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1. Introduction and summary

In many practical problems, experimenters have some idea for the
values of the parameters—due to their acquaintance with the properties
of the problems. The estimation problems using some a priori infor-
mation have been investigated. For example, Goodman [38], Searls [11],
Khan [8] and Hirano [4], [5], [7] have discussed the estimation proce-
dures for a mean under the assumption that the value of the coeffi-
cient of variation is available. Singh, Pandey and Hirano [12] and Hirano
[6] have discussed the estimation procedures for the variance under the
assumption that the value of the kurtosis is available. Further, Thomp-
son [13], [14] and Mehta and Srinivasan [10] have proposed the shrink-
age estimators for the mean p under the following situation; We believe
o is close to the true value of p, or we fear that p may be the true
value of p. Various authors have discussed estimation procedures con-
cerning with some preliminary test of significance (cf. References in
Kitagawa [9] and Bock, Yancey and Judge [2]). In this paper we call
these estimators the preliminary test estimators. Most of these are
concerned with the two sample preliminary test. In this paper, we
discuss an estimation procedure with a preliminary test estimator under
the situation that only one sample is taken.

The preliminary test estimators are always depending on the level
of significance. In this paper we show that it can be determined ac-
cording to some utilization of the shrinkage technique. We see that
it is about 0.15 in many cases. Nevertheless, it is shown that an pre-
liminary test estimator derived from Akaike’s information eriterion [1]
has a level of significance about 0.16. These given by two methods
may approximately coincide in many cases.

* This research was partially supported by the Sakkokai Foundation.
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2. Preliminary test estimator and shrinkage estimator for estimating
the mean of the normal distribution

Let X be the sample mean based on a sample of size n from the
normal distribution with the unknown mean x and known variance ¢'.
Also let a be the level of significance for testing a null hypothesis H,:
¢=p against an alternative hypothesis H,: p+#p, where the value of
18 the a priori information. A preliminary test estimator PT, for p

is g if the null hypothesis is accepted, and X if rejected;
h if H, is accepted ,

(1) PT.={ _
X if H, is accepted .

It is well known that H, is accepted if and only if

(2)

Za

MG

where z, is the upper 100a/2-percentile point of the standard normal
distribution. Since the estimator PT, always depends on the level of
significance a, we are not able to decide the estimator PT., uniquely.
Hence we would like to decide the value of z, under some conditions
that PT, is optimal.

Now, Thompson [13] has proposed the shrinkage estimator éX for
which the mean squared error (MSE) is less than that for the sample
mean X. We assume without loss of generality that t=0. A relative
efficiency is defined by

MSE (X
(3) REF (6X: X)_WE(()-()7
and it is a function of =47 |g/s|. Let d, be a value of § for which
REF (6X: X)=1. Then we can easily get §,=1.45--- (see [14] and [10]).
When 47 |p/o|<d, we have REF (¢X: X)>1. If REF (¢X: X)>1, then

éX is more accurate than X in the sense of the mean squared error.
Therefore it is reasonable to use an estimator

X3
(4) X = X2+0}/’n

X otherwise

x/_ o<u<—F— 1/_ o

for p. We note the following equivalent relation;

(5) ¢_0<p<~/_a(=)v>~;—

0
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where the value of v=|g/y| is the coefficient of variation. If the value
of v is suitably large, the mean g is small in comparison with ¢. If
=0, then when the value of g is close to the true value of g, we
shall estimate the mean g by the value near zero. If (5) is satisfied,
then it may be reasonable to use rather used the constant estimator

% as an estimator for p rather than the shrinkage estimator éX. Hence,
for an arbitrary g, we get the following relations;

_ 50 Y __ 50
(6) lp—m| <=0 X %|<¢Wa
(z)m—¢_0<l_(<m+j%0,
if H, is true. Consequently we have an estimator
'f 50 v 50
1 #o—‘/—ﬂ-U<X<#o+~/—,’TU

(7) PT, =

X  otherwise

for the mean g, in this case the level of significance « in the preliminary
test is about 0.15. It should be noted that PT,, is a consistent estimator.

In Section 4, when ¢* is known, we shall get the mean squared
error of PT, . '

Remarks. For simplicity we assume o=1. If —d)/v/n <p<dfvT,

then we may use the shrinkage estimator ¢é¢X for ¢. However in this
case the value of p is approximately equal to zero for suitably large n.
It is reasonable to estimate 1 by a constant zero instead of the variable

¢X. Hence we propose the estimator with the decision rule (7) under
some optimal conditions. Also the estimator PT, is a super efficient
estimator for some approximate values of g, (see Fig. 1). The estima-
tion problems for the mean have discussed in [4] when we have an
approximately known coefficient of variation as the a priori information.

From [4], it is reasonable to shrink X for the suitably large coefficient
of variations.

In general, as we can see from the above discussions and Remarks,
it is reasonable to propose the following estimator; the estimator is a
constant (i.e. an approximate value as an a priori information) if the
shrinkage estimator is more precise than the original estimator in the
sense of the mean squared error, and the original, if otherwise. This
estimator is called the one due to the shrinkage technique.

