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Abstract

S. and S, are independent central and noncentral Wishart matrices
having Wishart distributions W (n., 2) and W (n,, 2; 2) respectively.
Asymptotic expansions are given for the distributions of latent roots
of S,S;! and of certain test statistics in MANOVA under the assump-
tion that m=mn,+n, becomes large with a fixed ratio n,: n,=e:h (e+h
=1, ¢>0, h>0) and 2=0(n).

1. Introduction

In MANOVA model we are often interested in latent roots of S,S;!
where S, and S, denote independent pXp matrices distributed as cen-
tral Wishart Wy(n,, 2) and noncentral Wishart Wy(n,, 3; 2) respectively,
where 7, and n, are the degrees of freedom for the error and for the
hypothesis respectively and 2 is the noncentrality matrix.

In this paper we shall consider the problems of MANOVA model
in the situation that m, is relatively large, for example, in testing
the interactions in multivariate multi-way classification design with
relatively large levels and a small sample size. (See Fujikoshi [2]).
Therefore we shall assume that n=n,+n, becomes large with a fixed
ratio n,:n,=e¢: h (e+h=1, ¢>0, h>0) and 2=0(n).

In Section 2 an asymptotic expansion is derived for the joint and
marginal distributions of the latent roots of S,S;! when all the roots
of 2 are assumed to be simple.

In Section 8 we shall consider three test statistics, the likelihood
ratio, Hotelling’s T; and Pillai’s V statistics, which are available in
tests of dimensionality for MANOVA model, and we shall give asymp-
totic expansions for the distributions of these three test statistics in
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the nonnull and the null cases.

Our results are expressed in terms of the standard normal distri-
bution function &(x) and its jth (j=1, 2,---) derivatives &(x), and
are given up to order m~'? with respect to m=g"'n—y where x and 7
are correction terms. We shall obtain the asymptotic expansions for
the distributions of traditional statistics by choosing (i) g '=(1+-e¢)/2,
r=(p+1)/2 for the likelihood ratio statistic, (ii) g'=e, y=0 for Hotel-
ling’s Ty statistic and (iii) #'=1, y=0 for Pillai’s V statistic. In the
sequel we may assume without loss of generality that =1, (the identity
matrix of order p) and 2=nO=n diag (4,,---,0,) since we treat only
latent roots of S,S;.

2. Asymptotic expansions for the distribution of latent roots

We shall apply a perturbation method in order to get expansions
of latent roots of S,S;' and derive an asymptotic expansion for their
joint distribution under the assumption that all ¢,’s are simple. Former-
ly the perturbation formula for latent roots was used by Girshick {5]
and Lawley [7] and recently has been given as Taylor’s series expan-
sion by Sugiura [8].

Let Sand V¥ (5=0,1,---) be pXp real matrices. We assume that
S is expanded in terms of V' in the following way:

2.1) S=A+eVO4VPO4. ..,

where A=diag(4,-:+,4,), 4>--->2, and ¢ is a real number whose
absolute value is small enough. The following lemma can be easily
obtained as in Bellman [1], pp. 60-63.

LEMMA 2.1. For any fixzed a (a=1,---, p) let 2, be simple. When S
18 given in (2.1), the ath latent root 1, of S can be expanded as follows :

(2.2) =2, +edP 4P+,

where A (1=1,2,---) 18 a scalar. The first few of them are determined
by

21(11) = 'vg? ’
(2.3) AP =02 — 33 oL,
b »
K=o — 33 1P — kD 33 Bl

yd b4
+ 20 3% 25 AnUSRUPVY

J#a k#a
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where v is the (u, s) element of V@ and A,,=(1,—2,)7".

Now we shall consider expansions of latent roots of S,S;!. Let T,
and T, be the statistics defined by

(2.4) T.=ym(S./m—pel) and T,=ym {Sp/m—p(hl,+26)} ,

for m=p"'n—y where u and y are correction terms. It is well known
that each of T, and T, converges in law to a p(p+1)/2 variate normal
distribution with mean 0 as n tends to infinity. From (2.4) it follows
that

T;,,.

