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Abstract

Asymptotic expansions are derived for the confluent hypergeometric
function ,Fi(a; c; R, S) with two argument matrices, which appears in
the joint density function of the latent roots in multiple discriminant
analysis, when R is “large” and each of the latent roots of R assumes
the general multiplicity. Laplace’s method and a partial differential
equation method are utilized in the derivation.

1. Introduction

Let S, and S; be distributed independently as noncentral Wishart
W.(n, 3; 2) and Wishart W,(n,, ¥) respectively. Tne joint density
function of the latent roots, 1>b>b,>.-->b,>0 of the matrix B=
Si(S;+S;)! is expressed by James [10] as

ﬂmz/zpm((n1+'nz)/2) _ ™ (ny—m—1)/2 ™ —h.Ymg—m—1)/2
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i<J
where etr Agexp (tr A) and ,F, is a confluent hypergeometric function
with two argument matrices. The roots b, b;,- -+, b, play an important
role in multiple discriminant analysis used for discriminating among
several groups (see e.g. Kshirsagar [11]). The latent roots of 2 can
be considered as “distances” along m different directions among the
groups, and various functions of b,,b,,---,b, have been proposed as
measures for the “distance”. When the first k& b,’s are significant, the
corresponding latent vectors give the sample discriminant functions.
The power series expansion in terms of zonal polynomials for the
JF, function, due to Herz [7], Constantine [4] and James [10], converges
very slowly for “large” 2. In this connection, it is useful to derive
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asymptotic expansions for the function ,Fi(a;c; R, S) for “large” R.
Throughout this paper, R and S are m Xm diagonal matrices such that

NR, 0 S, 0 .
(1.2) Rz( . Rz), S=(0‘ Sz)=dlag(s1,sz,-.-,sm),

8§, >8>++>8,>0,

where R, S;, and R,, S; are m;Xm, and m,Xm, diagonal matrices re-
spectively (m,+m,=m).

Limiting terms and further terms of asymptotic expansions for the
J function, for large N, have been derived by Constantine and Muir-
head [6] up to and including the terms of order N~% for the cases (i)
when R, has distinct roots (m,<m) and (ii) when m;=m and the small-
est root of R, is multiple. A multivariate extension of Laplace’s method
for integrals and partial differential equations (pde’s) satisfied by the
JF function were utilized for the derivation.

In this paper, we derive asymptotic expansions for the ,F| function,
up to and including the terms of order N2, extending Constantine and
Muirhead’s result [6] to the case when each of the latent roots of R,
and R, assumes the general multiplicity.

2. The limiting term for ,Fi(a;c; R, S)
Throughout this paper, it is assumed that the m, roots of R, satisfy
(2.1) /"1:.-.:’)"1>”‘2=--._—_-'r2>...>”“—_—...='rt>0’
N——————
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where ,:quuzml, and let k=1, Ic,-:tz_1 q.+1 (t1=2,---,t+1). The situa-
u=1 u=1

tion (2.1) gives the general multiple root assumption in multiple dis-
criminant analysis; »; is regarded as a simple root when ¢,=1.

In this section, we give the limiting term for the function F(a;
c¢; R, S) under the general multiple root assumption (2.1), which is an
extension of Theorem 3.3 of Constantine and Muirhead [6].

THEOREM 2.1. Let R and S be m Xm matrices defined in (1.2) and
(2.1). Then as N— oo we have

(2.2)  Fia;c; R, S)~a ™™ L (mf2)], (0) [L (0] 2)] ()]

; 7:"13‘/2 a—c
i [m} det (NR,S,)* " etr (NR,S,)
- Fil@a—my/2; c—m,/2; R,, S,)

1T
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where the C;; are given by

(ru_rv)(si_sj) ) i'__ku!"’s ku+1_1! ’bl/:l,"',t
j=kvy""ku+1‘_lr v=1,---,¢,
@3)  Cy=
'ru(si—sj) izkuy"'r ku+1—1; uz]—r"'9t

j=m1+1"";m-

PrROOF. We can prove the theorem similarly as for Theorem 3.3
of Constantine and Muirhead [6] with some modifications. Here we
apply the maximization procedures due to Chattopadhyay and Pillai [1]
and Chattopadhyay, Pillai and Li [2] for the case of general multiple
roots. It is proved that an extension of Corollary 2.1 of [6], required
for the proof, is given by

(2.4) S etr (NR,H/SH,)(dH,)~2™ ] [_”/_} etr (NR,S,)
HyeV(mg,m) u=1 Pqu(qu/2)

TR ()"

u=1 i=k, j=kyy4 NCij

3. The asymptotic expansions for the ,F, function

In this section, a pde method is utilized to derive an asymptotic
expansion, for large N, for the function ,Fi(a;c; NR, S), i.e. for the
case, my,=0, under the general multiple root assumption (2.1). This then
yields an asymptotic expansion for the ,F, function for a general case
when m,>0 and the roots of R, satisfy

(3.1) Tt = ST D> s = =Ty > DT = =7,,,20,
r >z °

9p+1 e+2 +p

i—1
where j_ﬁlq,ﬂ:mz, and let k,,.,=m,+1, k,+i=m1+§q,+j+1 (t=2,---,

p+1).

