)
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Putting #,={,—U, (a=1,---, p) we obtain
0=S L*(—u)[exp {——1— 33 L (00) (wa +0,) (w4t )”
2 raly ag\Y0 a a B B

[ L) (14— SO 2+ T

V) -
o D 3 20 i+ U)oy, U

—W—17b-— E % g Paﬁr(ao)(ua“l"aa'l‘Ua)(uﬁ+aﬂ+Uﬁ)(ur+ar+Ur)}

1 / 1 A
+m”a(0o)+'ﬁ %; Zaﬂ(ﬁo) (uﬁ'l'uﬁ + Uﬁ)
LSS ua00) Gyt s+ U (i, +U)]du+o( 1 )
21\/—?7,51'"#’0}5 B B r T T pJ%-

Further we assume the following.
(viii) L*(u) is a symmetric loss function about the origin.
We define

M= S L*(—u) exp [—% 2330 Ly(6n)u, uﬁ]du ;

a

P,ﬁzg L*(—u)u,u, exp [—-% = ; Iap(ﬂo)uauﬂ]d“
(¢, =1,--+,p);

1

Q.prs =S L*(f-u)u,uﬁu,u, exp { Z} L(6)u, uﬂ]du

(d, ﬁy 7 5':1," '1p) .
Note that by (viii)

S L*(—u)u, exp (—-—;— %} ; I,,,g(ﬁo)u.,uﬁ>du

=S L*(—u)u,u,u, exp <——%— P % Ia,,(ﬁo)u,,u,,>du=0
(a’ 8 r=1,---, p) .
Then we have

=S L*(—u)[exp {——%- 330 L(Oo)u, uﬂ}] {1—2 .? L(Go)u,us}

[ EIaﬁ(oo)uﬁ EI,,F(HO)uﬁ }“_, ; :ﬁ/(::)”’"(rgoo)o)
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- (wptits) (u, + 2, +U)—E~/: DIPIP3 I1.4(60)Z,4(6,)
(uﬁ+u,)(u ws+ U, U+ 2u, 4, + 2U 42U, u,)
+m % > E Z L 5(60)0,5¢(60) (w5 + ) (w,usu: + U, U, U
+ 3w, u,t: + 3uu, U+ 3U, Usu,+3U, Uit + 6u,it,Uy)

1 , 1 1 _ 1
+7W_7c—(0—5ﬂa(00)+1/_i % Z«p(ao)uﬁ+7.17— ; Z,(0:)Us —“21/-,'7

) % 33 Papr(00) (Wsth, + U, U, + 20, + 2U 5w, + ZUA&r):I dui+ 0p< 4/{”7 >
T

= =M 3 L0y~ \/_ S DR L)V IR0

3 > 2 2 2 Iaﬂ(ao)prdé(aﬂ)(Qﬁn’E+3U7L,6P pe)
J n s

7,(6,) -
RVe T M+ Ji 2 UpZ.A0)M ——J— PIPIIACY

- (Pt UUM)+ 3 5 3 L0 L0 Poyits +o, (,/—>

8 7

76(00) U Pﬁd +

(a:l’...,p).
Using a matrix representation we obtain
(IPI— MI)i=—L_ (PI— ME)z*+ 1__L——:(PI—ME)V
v Jn 2y
1
+-L (PI-ME W—I—o( _)
7 o7

where E is an unit matrix, and L, V and W are column vectors with
3 — ( ”;(00) ) ;
75(00)

L= <——(15— Zﬁ} 4? ; Ze} Ia:(ao)Prae(ﬂo)Qme'*‘% % 27} Pas(00) P ﬁr) ;

V= (%‘, g Papr(ao) Uﬂ Ur) ;
W= (% U, th(eo)) .

Since it is derived from (vi) that the matrix IPI— MI is positive definite,
it follows that

o

(4)

1. 1 1,
=1 e L gpr—mnn—_1 v
Jn. +¢%( ) o T
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+7%1-1W+op( ;ﬁ)
Hence we have
(5) te=t4U.  (a=1,---,p),
where 4=(i,,- -+, %,) is given by (4). Since f:d%(é——ﬂo), we modify

§ to be second order AMU and denote by 6*. From Theorem 1, (4)
and (5) it follows that the MLE 6%, is asymptotically equivalent to the
generalized Bayes estimator 6% up to order »~%:, By Theorem 2 it is

seen that 6* is second order asymptotically efficient in the class A4,.
We have defined in [4], [11] and [12] the class D as the set of the

all third order AMU estimators 4 satisfying the following:
(a) g is asymptotically expanded as

e 1
JE(G—0)=U+ J%_Q+o,(¢w>
and @Q.=0,(1) (e=1,---,p) and E(U.Q%)=0(1) (k=1,2) for all e, f=1,
-+, p, where E denotes the asymptotic expectation of U,Q% with

1 0 &
Ua=——-__ IeF —_ 1 X,a =1s"’r )
7 3 ao,,igz og f(X;,0) (a D)
(b) The joint distribution of 4 admits Edgeworth expansion. .
It follows from (4) and (5) that the generalized Bayes estimator 6*
belongs to the class D. Then the asymptotic marginal distribution of
6* is equivalent to that of the MLE é}“,,, up to order n~!. Since 6%, is

third order asymptotically efficient in the class D ([4], [10], [11]), % is
also so. Hence we have established :

THEOREM 3. Under the assumptions (i)-(viii), the generalized Bayes

estimator 6% is second order asymptotically efficient in the class A, and
also third order asymptotically efficient in the class D.
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