1 o _ 1 1 o _ 1
(2.5) -E—SE_WIP+—.4\/7TB and -ﬁ—sh—[l(h.[p'}'z@)"’ m

As the latent roots of S,S;! are the same as those of S;¥:S,S;!2,
we shall consider an expansion of the latter as follows:

m m

(2.6) S;128,8;12 = (711'_ S,) “/2<i S,L> (—1—S¢> -12

1
vm

= (et =) [un1,+ 26+ L)
. <‘ueIp+ 1/% T,)_m

1 1
=A T yo ...,
+ Vo4 J7ACEE

where
a=tri2¢,
e e
@.7) V‘°’=%{Th—%(T,A+ATe)},

m:_l._{é T2 A+ ATH— L (T.T,+ T, T lTAT}
Vo= (S A AT~ L (LI TT) + 1T

Applying Lemma 2.1 to the matrix S;¥:S,S;** in (2.6), we have
the following:

THEOREM 2.1. If 6,>--->0,, an asymptotic expansion for the joint
distribution of the latent roots 1,>--->1, of S,S;' 18 given by

2.8) P { A (uekim/2) 1.~ (%+%e)] <x,}

il ¢(x.)(1—717m) +0(m™) ,



238 TAKAFUMI ISOGAI

where

k,=e{(1+20,)’—e} -

=i S k|G RS+ E 840w

=1

*a e(0.—6,)

S,=kie {2(1+20,)'—3e(1+26,)+¢'} ,
P (x)=0(x)/D() .

PROOF. An asymptotic expansion for the joint distribution of the
latent roots I;>.-->I, of the matrix S;S,S;"* given in (2.6) can be
obtained by inverting their characteristic function

(210) §(t,,---, t)=E [expivm 3} t.0,—2)|

' p
=E [ex 1 tl(‘){l —_— t. A2 4+0(m™ ” ,
p Z‘ + ~/_ 23 LA +0(m™)
where the expectation E is taken with respect to the random matrices
T, and T,. Useful integral formulas for calculating this type of ex-
pectation are given in Fujikoshi [2]. We can get the following expec-
tations.

(2.11) E [exp 1 E t 1(‘)] {1— J_ga+0(m“)} exp (—g.) ,

4” (h+26.)

2.12) E[t,zg” expi 3} t,zgn] [ o et

X {(1+260,)' e} +0(m™%) | exp (),

where
1 2 2 2
g:=— > {(14-26.))—e}t?,
pe' =1
(2.13)
h= }es E {(1+26.)'—3e(1+26,)*+ 2%} £ .
Ij a=
The inversion of the characteristic function ¢(t,,- - -, t,) yields the result.

Q.E.D.

COROLLARY 2.1. When 8, is simple for fixed a, an asymptotic ex-
pansion for the marginal distribution of 1, is given by
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' 2 1/2 h 2
(2.14) P {(pelc,mlz) / [l,,— (?+?0‘>] <x}
=0(z)——— [a,0V(@) + a,0P(@)} +O(m™) ,
vm
where ‘ .
(2.15) G=—L kR, and a=—2_Fk.S.,

2v/2pe 3v2ue
and k,, R, and S, are the same as in Theorem 2.1.

Proor. Let z,=+4oo for i=1,--., p, except «, in Theorem 2.1.

3. Asymptotic expansions for the distributions of three test statistics
We shall consider the following multivariate linear model:
(3.1) X=AS+E

where A is an NXw known matrix with rank (A)=w, & is a wXp
unknown matrix and each row of the random matrix E is independ-
ently distributed as N0, 2).

Consider the hypothesis H,: rank (B5)=k, and the alternative H,:
rank (B5)>k, where B is a bXw known matrix with rank (B)=»b. Then
we have three typical test statistics,

(1) The likelihood ratio statistic

A= 3 A+L)y"  (g=N-w),
a=k+1
(2) Hotelling’s T; type statistic
y4
Tk= E la ’
a=k+1
(3) Pillai’s V type statistic
Vi= 3 LI1+L),
a=k+1

where l,,---,1, ({;>--->1l,) are the latent roots of S;'?S,S;'* and S,
and S, are independent pXp random matrices distributed as central
Wishart Wy(q, I) (g=N—w) and noncentral Wishart W, I; 2) respec-
tively and 2 is a diagonal matrix. Assuming that 2=0(q) and b is a
fixed constant, asymptotic expansions for the distributions of these
three statistics have been obtained up to order m~'2 by Fujikoshi [3].
Now we shall assume that g=n,, b=n,, n=n.+n, with a fixed ratio
n.:m,=e:h (e+h=1, e>0, h>0) and 2=n6, 6=diag (4, ---,0,), 4=
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diag (4, - -, 2,)=(h/e)I,+(2/e)6. Under these assumptions asymptotic ex-
pansions for the distributions of those statistics are given in both the
nonnull and the null cases.

