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Abstract

The asymptotic expansions of the distributions of the sums of in-
dependent identically distributed random variables are given by Edge-
worth type expansions when moments do not necessarily exist, but
when the density can be approximated by rational functions.

1. Introduction

Asymptotic distributions for the sums of independent and identically
distributed (i.i.d.) random variables has been extensively studied for many
years ([1]). Suppose that X, X,,---, X, is a sequence of i.i.d. random
variables with mean g and the distribution function F(x). Then the

asymptotic expansion for the distribution of Y,.=<§‘_, Xi—n,u> / +Jn up to
1

the order n»~™"*! is given by the classical Edgeworth expansion when
F has the moments up to the mth order as well as the continuous den-
sity ([2], [3]). The purpose of the present paper is to extend the result
to the case when the moments do not necessarily exist assuming only
that the density function f(x) of F is approximated by some appro-
priate rational functions as |[x|—oco. Put, for some real constants M,

and V, (>0), Z,,:(i X,.—M,,) /Vn. Then, as is well known, if a G(x)
1

is a limiting distribution of a sequence of distributions of Z’s, it is
necessarily a stable distribution. We shall show in the next section
that if this is the case then under the assumption stated above V,
must be either n or ¥nlogn or ¥/n and the corresponding leading
term of the asymptotic expansion is the Cauchy, or the unsymmetric
stable distribution with characteristic exponent 1, or the normal distri-
bution, respectively. The second term is shown to be of order either
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1/n, (log n)/n, 1flogn or 1/4/7 and the density function corresponding
to the second term are also given. Generally the relative magnitudes
of the successive terms are complicated and is difficult to write down
explicitely but may be obtained for each particular case. The details
of the computation are given in [4] and may be referred to for further
examples. Further the similar results for fractional characteristic ex-
ponents are given in [5] (see also Cramér [6] for this case).

2. Results

We shall obtain the Edgeworth type expansions for the sums of
random variables not necessarily with finite moments but with the den-
sity f(x) which satisfies the following condition:

There exist two rational functions g*(x) and ¢ (x) such that for a
positive integer m (=2) and some 0<46<1
(a) lim z™**| f(z)—g*(2)|=0;

(b) lim [z[*"*] f(z)—g7(x)|=0.

Remark 1. m depends on the order of the expansion and should
not be smaller than 2 in order that we have meaningful expansions.

Remark 2. It should be remarked that since the distribution has
a density f(x), we have

sup |@(t)|<1
1tl>p
for any p>0.
We shall first show that the following proposition holds.

PROPOSITION. ¢*(x) and g~(x) may be taken of the form

N —m+1 a . _ _m+l ﬁ
rO=3Y iy T@=3

where a; and §; are real constants.

Proor. We first decompose g*(x) into the sums of partial frac-
tions such as
B{/

+ — —_——— Ei!
=3 Y oy TR T @rFaiGy

But each term in above expression can be approximated by a sum of
the terms of the type B,/(x+1)/ up to order 2 ™' when z is large.
Therefore g*(x) may be replaced by a sum of such terms. Similar is
true of g~(x).
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Now let us denote that

0=, S

then we have

0 (j_l)e(tz _ N TR
S_m de—%( )=¢,@) .

Thus if the density f(x) satisfies the condition above, the characteristic
function can be expressed as

(1) 8= e f(@)dv=3) a,d O+ 31 8,6~ 1)+ (0

and since
|, @ —g@lds<oo; [zl @)~ @)Ida<oo,

the remainder term ¢(t) can differentiated m times at =0, so that we
have

(2) #t)=33 o, +o(ltI") .

It is shown by Takeuchi and Akahira [4] that for small |¢{|>0 and
j=2

(3) 4 0=G-D(]" usedu)iep-te
P

G—1)!
1

ok pg-t_ Y f}(l_'t__tz _":_ts )
+18¥|t] jltl % 5 +6 +

[t~ log [¢[+af |t~

=G-D| #a,ltl—

m m m+1
=1+’§l ajk|t|k+k§1 bjktlt Ik_l+‘§’ C/kltlk—l log Itl
T2 dutltl log [t[+o(lt]™)

where a,=—1/k!(k—j+1) and af and g} are real constants equal to the
real part and the imaginary part of

o 1 2 a1 —1 j-2 K
1 gt R P TS N (1)) }d I
Sx ue d“+So“ {" =ttt =D B W=D

respectively, and a,, b,, ¢; and d;, are certain complex numbers,
Hence we have from (1), (2) and (3)



400 KEI TAKEUCHI AND MASAFUMI AKAHIRA

m m m+1
(4) ¢(t)=1+§.1 A,,]tl"+k§l Bktlt]""+§} IE cqlt*log ||
+30 31 dt |t log [tl+o([tI™)

where A, and B, are certain complex numbers.