We call an estimator derived from the AIC statistic the estimator
due to the information criterion. In Section 4 it will be shown that
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the estimators due to the shrinkage technique are approximately equal
to those due to the information criterion.

3. Preliminary test estimator and AIC

We discuss the problem of estimating an »-tuple of parameters =
(6,-- -, 6,) of the probability distribution with a density function f(x|6).
Suppose that we have a priori information

(8) 01 =01, -+, 0,=0y (p=1)

where 6y, -, 0,, are the known constants and 4,,,,---,0, are the un-

known parameters. Let § and 4 be the estimators (for example, the
maximum likelihood estimators) for (6;,---,8,) and (8y,* -+, 6,0, Opi,- -,
d,), respectively.

Consider a testing statistical hypothesis

Hy; 0,=0y, -, 0,=05
(9)

H,; at least one equality fails.

For the level of significance @, then we have the following consistent
estimators, for (4, eey 0)

Ooy s On if H, is accepted,

A

(10) PT, (4, -, op)={
if H, is rejected,

and for (4,,---,8,)

] if H, is accepted ,
(11) PTa (01’. * %y 01‘):{ A
4 if H, is rejected .

However since these estimators always depend on a, PT, are not unique.
Hence we would like to decide on the value of « under some conditions
that these PT, are optimal.

We consider these estimation problems using an information ecri-
terion given by Akaike [1]. According to this criterion, we choose the
estimating model with the AIC, less than AIC’s of the others, of the
following form: AIC= —2log, (the maximum likelihood)+2(the number
of the parameters). At first, AIC;; of the estimating model for which
this a priori information was used, is given by

(12) AICy=—210og L1, *» 00, Ops1s+ -+, 6,)+2(r—p)

where L(6y, -+, 0, 0ps1,-++, 0,) is a maximum likelihood estimator for
a parameter (fy,---, 0u,0501,°++,0,). On the other hand, when there
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is no a priori information, AIC; of the estimating model in this case is
given by

(13) AIC,= —2log L(8)+2r

where L(é) is a maximum likelihood estimator for (4,,---,6,). If a
priori information is effective, then AIC;—AIC;>0 from the informa-
tion criterion. We have the following equivalent relation

L(alOs %y 0p0;A5p+1’ c
L)

(14)  AIC,—AICy>0& —2 log 2 0:) cop .

Therefore we obtain the following consistent estimators, for the param-
eter (6,,---,0,)

Oroy ) 0m) if (14) is satisfied ,
O
L(#) otherwise,

and for the parameter (6,,---,6,)

(16) PT(4y,---,0,)
{ LBy, , O, Opy1re -+, 0,)  if (14) is satisfied,

L(é) otherwise .

When the null hypothesis H, is true, the left-hand side of the second
inequality in (14) converges in distribution to a chi-square distribution
with (r—p) degrees of freedom under some regularity conditions (for
example, see Wilks [15]). Hence we obtain

a7 lim Pr<—210g L(Buw; 5 Onr Ops1,=~*1 0:) <2p>=Pr(x3_,,<2p)
e L(®)

where x2_, is a random variable from the chi-square distribution with
(r—p) degrees of freedom. Consequently in the preliminary test the
level of significance a is asymptotically 1—Pr (X;_,<2p).

Here we consider the following three special cases.
(i) Case 1. (1-component parameter §=6,; r=p=1)

For the testing statistical hypothesis

18) H,; 6=0y H; 60+06y,

we have from (15) an estimator for 6,
0o if (JTS@I LG/ [T f@il00)<e

19) PT (6)= !
L(é) otherwise .
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Therefore in this case, when H, is true,

(20) li_.m Pr (PT (6,)=6.)
=lim Pr (2 log ([1 falow|[T £l LGD) <2)
=0.8427. ...

The level of significance « in this test is asymptotically about 162.
(ii) Case 2-1. (2-component parameter 6=(6,, 6,); r=2, p=1)
For the testing statistical hypothesis

(21) Hy,; 6,=60, H; 6,+6,

where ¢, is the unknown parameter, we have an estimator for 6,

00 it (T @I LON]T £ L0, 3)<e,
22) PT(0)= = =

L(6) otherwise,

where L(f,, 6,) is the maximum likelihood estimator of 6y, 6;). When
H, is true,

(23)  lim Pr(PT (6)=0y)

—lim Pr (-2 log (;r[ F(@:| L0, 5)) /U f(mL(é))) <2)

n—oco

=0.8427-.. .

Also we obtain that the level of significance a« is asymptotically about
169;.
(iii) Case 2-2. (2-component parameter 6=(0,, 6,); r=p=2)
For the testing statistical hypothesis
Hy; 6,=0y, 6:=0y
(24)
H,; at least one equality fails,

we have an estimator for (4,, 4,

(010, O20) if (;[jl S| L(é))/i]j S (@ | (6, 020))) <é

L(é) otherwise .