1° (Nonnull case)

Suppose that the latent roots 6,.,---,6, are simple. Based on
Lemma 2.1, we have the following expansion of the modified likelihood
ratio statistic Af= ﬁ (1+1,) ™" with m replacing ¢ in 4,.

a=k+1

3.2) AL=+vm (—l log 4 — éﬂ log (1+z,))

LI (O 1 2 ( i@ A

+ 147, 2044

-1
a—%’-l 1—'—1 J—_ a%‘}-l >+O(m )

The characteristic function of A, is written as

63 Elepic 3 -l 5 (A romn]].
T 142, U Vm e \142, 2(1+4)

Utilizing the formulas due to Fujikoshi [2], the expectatlon of each
term in (3.3) can be given in the following:

E [exp it ..:%ﬂ lf; :|= [1——;—9%41&0(71%“)] exp (—d,t) ,

gl & & A
[<a§+l 1+1,> XPU Tt ]

_(1 & _R.__ 4Gty )
—{2[1 a=k+1 1+20a+( )g 2 (h+20,)[(1+20)

(3.4) —e(1+20..)"]+0('mﬂ)} exp (—dyt’) ,

E ? 2* ) it oD ]
[(.-‘?ﬂ (1+,z,)= XD i Ta,

=12 3 -e+20) 1+ 50 % 1-e1+20)p
pe «=k+ (pe)’ «

+0(m™)| exp (—dit)

where

=1 3 (1-e(1+20.)7) ,
Ije =k+

(8.5) | dy= > {1—8e(1+426.)'+26'(1+26,)%} ,

(pe)z .=k+1
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and R, is given by (2.9). Combining these terms and inverting the
characteristic function of 4, we have the following result:

THEOREM 3.1. If 6iyy,--+, 0, are simple, the following asymptotic
expansion for the likelihood ratio statistic AF¥ can be derived

3.6) P {m[—llog/l: 3 log<1+2” )] <4}

T1 m

=¢(x)——71”_?{% 04(@)+ 2 0%(z)| +0(m™)

where
a=2 {(p—k)—es)} ,
pe
o= % (0= @-+ie+ 1 ~2p+ Do+ 81+
roo& (1426.)(1+420,)—e
(3.7) +¢§Fl/§1 8(0,—0/)(1'!'20:-) } ’

Q= 3( EmD i ((Pp—k)+26'3,—3¢€'s,} ,

s= > (1420), i=1,2,---.
By similar procedures we can get asymptotic expansions for the T,

and V, statistics.

THEOREM 3.2. If 0..,---,0, are simple, the following asymptotic
expansions for Hotelling’s statistic T, and Pillai’s statistic V, can be
derived

(3.8) P {m [

Ty

-3 (h+20,)e-*] <x}
1

bl (1) b8 (8) -1

=0(z)— m{ 209+ 20 (@)} +0(m~),
where

a=-2{t,—(p—k)e} ,

pe

b= ye,{z(p+1)t1 2(p+1)(p—k)e

3.9) + é f] (1+20.)(1+20,)—e} ’
a=k+1 j=1 0,—0,
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by=—2 _((p—K)'—3et,+ 2t} ,
3u’e’

t= 3 (1+20.), i=1,2,---,
a=k+1

and
«/ﬁ( 2 h+20.,> }
(3.10) P{ (v 3, A ) <a
_ 1 {01 W, Cs p® } -1
=@(2) —— |2 20 (0] ,
() wra e (=) + 2 (#); +0(m™)
where
r§=——2—e—(82—es4) ,
7
(3.11) ¢ :'Z— {ke“s‘——(p+ 1)8,+-8,8: 138,
L1 (1+20.)(1+28,)—e
* 2 PP (0.—0,)(1+26,) )’

03=3:£I;2{—33+3385+6236_33231} ,

and the s;, 1=1,2,---, are defined by (3.7).

2° (Null case)

Assume that 6,>6,>.-->6,>6,,,=---=6,=0. We have an asymp-
totic expansion for the likelihood ratio statistic by a similar procedure
to that in the nonnull case. We have only to be careful for the num-
ber of multiplicity.

A perturbation formula for multiple roots was obtained by Lawley
[7]1. In this paper we shall utilize the following perturbation formula
given by Fujikoshi [4].