Let X, X;,--+, X,, -+ be a sequence of i.i.d. random variables with
the characteristic function #(t). We define z, —<E X, — ) / V. whose
characteristic function ¢,(t) is expressed as

$.(t)=E (¢"7r)= {¢( Iﬁ )} exp (—i J'If t> .

n n

Since

log g.(t)=nlog ¢(L-) —i 2=t

n n

it follows from (4) that

e s Itl

(5) 10g¢n(t)=—']lv{"t+nHZA 3B, +3¢.

VE VE
-aog|t|-—logv,.)+§z>,,”§,' (log |t|—log V)

rood—teprlop-].

It is noted that since ¢,(t) is a characteristic function B; is a pure

imaginary if not equal to zero, and that term can be cancelled out by

an appropriate choice of M,. Without loss of generality we put B,=0.
In order to obtain V, and the leading term of ¢,(¢) it is enough to

consider the following cases:

(i) A0,

(ii) A;=0, A;#0,

(iii) A,=A,=0, C,=D,=0, C,>0, D,=0,

(iv) A,=A,=0, C;>0, D,=0.

Since the asymptotic distribution of Z, is stable, it is seen from (5)

that each case is as follows:

Case (i). V,=n necessarily holds and then C,=0. If D,=0, then
the leading term of ¢,(t) is given by e4!. If D,#0, then M, must be
O(n log m). When D,#0, we have the characteristic function ¢,(t) with
the leading term of the type exp{A,|t|+Dtlog|t|} which is the un-
symmetric stable law of characteristic exponent 1.

Case (ii). V,=mn necessarily holds and then B;=C,=C,=D,=D,=0,
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Hence the leading term of ¢,(t) is given by e4?.

Case (iii). V,=+mnlogn necessarily holds. Hence the leading term
of ¢,(t) is given by e %*.

Case (iv). V,=nlogn and the leading term of ¢,(f) must be ¢ 1!,
If C;>0, then F belongs to the domain of attraction of the Cauchy
distribution, and the density f(x) is expressed as

a(l+2) 2 +o(x7?) , as x— oo,

f(@)=
B(l—x)t+o(x7? as r— —oo,

with a+8>0. But this implies that F belongs to the domain of nor-
mal attraction of the stable law with characteristic exponent 1 (see [1],
p. 181), which contradicts the assumption V,=nlogn. Thus the case
(iv) can be excluded from our consideration, except for the trivial case
C,=0.

In other cases the leading term of ¢,(t) is equal to 1 which is the
degenerate case.

When the leading term is obtained in each case, the remaining
terms may be arranged in the order of magnitude. A few examples
are in order to show the point.

Example 1. Let X’s (1=1,2,--.) be i.i.d. random variables with
the density function f(x) given by

1

IO = Ve

Since f(x) is a symmetric function and f(z)~1/22* as x— oo, F(y) be-
longs to the domain of normal attraction of a stable law with charac-
teristic exponent 1 ([1]).

Note that X, can be expressed as X,=(1/(1— U,)—1/U))/2, where
U, is distributed uniformly in (0, 1). Putting

_ 1 .
1) = T AT e VT
11
)= e 2 el
we have
(6) fay=—e=t 1 o)
2(1+2%) 2(1+a)"
1 1

- S — 2(1+|w|),—h(w)+g(x) .
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If we have m=2, 0<d<1 and g*(x)=1/2(1+2%)—1/2(1+|z|)? then (a)
and (b) are satisfied. First we obtain

Sy%(y)dy——log(ﬂ* o) g 5 log (1+)

1 ) 1 '
— -1 -1
<1+x + (1+2)®

Hence it follows that

r z*h(x)dz=log 2 .
Since
Sw h(x)dx=1/2 ; Sm zh(z)dx=0 ,

it is seen that

(7) S” e“‘h(x)dx=—;-+li§—2-tz+o(tz).
Since
| o@dz=2-2; " geda=2-1,

we have

iz __@__l(____ )2 2
(8) |, e o@Ma=2— 2 —L(Z_1)tro).
It follows by Takeuchi and Akahira [4] that

