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Some methods for generating random points uniformly distributed
on the surface of an n-sphere have been proposed to simulate spherical
processes on computer. A standard method is to normalize random
points inside of the sphere, see M. Muller [5]. Improved methods were
given by J. M. Cook [1] and G. Marsaglia [4] in three and four dimen-
sions, and computational methods in higher dimensions by J. S. Hicks
and R. F. Wheeling [3] and M. Sibuya [6].

In this paper we shall offer direct methods for generating uniform
random points on the surface of a unit m-sphere, which can be easily
combined with Marsaglia’s idea for getting more improved methods.
Our method in even dimensions was obtained by M. Sibuya [6], but a
differential-geometric view-point will make analyses simpler, even in
odd dimensions.

1. Methods

Let I be the unit interval [0, 1] and %, %, - -, ¥. Cartesian coordi-
nates in an n-dimensional Euclidean space. We shall denote by X’s
and ©’s independent random variables in I.

Method in case n=2p. Put Y,=1, Y,=0, and define variables Y,

Y,,---, Y, by the recursive formulas

(1.1) Y=Y.X¢" (i=p—-1,p-2,---,1),
and form

(1.2) Yy ,=vVY,— Y, ,c08278,, yu=+7Y,— Y, sin 226,

z=1,2,---,p).
as coordinates of a random point on the surface of the unit n-sphere.

The latter half of this method is due to M. Sibuya [6].
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Method in case n=2p+1. Put Z,,,=1 and define variables Z,, Z;,
.-+, Z, by the recursive formulas

1.3) Z,=Z,.,X¥¥%Y  (i=p,p—1,---, 1),
and form
n==xvZ7,
a9 Y=V 21— Z,; cos 276, , Yus1=V 21— Z,; 5in 276, ,
(=1,2,---, p)

as coordinates of a random point on the surface of the unit n-sphere,
where + is a random sign.

G. Marsaglia [4] used the property that, if (U, V) is uniform in the
interior of the unit circle, then S=U*+V? is uniform in I=[0, 1] and
independent of the point

(UIW'S, V]V S )=(cos 276, sin 276) .

Our methods are easily combined with his idea in even dimensions and
in low odd dimensions for reducing the number of used random vari-
ables.

2. Ordered sets of random variables

For the later use, we first consider a method for generating or-
dered sets of n random variables Y;, Y;,---, Y, in I such that

0=Y.=Y,<---=Y,,=Y,=1.

If we regard Y,,Y;,.--,Y, as coordinates in an n-dimensional Euclidean
space, then (Y;,Y;,---,Y,) represents a random point in an (n+1)-
faced polyhedron 4. In order to find n independent random variables
X, X;,---, X, representing random points in 4, it is sufficient to obtain

the transformation from the nm-dimensional unit cube I* to the poly-
hedron 4 which preserves the density to within a constant factor. The
volume element of 4 is given by

dY,dY,---dY,.
Now we put Y,,;=1 and
(2.1) X:=(Y./Y..)'  (=1,2,---,m).

Then, for each 7, the variable X; depends on Y; and Y;,; only, and
varies over the interval I as Y, varies from 0 to Y,,;. As is easily
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seen, the Jacobian of the transformation (2.1) is equal to »! and we
have the relation

dY,dY, - -dY,=(1/nl)dX,dX,---dX, .

Seeking for the inverse transformation to (2.1), we obtain the fol-
lowing

Method for ordered sets of random variables. Let X, X;,---, X, be
n independent random variables in I. Put Y,,;,=1, and define Y,,Y,,
..+, Y. by the recursive formulas

(2.2) 1=K+1Xil/i (q,:n, n—1,---,1).

Then Y;,Y;, -+, Y, form an ordered set of random variables in I, that
is, they give a random partition of I into n+1 subintervals.

3. Analysis
Let P be the part of the surface of the unit n-sphere defined by

3.1) v+t +vi=1,  y.=0.

For generating random points on the surface of the unit n-sphere, we
suffice to find a transformation of the unit (n—1)-cube I*™! onto the
part P preserving the volume element to within a constant factor, then
attach random signs to the coordinates y;.

If we put 2,=0 and

(3.2) o=yi+yt---+yi (1=1,2,---,m),

then the variables x; form a sequence in I such that

(3.3) 0= =0 =0, 22, =x,=1.

