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1. Introduction

For testing a hypothesis that a specified vector is a corresponding
latent vector of the maximum latent root of a population covariance
matrix, Mallows [4] gave the likelihood ratio criterion and showed that
the limiting distribution of it is a central chi-square one with appropriate
degrees of freedom. Kshirsagar [2] has studied another type of statis-
tic for testing this hypothesis. Anderson [1] has proposed a test sta-
tistic for testing a hypothesis that a specified vector is a corresponding
latent vector of the ith latent root of a population covariance matrix
and showed that the limiting distribution is also central chi-square one.

In this paper we consider the asymptotic expansion of the distri-
bution of Anderson’s statistic for the case of a vector of the maximum
latent root up to the terms of order 1/n» and give some comments for
the use of this statistic.

2. Asymptotic expansion of a distribution of Anderson’s statistic

Consider testing the null hypothesis that #,, the vector correspond-
ing to the maximum latent root 1, of a population covariance matrix
%, i.e., Ty,=47:, is a specified vector a (a’'a=1) under the assumption
that 3 has latent roots with multiplicity 1, where a’ is a transpose of
a p-dimensional vector a.

Anderson [1] proposed a test statistic T for testing this hypothesis
in the form of

(1) T=n{fia’'S'a+a'Salfi—2} ,

where S has a Wishart distribution W,(2, n) and f; is the maximum
latent root of a determinantal equation det (S—fI,)=0.
Let I'=[a, I;] be an orthogonal matrix of order p such that I"3I"
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=A=diag (4, 4, *, 4,), 4>2>--->2,>0. Since the statistic f; is in-
variant under a transformation S=I'"GI", T is expressed as

(2) T=n{fia' G I"a+a'I'GI"alf,—2}

=n{felG 'e,+eGe/fi—2},
where €=(1,0,---,0) and G is a Wishart matrix with distribution
W4, n).

Transforming a positive definite symmetric matrix G to a real sym-
metric matrix Z by

(3) _g____Allzexp <\/£Z>Al/2’
n

n

which has been used in Nagao [5], we obtain the asymptotic expansion
of the latent root fi/n in terms of the elements of Z by the use of the
formula (3) in Lawley [3] and (3.9) in Sugiura [6] as a following form:

(4) Il‘=21|:1+\/—2‘zu+l{zﬁ)+2éafljzfj}
n n n j=2
P P
+% }% {%zg)‘l'zjgz a/uzljzﬁ)'i‘zj% aljajlzuz?j

»
3/2
+2 22 ai;2i;25;+4 }_—_u; a'ljalkzljzlkzjk} +o(1/n¥ )]
. 751
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where

ay;=2;/(2—2;) , J=2,"+,p
29 =(a, f)th element of matrix Z*, 1=2,3,4.

By this transformation, Z has the following asymptotic expansion of a
probability density function f(Z):

1 1 2 B
(8)  f2)=gpzcron & (—-2—22) {1+\/%A+7} +O(1/n)
where

1
A=——1tr Z?
6

=P trz- L trzp—L trze4 L tr zop
1g T L g (W 2V —qg tr 2 op (tr Z)

—P ep+3p-1).
24(p+p )
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Using (3) and (4) we have the asymptotic expansion of T up to the
terms of order 1/n as follows:

(6) T= 22211+—{ <Zlaljz1j> +42P Ealjzlj 4z§112;a'1jzfj

+(z<’>)2——zn z§i’+%z“’} +o(l/m) .

The characteristic function of 7 is defined as

(1) M(t)=E [e“T]=S exp (it T)f(Z)dZ .
The term of exponential in the integrand of (7) is written as
(8) _1 trZ2+2'LtZ 2,
:—_{zz2k+2(1—2it)isz+2 S 2
2 lk=1 k=2 25j<ksp
1
=——0Q(t, Z2),
2at, 2)
which implies
ay_ (2D)!
E, (#)=—0
E, (2)= (2l)! 1 t
(9) @D =g (2(1—2«;1:))
_. @
B =g (3)
and
O 4\ (p—1)/2
10  E@=L2E (g2 exp (- 2at, 2))az

By the use of (9) and the laborious calculation, the characteristic
function M(t) is expressed as

1 1(/1,, 1
(1) M(t)'(l—zu)fﬂ[H'E{(Z(p D+D ) (1—24ty

D w1 +otm)]

1-—2it

where

»

D=3iai+~( Bay) +L@+) Nay,,  F=p-1.
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Inverting this M(t), we have the asymptotic expansion of the distribu-
tion of T under the null hypothesis H: y,=a (specified vector):

11,
(12) P(T<2}=P,+L{(L@*~1)+D)P,.~DP,..
— L @—DP] +o(1jn)

where P,=P {¥;<z} and X} is a central chi-square random variable with
f=p—1 degrees of freedom. The representation (12) shows that we
are not able to find a correction factor p which makes the terms of
order 1/n in asymptotic expansion of the distribution of 7 vanish. (12)
is also expressed as follows:

(19) P{TS0} =P+ | L@~ D{P,.—P)

+D{Pyyi—Pr} | +ollm) .

Since all terms in D are positive, D is estimated by

(14) %(pZ—l) & _<p<lp-1_*&

[ ) ) (&—1)

where
Er=M[A>A[2=6>1 .

This implies that the contribution of the term of order 1/n to the first
approximation by P, becomes critical if the two population latent roots
A and 2, are close, that is, all latent roots are same magnitude. This
fact suggests that we have to check the equality of the latent roots
before using this statistic.

Example 1. For p=3, 4=38, 2,=2, 43=1, D in (11) becomes 99/8.
Since the 59, point of a chi-square random variable with p—1=2 de-
grees of freedom is 5.99, we have

D{P (2=5.99)— P (£=5.99)} = 2.776
%(pz—n{P (1=5.99)—P (2=5.99)} = 0.748
and

P {T=5.99} = 0.05+3.524/n+o(1/n) .

Example 2. For p=3, ,=10, 2,=2, i3=1, D becomes 0.862. We
have
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P {T'=5.99} =0.05+0.941/n+o(1/n) .

These examples show that the contribution of the term of order 1/n
becomes small when the maximum latent root 2, is extremely large
compared with the remaining latent roots.
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