= “
9 S ¢ __dz= 1+t log |t|—rt*+o(?
(9) T g |t —rt+olt) ,

where y is some constant. From (6)-(9) we obtain

=" e=f(@)a
T —|¢|_l_t_21 t Ltz.__l__lo_gz_t’ 2T
2¢ g g logltt gyt =t 20
1

(5o

2
=1-F gL Lia—p- 2y oft?) .
5 |t1—5 log [t]+2-(1—r—log )¢+ o(t)
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Letting ¢,(t)=E [exp itZ,] with Z,,=é X,/n, we obtain
1

log ¢.(t)=mnlog ¢<%)

T tz 1 tz
=—T =L (o og n)+ 1 (1—r—log 2) L
2lt‘l > (glt|+1g)+2( 7—log 2)

_ T (l
8nt+0 n) ’

Since

suty=em[1- 1B g L p1ogyy)
2n 2n

o 41—~ log 2)— )¢ +o( L) ,
8n n
the asymptotic expansion of the distribution of Z, agrees essentially

with the Cauchy distribution. The second term in the expansion has
the form

% (a log n+b)fi(x) +efix) ,

where fi(x) and fy(x) are the functions that are Fourier transforms of
e t=/Dltl and (tz log ltl)e—(:/z)m

respectively. Hence fi(x) and fy(x) are equal to —g”(x) and —A"(x),
respectively, where

_ 1 .
g(x)_‘ TL‘(C' 2+_x'z)"‘ ’
1
- = - 1 2 —92 -1 I
h(z) 27:(1+a:2){ log (1+2*)—2x tan~' 2 +C"}

with certain constants ¢’ and C".

Example 2. Let X;’s (1=1,2,---) be i.i.d. random variables with
the normal density with mean 0 and variance 1. Let Y,=1/X, (=1,
2,---). Then the density function f(y) of Y; is given by

=__.__1 l -1/2
f() i
Since f(y) is a symmetric function and f(y)~1/(v2zy*) as y— oo, F(z)

belongs to the domain of normal attraction of a stable law with the
characteristic exponent 1 ([1]). Put
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(10) g(y)=f(y)—7—n—(—% .

If we have m=2, 0<6<1 and g*(z)=2/(v = (14+22?)), then (a) and (b)
are satisfied. First we have

() |- swdy=1-v7 ;

(12) S:o Y9(y)dy=0 .

Further we obtain

(13) |- vomay=—={" (e-w T )iy
2
'\/_ 7 x"(2+x2)}dx

=\/; . (2u)‘°’2<e"‘—ﬁ)du

=5 ()

R TTIEE S Sy YRRy
1+1/—Sov (1—v)Vido

T

1 3 1
——1+-1 B _,._)
+~/7r (2 2

From (10)-(13) we have

#t)=|"_er)y

=S:, %dzfﬂw e"'g(y)dy
[ L e

=V exp (- 1'/§'—)+1 vE-2(-1 +~‘/2£>t2+o(t2)
=1-—\/—’2’_-ltl+5+o(t’) :

Letting ¢,({)=E [exp (itZ,)] with Z,=3 X,/n, we obtain
1
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oo p=nteo{ )= s (3 o(3).

3 1) 1
0= (exp (= 5 1e1) ) 1+ (T +g) 5 +ol3)
$a()=( exp \/thl gt ol
the asymptotic expansion of the distribution of Z, agrees essentially with

the case when the density function is ¥ 2 /{v = (z+22%} and the next
term is (a+bx*+cxt)/ {V2x(1+2?)}>.

Example 3. X;’s (=1, 2,---) are distributed according to t-distri-
bution with 2-degrees of freedom i.e. with the density

Since

_ 1
O ey

Note that the distribution has no finite variance, still it belongs
to the domain of attraction of the normal. First we have

_ 1
F@=he) gt

where h(x) is given in Example 1.
The conditions (a) and (b) are satisfied with m=2, 0<d<1 and

1

SO = T =)

From Example 1 we obtain

#0="_ef@da=1+L log|t|—BZT ppory,

where 7 is some constant. Letting ¢,(t)=E [exp (itZ,)] with Z,,=é X;
1
/¥nlog n, we have

log 4,(t)=nlog p(——)

vnlogn
=LM-A{1+ log log n +2(log2+r)}tz+o< 1 )
2 logn 4 logn logn logn
=e""’"/“‘2{1+l ' log [t] +o< 1 )} ’
2 logn nlogn

where

log log n n 2(log 2+7)

a=1
¢ + logn logn
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The leading term of the characteristic function ¢,(t) is equal to e+

which corresponds to the normal distribution. And the second term
g(x) is the Fourier transform of

-;—(t* log |£[)e ;

that is,
g(x)=—=G"(x) ,
where
I
with

C=—_1_ S” (log |¢)e-"dt .
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