Conversely, given a sequence (3.3) in I, the point with coordinates
(3.4) yi=vo—x . (i=1,2,---,m)

is on P, that is, the equations (3.4) give a representation of P by pa-
rameters ,, %,,---, £,_; varying in I with the restrictions (3.3). For
each 1, y; depends on z,_; and x; only, and has non-trivial derivatives

oy, _ —1 oY _ 1

0r._, 2Wxi—%, 0x, 2VZ—%i;

Then the induced Riemannian metric tensor of P is defined by com-
ponents
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=W W i1 9... e
glj_g ax‘ axj ('&, J—ly 21 y n 1) ]

see [2], and the non-trivial components are only

1 ( 1 1 ) —1
- + H = i = — 1
9u 4\ w,—2, Lip1— %4 Goer1=Gose 4(wi—ay)

(i=1,2,+++,m—1).

We can easily verify the following formula on a determinant of
order n—1:

a;ta;, —a, 0 ce 0 0
—a, ata; —az; --- 0 0
0 _aa a3+a4 AR 0 O
0 0 0 ce an—2+an—1 —Qpy
0 0 0 ce — 0y Qp_1+ay

:ala,z...a”<__1_+_}_+...+ 1 +l_)
a, a; Ayt a,

Applying this formula to the determinant G of the components g,; of
the metric tensor of P, we obtain the expression

(3.5) G=[4"")(2;— 2,) (Xs— 2)* * * (Fny— Lng)(1—2,_1)]"
and the volume element dV of P equal to

(3.6) dV= deldxz ree dx,._l
=2 @y (d0y — 1) (X3 — X3) * + * (Foy— Lng) (1 —2,_y)] 712
Xdxdey- - -dx,_; .

First we consider the case of even dimension n=2p. Pairing the
intervals [2;_,, ;] and [_;, 23], ©=1,2,.--, p, we put

3.7) U=§ Arc tan [(Zy s —To_o)/(@u—u )], Un=y ,
t=1,2,---,p).

Then, for each 4, the variable U, is identical with x,,. The variable
Uy, is dependent of x,_,, %;_; and x, only, varies over I as z,_, varies
from x,_, to ., and has derivative

Uy

5 =1 [(@21-1— Tas—9) (Ta— B-1)] 72 .
Lai-1 T

Hence the Jacobian of the transformation (8.7) is equal to
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n -1/2
'_15'[-1—1— (xi_xi-l)]
T i=1
and the volume element dV of the part P is equal to
dV=(=*/2»YU,dU;---dU,_; .
Renaming 6, for U,_, and Y, for U, in (3.7) for simplicity, and solv-
ing the equations in z,, we obtain

(3.8) xz,-_1=Y¢_1 CoS8 -7—2r—9i+Y¢ Sin %6; y xu: K .

Substituting (3.8) into (3.4) and replacing z6,/2 by 2z6, for attachment

of random signs, we obtain the expressions (1.2). Since Y,,Y;,--+, Y,

form an ordered set of random variables in I, they can be obtained by
the method stated in Section 2. The volume element dV of P is ex-
pressed as

AV=(z*2")dY,dY;- - -dY,_,d6,d6,- - -db, .

Next we consider the case of odd dimension n=2p+1. The ex-
pression (3.6) contains 2p+1 factors of the form z,—=z,,. Applying
the same method as that in the case n=2p to the last p intervals
[22_1s Zoiia) (=1, 2,---, p) and renaming Z, for xz; and Z; for Y,_; (1=2),
we have the expression

dV= F ™ 4ZdZ,--dZ,d6,---db,

where Z,, Z,,---, Z, are random variables such that -
0<Z=Z,<---=Z,,=Z,=1.

Now we put Z,,;=1 and

(3.10) X =(ZZ )% (1=1,2,---, D).

Then, for each i, the variable X, depends on Z; and Z,,, only, and
varies over I as Z, varies from 0 to Z,.,. We can see that the Jacobian
of the transformation (3.10) is equal to (2p—1)!!/2°4/Z, and the volume
element dV of P is equal to

P
V deIdX2 prd91° M 'dep 9

where we have put

@p—1)1'=(2p—1)(2p—3)- - -3-1
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Seeking for inverse transformation of (3.10), we obtain the recursive
formulas (1.3) in which X, X,,--, X, are independent random variables
in L
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