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1. Introduction and summary

Most of the statistics used in multivariate analysis based on the
assumption of a multivariate normal distribution can be expressed as
functions of the latent roots of random matrices. The problems of
deriving the distributions have been individually considered by many
authors. Several works have been done on the distribution problems
associated with the statistics based on the latent roots of the sample
covariance matrix, which will be discussed in this paper. Examples are
found in T. W. Anderson [2], [3], Davis [4], James [7], Krishnaiah and
Schuurmann [9], Krishnaiah and Waikar [10], [11], Sugiura [14], Sugi-
yama and Tong [16] and others for the test statistics, and in G. A.
Anderson [1], Fujikoshi [5], James [6], Muirhead and Chikuse [12],
Sugiura [13], Sugiyama [15] and others for the distributions of the
latent roots. Some of the articles are concerned with the derivation
of exact distributions, and others with that of asymptotic distributions.
In many distribution problems, however, the exact distributions in the
nonnull case are of no practical use, because of the complicated nature
of the expressions. It is therefore of interest to derive the formula of
asymptotic expansions for the distributions of statistics expressed, in
general, as functions of latent roots.

In this paper we derive an asymptotic expansion for the distribu-
tion of a function of latent roots of the sample covariance matrix, when
the corresponding latent roots of population covariance matrix are sim-
ple. The resulting expansion is given up to and including the term of
order n~l. As special cases of our result, asymptotic expansions for
the distributions of various kinds of statistics can be derived, some of
which have been obtained so far by several authors. In Section 2, as
immediate consequences of our result, asymptotic expansions for the
distributions of various ratios of latent roots are also given.
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2. Main theorem

Let S be the matrix of the corrected sum of squares and sum of
products of observations in a sample of size n+1 from a p-variate normal
distribution with population covariance matrix 3. Then S has the
Wishart distribution Wy(n, ¥). Let [;>L,>--->1,>0 and A4, =4,=
2,>0 be the latent roots of S/m and ¥ respectively, where m=n—24
for a correction factor 4. Also, let f(,,1;,--+,1,) be a real-valued func-
tion defined on a domain D in p-dimensional Euclidean space. We as-
sume that the function f can be expanded around A*=(i, 4, -+, 4,)
(€ D) in Taylor’s series.

The main result in this paper is the following theorem.

THEOREM 2.1. Let @(x) be the jth derivatives of the standard mor-
mal distribution function @(x). If the latent roots of X are all simple,
then the distribution function of

f*=m{f(llrlzy"',lp)_f(zlv 22;"'7 Zp)}/‘l'
can be expanded for large m as

2.1) P(f*<ax)=9(x)—

fm {G0V@)]r +9:0P(x)/")

= 31 b 0 (@) O™

Whe're z‘zzziZz(il )2 fofr L:(l lyyooo l) and A*=(2 Aoyoose 1)
a=1 “ aln L=A* 1y b2y 1 p 19 A2y y Ap).

The coefficients g,, gs, h:, h, and hg are
91:’24 2 2«fa+2 (aafa+2:faa) )
=3 SRLA2E SRS L.
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~AS LRSS S BBt owfIs
+2§’(5¢a’fﬂ+5a’ﬁfa)fﬁ’} fuﬁfa'ﬂ’ ’

h6=';—g§ ’

where

G2 D A, b2 3B,
Bta BEa
aq,+qﬁ+q,
=——  fl,, L, -, L) ocs
7, 9 ¢ ol 2«9l gsdl2r Sl b 2=

0.5 18 the Kromecker delta and summations 3, > > and >3 mean }Ii‘,,
a a f#a

a<p a=1
i} é} and él piﬂ respectively, throughout this paper.

As special cases of this theorem, we have several interesting re-
sults, some of which can be found in literatures. An asymptotic ex-
pansion for the distribution of the ath latent root I, of the sample
covariance matrix, which has been studied by G. A. Anderson [1],
Muirhead and Chikuse [12] and Sugiura [13], can be obtained by put-
ting f({,--+,1l;)=l. in Theorem 2.1. We note that our formula (2.1)
for the latent root I, holds, if the corresponding latent root 2, of J is

simple. Putting f(,,---, l,,)=él,,/ ﬁ l. (q<p) in Theorem 2.1 gives an
a=1 a=1
asymptotic expansion for the distribution of the statistic é l,/ i la,
a a=1

=1
which has recently been obtained by Sugiyama and Tong [16].
Krishnaiah and Waikar [10], [11] have discussed tests of equality
of the latent roots of certain matrices. These tests are based upon
various ratios of the latent roots, including the ratios of the individual
roots to the trace and the ratio of the largest root to the smallest root
of the sample covariance matrix. The exact distributions of the above
ratios in the null case have been studied by Davis [4], Krishnaiah and
Schuurmann [9] and Krishnaiah and Waikar [10], [11]. However, for
the nonnull case the exact distributions in the forms useful in practice
have not as yet been obtained.
We now give, in special cases of Theorem 2.1, asymptotic expan-

sions for the distributions of test statistics I,/l, (1<J), li/ EP] l, for ¢, 5=
a=1

1,2,...,p. Putting f(,---,1,)=L/l, in Theorem 2.1, we have the fol-

lowing

COROLLARY 2.1. The distribution function of A=+ m(fl,—a/2))[cy
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(1<J), when the latent roots 2, and 2, of 3 are simple, can be expanded
for large m as