A pde satisfied by ,Fi(a; c; NR, S) under the assumption (2.1) can
be obtained, similarly for the ,F|, function in Chikuse [3], based on the
pde due to Constantine and Muirhead [5], valid for the distinet roots
of R. It is summarized in

LEMMA 3.1. The function Fya;c; NR,S) under the assumption
(2.1) satisfies the pde '

m 2 m m — m t
32 s lL 55 o (o moL) 50T Ny pdl
i=1 ; =1 8;—8; 08; 2 i=1 0s; u=t 01,
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We can put, from (2.2),
(3.3) Fi(a;c; NR, S)=f(N; R, S;a,c)G(N; R, S;a,c),

where the function f is given by the right-hand side of (2.2), with
m,=0, R and S replacing R, and S, respectively and the terms involv-
ing m,, R, and S, ignored. We know that lim G=1 and G satisfies the

N—oo

“boundary ” conditions

(i) G(N;R,S;a,¢)=G(N;S,R;a,c)
(8.4) and
(ii) G(N;R,S;a,c)=H(NR, S;a,c) .

Substituting (3.3) in (3.2) gives the pde satisfied by G

Kyiq—1
(3.5) G +<2a——c—— m—1 ) 2= oG +2N2 ro s 528
2 i=1 asi i=k, a S;
t Futp11 Kypq—l
3 w00 _NsndS
A 0s; u=1 ar
k

IS 5 A afa—"E) 52

u=1 i=k, j=kyyq (st—,syj)z 2

=0.
We look for a solution of (3.5) of the form
(3.6) G=14+QN"'+@QN?*+...,

where the @, are independent of N. Substituting (3.6) in (3.5) and
solving the equations derived by equating coefficients of like powers of
N~! on both sides, with the boundary condition (3.4), gives, after an
enormous amount of calculation,

t Fut1ml m ¢ kyq1-l
@D e=133% § li@egle-th)sns L
4 u=1 = =ky, J=kyi4q C” u=1 i=k, 7T,8;
3.3 1o/t kyqa—1 Ky =1 1 11 ¢ Fyq1=1 kyqq—1 1
68 Q-4(E 38 2422 3 2
1 ¢ kyp1=1 Kyp1—1 ¢ kpyy—1 1
FIEE S0 SHE SRS Sl '
8 u=1 Py, TR D20 1R (ru—7r.)si—8)(s;—81)

+%(a—c)<a-— m+1 )[(a—c)(a— m;—l )(ﬁ "ui-‘ 1 )2

2 u=l i=k, 7,8;

t Fyp1—1 Kyl
—(20-o— 43 5 +3 1
2 u=1 i=k, 7isl u=

¢

1 i<k,

i<y
t Fut1~1 t But1ml m

HE s -LEs 2 i)]

2 \u=t =k, 1,8;/ \u=l i=x, i<k, C;
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where the C;; are given by (2.3). The asymptotic expansion is sum-
marized in

THEOREM 3.1. The function Fi(a;c; NR, S), under the assumption
(2.1), with m;=m, can be expanded for large N as

(3.9) Fi(a;c; NR,S)=f(N; R, S;a,c)[1+QN'+QN*+O(N],

where f(N; R, S; a, c¢) is given by (2.2), with m,=0, R and S replacing
R, and S, respectively and the terms involving m,, R, and S, ignored,
and @, and Q, are given by (3.7) and (3.8), respectively.

(3.9) yields an asymptotic expansion for the general case when m,
>0 and the roots of R, satisfy (3.1). A technique, similar to that used
by Constantine and Muirhead ([6], p. 383) yields the following

COROLLARY 3.1. The function Fi(a;c; R, S), where R and S are
mXm matrices defined by (1.2), (2.1) and (3.1), may be expanded for
large N as

(3.10) Fia;e; R, S)=f*N; R, S;a,c)[1+QfN'+O(N?],

where f* and QF are given by (2.2) and (3.7) respectively with the D,
replacing the C,; with

C, _ %, 7=1,---, my, given by (2.3),

(3.11) D= (ru——rl>(si—-sj) i=ky, o, i —1, u=1,-+-, 1

N i=k,, -, ky—1, v=t+1,---, t+p.
The term of order N~* is lengthy and hence omitted here.

The results given in this paper agree with those derived for special
cases by Constantine and Muirhead [6].

The expansions derived in this and previous sections may be substi-
tuted in (1.1) to give asymptotic expansions for the joint distribution
of the latent roots by, b,,---, b, of the matrix B=S,(S,+S;)".

It is easily shown that the m latent roots of the matrix S,S;YN
for 2/2=NR (i.e. m,=0) have, asymptotically for large N, the joint
density function of the latent roots of the matrix of the form 2RT,
where T! is distributed as Wishart W,.(n,, I). Hence the m latent
roots of the matrix B=S(S,+S;)™! are asymptotically distributed like
the latent roots of the matrix (I4+927!'U)"!, where U is distributed as
Wishart W,.(n,, I) and 2=2NR.
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