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1. Introduction

Let S (=XX', X=(x,,): pXn) be a pXp noncentral Wishart matrix
having W(X, n; 2). Here we shall define the matrix of noncentrality
parameters 2 by XY 'MM'/2 instead of X 'MM’', for M=(m,,)=E (X).
In the previous paper [6], we gave the asymptotic expansion of the dis-
tribution of the generalized variance under a natural assumption of 2=
O(n). In this paper we shall derive the asymptotic expansion for the
distribution of a function of latent roots of S under the above assump-
tion. The method adopted here is based on a perturbation expansion
for latent roots and the work of Nagao [5].

2. Preliminary lemmas

So far as we are concerned with the distribution for latent roots
of S, we can take that S has W(4=diag (4;,---, 4,), n; 2) and further

we assume Q=A""MM'|2=m0=m diag (6, -+, 0,), where m=n—24 with
4=0(1).

LEMMA 2.1. Let V=(v;)=+m{S/m—AI1+26)}, where m=mn—24
Jor a correction factor 4=0(1). Then v=(Vy," -+, Vpp, Vig,** *» Vp_1,p) CON~

verges in law to a p(p+1)/2 variate normal distribution with mean zero
and covariance matrixz ¥, where, by putting c,=1+44,,

CA
¢, 0

(2.1) ¥=2 —i—(cl‘l‘cz)zdz

0 —A]i—(cp—l +¢)Ap_12p
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The above proof can be obtained by considering the characteristic
function of .

Jensen [2] showed a similar result above under a different assump-
tion.

LEMMA 2.2. Let v=Vy," "+, Vpp) Via,* * *» Vp_1,,) have a mormal distri-
bution with mean zero and covariance matric ¥ =(¢;;..).- Then we have
(2.2) E v 05 =291 st Pigii Qi
(2.3) E v} 00 =20, txis u+ Piji 1P 0
(2.4) B 09,9000 = ¢is j3P0 ut i iaisout Pisuisee -

3. Derivation of asymptotic expansion

Let [,>.-->1l, be latent roots of S/m and 4= - =2, be latent roots
of 3. Put S/m=AI+26)+QQ/ym)V. If z,=2,(1+26,) is simple, the
perturbation expansion (see for example Wigner [8], p. 40) for the ath
largest root I, of S/m can be expressed as follows:

1 1 ) 1
(3.1) ln:z-a+ﬁvaa+—;’r7 ) T:‘ﬁ’vaﬁ-l_ me
_vaa E T;k;vzﬁ} +Op(m—2) ’

> TR VagVar Vs

where the summation 3} stands for the summation with respect to all

subscripts appearing in each term except for index « and
{ (ta—7s)7 ! if a#8
(3.2) T,,p:l .

0 if a=8.

It is noted that the method due to a perturbation expansion was
used by Lawley [4], Sugiura [7], Fujikoshi [1] and Konishi [3].

Now we consider an analytic function f(l;,---,1,) of l;,---,1,. Then
by using (3.1), we have

(3-3) f(llv' ) lp):f(rly' ) Ty)+'1—~q0+_1’q1+_1‘:q2+0p(m—2) ’
Jym m mym

where

qo= E ?)aafa

(3.4) q1=2 Tfpv:pfa"'% > ’vauvﬁﬁfaﬁ

qZ = E Trﬂfzvaﬂvﬂrvrafa— E T:kﬂzvaav:ﬁfa
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The symbol > in (3.4) stands for the summation with respect to all
subscripts appearing in each term and from now on we will use this
symbol. Also f,, f.; and f,; mean

"’Tp)’ faﬁ: f(le""Tp),

o
0t 07,
3.5)

faﬂr or a a f(fl""77p)'

Then from (3.3), the statistic vm{f({, -, ,)—f(z(, -+, 7,)} converges
in law to a normal distribution with mean zero and variance *=2tr (I+
46)(AA) with A=diag (f,,---, f,). Thus the characteristic function of
Vm{f(y,- -+, )= f(z1,+ -+, T)} /7 is given by

00 0= o (i) 14 o L (2Jce ()]
+0(m=37) .

Thus we must calculate each term in (3.6). At first the first term is

given by

@7 E [exp [%—qoﬂ

-n/2

—etr [-%’5 J7m AN+ 20)] i I_Tern‘Gt') AA

T

X etr [%(I—V%@) AA>_1A‘1MM’—%A"MM'}
—exp [ (“)2] 1+ L = [24( ! ) tr AA+4 ( t\)s tr (I+60)(/1A)3]
+W[<?> (2(tr AAY +24 tr (1A} + <%)4
x {2 tr (T+80)(AAY + _g_ dtr AA tr (I+66) (AA):*}
+ 52 It (1+60) (44YT || +0(m™)