2.3) P (4,;<%)=0(x)— ﬁ {g0V@)]ry;+ D))
+ __’an é hzg¢(2k)(m)/‘l'¥7 + O(m-’3/2) ,

where ti,=4ul, for u,,=2,[;, and the coefficients g,, h, are
gn=uu(2 Aphip— 2] 2P21ﬁ+2) ’
Bt B+4

gB=8u§j ’
(2.4)
he=1 gt — 42, (S A — 3 A, + 3 B8, + 3 28}
2 (LTS ITY) p#i B#s :
+ 14ui, —6u,, 43,

hi=g.9;+44ui; ,

hs=%g§ .
Now put f({,---,1,)=l / é l.. Then the partial derivatives with
a=1
respect to I, at A* are given by
(2°5) fa=ca ’ faﬂ=_(ca+cﬁ)/1_! fnﬁr=2(ca+cﬂ+cr)/12
for a, 8, r=1,2,---,p,
where ¢,=3) 1./(3 4.), c.=—A4/(C] A) (a#14) and 2=311,. Substituting
a#t a a a
(2.5) in (2.1) and (2.2) gives the asymptotic expansion in
COROLLARY 2.2. If the latent roots of X are all simple, then the

distribution function of A,;=vm (/3 1.—A)3 2.)]z; can be expanded for
large m as ‘

Jl?n“ {919V (2)[7i+ 9,9 ()73}

(2.6) P (4, < z)=0(x)—
L S o 090() e+ O(m )
m ji=1

where ti=2 3] Aic; and the coefficients g;, h; are

eI

gl=2 @eCo— Z cha ’

e e
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a

+-2 5SS BiRee e et
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+%{g 51 2dje.cile.+ o) — 5 2el)

+% S 3 A {AcA0.pCpt05pC)Cw + Ap O+ OurpCa)Cr'}

a<f a’'<p’

* (C, + cﬁ) (ca’ + cﬁ’) ’

3. Proof of the main theorem

This section contains the proof of Theorem 2.1. The method adopted
here is based on that discussed in Sugiura [18]. We consider first the
function of the latent roots of a symmetric matrix M of order p having
the following form

3.1) M=A+eVOLeVOLIYO 4 ...

where V‘f’—(v“’) (7=1,2,--.) are symmetric matrices of order p with
A=diag [4, 2, -+, 2] (4=2=---=2,) and ¢ is a factor to be thought
of as real-valued and small. If 2, is simple, then the perturbation ex-
pansion (see for example Wigner [17], p. 40) for the ath largest root
l. of M can be expressed in the form

(3-2) Li=24dP+AP+IP+ - - -,
where
=22,

(33) IP=v+3 0,
B*a
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IP=vP+2 3 2,000 — 3 200G+ 3 3 2,2, 0P
B*a B#a B#a r#a

and 2,=(2,—4,)"" (a#p).

The perturbation expansion in the case when the latent root 2, has
arbitrary multiplicity has been studied by Fujikoshi [5] and Konishi [8].

Expanding the real-valued function f(,,1,,---,l,) around A*=(a,
A, ++, 4;) in Taylor’s series and substituting (3.2) in the resulting ex-
pansion gives

(3'4) f(ll’ tt %y lp)zf(ll" %y 2p)+eFl+ezF2+est+ ctty
where
Fl=2 lftl)fa ’

(35) F=SIOfA+T SN0 .
a a B

F=S0f. 43 5 5 (W HIP) o+ + 5 S SISy,

a a B @ 8 T
Here f., f., and f,;, denote the partial derivatives defined in Section 2
and I are given by (3.3).

Now let us consider this result in terms of a Wishart matrix S
having Wy(n, 2). In dealing with the distribution of the latent roots,
we can assume without loss of generality that S=A=diag [, Z,,-- -, 4,]

(A=h=---=2,>0). Let

1 1
3.6 —8S=A+——V,
3.6) m =M T
where m=n—24 for a correction factor 4. Put e=1/¥m and V=0
(7=2,8,---) in (8.1). Then, it follows from (3.4) that the function of
the latent roots I, of S/m can be expanded in a power series of order

1//m as

1 1
3.7) f(zl,---,z,,)=f(zl,---,z,,)+mm+%n+mmm+---,

where

(8 F=3 3 ihfot s 500l

F3= E E E Zaﬂlnr'vaﬁvﬁr'vrafa_g Fg zz,ivaa’v:pfa

& ptar+a
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+l E 2 ('vu 2 Zﬂr'v;r’i"vﬁﬁ 2 Zarr'v:zr)f ap
2 a B T#8 T#a
+% Za] % g VaaVppVpr Sasr for V=(v,).

Then the characteristic function of vm{f(,---,1)—f(&, -, 4,)} can
be expressed as

(3.9) E[etr (itAV) {1+f}QF2+ ((n)F,+ (it F,)+0(m-*/”)}]

where A=diag[f}, f;, -, f,] and F,, F, are given by (3.8). Computing
each expectation in (3.9), using Lemma 5.1 in Sugiura [13], we have
the following form for the characteristic function of vm{f(,---,1,)—

f(xly' ) lp)} :
(8.10) exp (—#' 53 zzf:)[l T ——{(2t)g,+(3t)’gs}
= ) (), +O(m )|
m j=t

where the coefficients g,, h, are given by (2.2) in Section 2.
Inverting the characteristic function (3.10) gives the asymptotic
expansion (2.1) in Theorem 2.1.
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