LEMMA 3.1. When S=A+eVO+EVP+..., where A=diag (4, 4,
cooy Ay Aepilipory)y WILth 4>+ >4 > Ay and L, ., the identily matrix
of order (p—k), and VY is a pXp symmetric matrix partitioned simi-
larly to A; namely

‘,l(,{) : V( Lk+1
V= . .

the ith (i=k+1,---, p) latent root of S 1is the (i—k)th latent root of Z
which is defined by
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3.12) Z= ZI:+1I(p-k)'|‘€'Vk(-°+)1,1:+1'|'5 [Vk+l k1t 2 oy j k(g-)n j Vj(ol):—i»l]

k
3
& Vit 3 A A ViR ViRt ViR, Vi)

+
M=
M=

zk+1 11k+1 r Vk+1 jV(o) V(°3+1

<
Il
-

r=
- P 2:+1 ij+1 jVj(02+1} Vk+1 k+1

j=1

|
Y ST
q

Dusen | 3} B, Vi, Vi8] | +0E -

Based on Lemma 3.1, an expansion for the likelihood ratio A4¥ un-
der the null case is given by

(8.13) ;1k=J7n"[——-27; log A4¥—(p—k) log (1+2k+1)]

_trzo | 1 {tr Z® _ tr g

_ +_ }+ m—l ’
1+ Ym (142, 2014+ 2p,) om=)

where
Z®= l:+l k+1 9 Z(D_qu-)l k+1+2 2):-}-1 j §3’1 jVj(ug+l .

Therefore the characteristic function of A, is written as

. . 2
314) E exp (i) trZ [1 Lt {trZ"’ _ trzo } N m_,].
(3.14) T T (Tian  20ta.y) 7o)

Each expectation can be evaluated as follows:

(it) tr Z®

E [ex
S T

|=[1- 265, + om~) exp (—di,

E [ trZ® oo O trZ® ]
1+'2k+1 1+Zk+l

(3.15) [(pz,,k)R A=)ty 0:;}’“ B+0(m~)| exp (~ i)

E [ tr Z%’ (it) tr Z® ]

ex
Atz P 12,

=[ 2p—k)h_, 4p—k)k'(ity +0(m—1/z)] exp (—dyth) ,
pe (pe)

where
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d==kh 5 _(=k)(1—-20h
pe (pey

(3.16) k
Rk+l=l{2(p+1)h—-2k—h S _L} .
e 0,

Inverting the characteristic function of 4,, we have an asymptotic
expansion for the distribution of A,.

THEOREM 3.3. If 6,>:-->6,>0,,=---=0,=0, an asymptotic ex-
pansion for the distribution of the likelihood ratio statistic AF is given by
3.17) P {‘@ {—llog AF 4 (p—F) log e] <x}

(1
_ Q1 x> as »c -1
=0(@) {209+ L ov@) +0m
where
Tl—_—(p k)h’
(3.18) aFM{(h—e)p—kH—h s 1 } ,
2pe =1 8,
= 3( Sl —= _(p—k)(1+e)h .

Similar results can be given for Hotelling’s T? type and Pillai’s V'
type statistics.

THEOREM 3.4. If 6,>:-->6,>0,.,=---=0,=0, asymptotic expan-
stons for distributions of Hotelling’s T, and Pillai’s V, statistics can be
given by

(3.19) P {‘{E [Tk— fp‘;")h ]<x}

T2

1

=00~ T

1 20%(0)+ 2 0%(a)] +0(m™),
Tz Tz
where

-?2=-#%(;o—k)h ,

5 _(0—h) b 1
(3.20) b,_w{z(pﬂ)h 2—h 33 - }
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5*=v2="’"‘)‘2"")" ,

and
(3.21) p ‘/m[V, (p—k)h]<x}
_ __1 (& 0 G p» -1
— () m{%,¢ @+20 (x)} +O(m™Y
where

1—2€ (p_k)eh
L

~_(p—k) _ 1
(3.22) s=(l) {2kh 2—h 3} 0}

&= 4({;’ k) (e—h)eh .

It is noted that the result for the null case can be also obtained
by substituting 6,,,=---=6,=0 into the formulas for the nonnull case.
When we set k=0 in Theorems 3.1-3.4, each coefficient of order m'/2
corresponds to that obtained in Fujikoshi [2]. Coefficients of order m™
are omitted here because of their complexity but are given in the au-
thor’s master thesis [6].
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