For the second term, expressing ¢, and ¢; as functions of z,; («=1,---,

p, j=1,---,n), after some algebraic manipulation, it can be expressed
as an expectation of a function of new variables Y=(y.,) (a=1,---, p,
j=1,---,m), the columns of which are statistically independent and are

distributed as normal with mean (I—(2/+/m)(it/r)AA)"'M and covariance
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matrix (4™'—(2/4/m)(it/z)A)"'. By noting i}m,,-m”:ZmZuoaﬁ,,ﬂ, where
j=1

the symbol 4., stands for the Kronecker delta, we have

3.8) E [(“)ql exp [“ qu
—exp [(W] i( ; ) [}. 3 e A(Cat ) fut S licnfu]

+2(L) Sttt itz Son(2) 7 +0m

where ¢,=1+446, and
g:=24(tx AA) (L 5\ exd (et o) ot S HeuS )
4+ 23 ehA22,(2¢,+ ¢, — 1) 14+ 30 tha A e+ 2¢,— 1) f. fs
+2 33 2(Be.—1) fuSfuat44 2 22250 f o f s »
39 = altr L+60) (AL D ha (et )t T ket
+44(tr AA) X3 2225005 o S s Sfap+4 20 23258 —1)Cs [ f3 S

gs=§[tr (I+66) (AAY] 3 22c.coffofus -

For the third term, Lemmas 2.1 and 2.2 are useful to calculate them.
By Lemma 2.1, the third term can be rewritten as an expectation of
a function of p(p+1)/2 new variables W=(wy,: -+, Wyp, Wiz,* -+, Wp_1,5)
distributed as normal with mean (2(it/z)Aic.fi,- -+, 2(3t/t)A3¢, 5, 0, +, 0)
and covariance matrix ¥ in (2.1). Thus we have

020, (L[]

(’th)z] {(E)Z[z TERRALLCatCo) f o fos

+2 2 Koy fofurt B eiEdedent e f L fu= Sl
+ <—> = = zilﬁiﬁcacwrfafpﬁf,,ﬂ,} +0(m~"2)
v/ 3

=exp [

and
3.11) E[1<“)q1exp[“q]] exp[(u)z]é‘. <1?t>“+o(m-m),

where
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1

2
2 {%‘ E T«Tﬁlalﬁ(ca-i_cﬁ)fa-l_ E lexca aa}

9=
o SR L o f)+ D Bdieien
(8.12)  gi=>1 thAad (et ) fe 3 2225e.Cof oS5 S s
+2 33 Niufua 22 NijCCo oS fus+4 2 NAINCCsC, [ oS S usfar »
gézz{z leﬁcacﬁfafﬂfnﬂ} : .
Therefore the characteristic function ¢(t) in (3.6) is given by

(3.13) g=exp [EE) N1 L5, 1.,

Jyml\z
+-;— S A A(Cut € ot 24 3 zaf,,}
3
+ (L)1 tr (160 (14Y+2 5 Re.cu fu ) |
5 (l’i)h} +O(m)
T
where h;, h, and h, are given by

2
=S 2o, fut 2 S et o)fu+24 S 1.1
+ 33 22220+ ¢, — 1) f2 4+ 33 Al c. 20, — 1) fo S
+ 5 AL e+ o) fufutp B TRRE A0

X flfamFo)+ 2 e A ca+c) fu fo—12)
+> lilzcucﬂ(fazﬂ + 2fﬁfauﬁ) +23328238¢,—1)fof e
+4A Z zzzﬂcafafaﬁ-i-ZA Z szaz ’

(3.14) I,=2 tr (I+80) (AA)‘—}—-‘;- [tr (I+66) (1AY] {z 2c.f.,
b S eBA(ea o)t 24 5 AL+ S e e+ o).
X2 3C.Cof o o fup+4 20 2225(Be.—1)Co f 2 fof us
+%‘ E lzlzlgcacﬁcrfﬁfr(fafaﬂr+3faﬁ ar)

+2 E 130af.m 2 zzlzcacﬁfafﬂfaﬂ+4d 2 zafa Z lzzgcacﬁfafﬂfaﬁ i)

2
ho=S{or 1460 (147 +2 5 2x0e s 511
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Thus we have the following theorem:

THEOREM 3.1. Let S be a moncentral Wishart matrixz having W(Z,
n; 2), and 1,>--->l, and 2, =---=2, be latent roots of S/m and X, re-
spectively. For any analytic function f(;,---,1), if 7.=2.(14+26,) 1is
simple, then the distribution function of f*=ym{f(l, -, )—f(z,- -,
)}/ can be expanded for large m=n—24 under 2=mb as follows:

8.15) P (f*éx)=@(x)—:/%{[2 zzc,faa+% S th LA (CaFen) fo
r2uy zaf,.] () + [-‘;- tr (I+66)(1A)"

+2 3 BHec, Lo [0V @))
- ST 0@ O(m ™)

where O9(x) stands for the jth derivative of the standard mormal distri-
bution function @(x), the symbol > means the summation with respect
to all subscripts appearing in each term and the coefficients h,. with c,=
1+46, are given by (3.14). The asymptotic variance is z*=2tr (I4-46)-
(4A)* with A=diag (4;,---, 2,) and A=diag (fi,---,f,) and f., f., and
fasr are given by (3.5).

In particular, in case #=0, the above result agrees with Konishi
[3] after some calculation.
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