(25) PT (b, 0:)=

When H, is true,
(26) lim Pr (PT (01 ’ 02) = (010 y 020))

n—o0

=lim Pr(—zlog ﬂ”i&(é;’ﬂ<4)=r>r(x;<4)=o.8646- .
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We note that the level of significance a is asymptotically about 142;.

4. Estimator PT of the mean p in the normal distribution with the
known variance ¢ and its properties

In estimation problems for the mean g in the normal distribution
with the known variance o> when we have some approximated value g,
of the mean p, from (12), we have

27 AICy;=(—2)log ]:[l — exp ( € ‘2_02”")2 ) +2.0.

In the usual model,

(28) AIC,=(—2) log n

exp (— (xiz;EP) +2-1.

When AIC;—AIC,;>0, we choose the estimating model II with AICII
Since it is equivalent to

2mr

(29) po— Lo X<t [2a,
n n
we obtain the estimator

% if po—\/£a<X<m+‘/£a
(30) PT (1)= " "

X otherwise .

We note that in this case the level of significance « in the preliminary
test is about 0.16.
We give the mean squared error of PT (x). Since

B PrPT(=p)=Pr (s <X<pr+—ro)

(“/"(po .u)+z) (‘/”(m #)— z)

=q, (say),

where &(x) is the standard normal distribution function, we get
o ([ro=Crvi s VT n(x— p)*
(2 EET@-p=""" @=L exp (-2l Jag
+(po— ) Pr (PT (1) = o)
i exp (2,

po+(z/m>v 24
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Putting (gy—p)/o=t, we easily have
(33) E®T(@—p)ld

ool ) ()

t=z/lyn

qtz+%<z_G((m;—z)z)_G((ﬁ;+z)2 >> :

2y >t> —z2[y T
qtq_%(z_(;( («/W;—z)’ >+G<(M2t+z)2)> ,

—zlYn =t

where G(x) is a Gamma distribution function given by

x

(34) G(x)= So T’ﬁ ye vdy .

When t=0, for any n, we obtain

® BELA= L Se() <

For z=+2 we get the relative efficiency REF (PT (z): X) defined by (3).
When t=0 (i.e., p=p), REF(PT (z): X) has a maximum value 1J(1—

EFF(2:X) n=10

REF(PT5, : X)
REF(PT(x) : X)

-14-12 ;/ ) 12 14

-1.8-1.6 T10-08-0.6-0.4 J02 | 02\ 0406 08 10 1.6 1.8

10.6

Fig. 1
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G(1))=1.747- - - for all n.
Next, when z=4, in (33), we have E(PT, —p)’/¢’. When t=0 (i.e.,

p=pm), REF (PT,: X) has a maximum value 1/(1—G(6%/2))=1.813.-- for

all n. In Fig. 1, we exhibit REF(PT (x): X) and REF (PT,: X) curves
for each ¢, for n=10.

It should be noted that the estimators PT, and PT (z) have ap-
proximately same definitions and properties, and that PT (p) is a con-
sistent estimator.

5. Estimator PT(x) of the mean g in the normal distribution with
the unknown variance ¢*

In estimating problems of the mean p in the normal distribution
with the unknown variance ¢*, we consider, from the Case 2-1 in Sec-
tion 3, the following test

(36) Hy; p=m Hy; p#Fm.
Then we easily have an estimator for the mean

ta if <é (xi—#ﬂ)z/é (x‘—5)2> <1+2/n ’
(37 PT ()= in1 =

X  otherwise.

Since
(38 (3 @—p[3) @) <1+2fn

@L;”/—;-%'—/\/( 3 (@ a;)2>/(n 1) <\/-— Vn=1,

and also since the left-hand side of the second inequality in (38) has
the t-distribution with (n—1) degrees of freedom, we get

(39) Pr (PT (i) = ) =P (| tos| <¥Z—2/m)

where t,_, is distributed according to the t-distribution with (n—1) de-
grees of freedom. Hence the level of significance in the preliminary
test is exactly 1—Pr(|t,_,|<v2—2/n). For sufficiently large n, this is
asymptotically equal to the level of significance given by the previous
section. The estimator PT (x) is consistent.

6. Estimation procedure for the binomial distribution

Let us consider the case where X is a random variable having the
binomial distribution with the unknown parameter p and the known




30 KATUOMI HIRANO

parameter n. We regard the values of p as a priori information. When

we have an approximate value p,, the estimation procedures for p are

discussed.

, Let « be the level of significance for the test under a null hypoth-
esis H,; p=p, against an alternative hypothesis H,; p#p,. For p, and

P: (1i=p:) so that Pr(X<p)=a/2 and Pr(X>p,)=a/2, we define a pre-

liminary test estimator as follows;

D if np,<X<mnp,
(40) PT,=
Xin otherwise .

Since PT, always depends on «, we are going to decide a by the shrink-
age technique.
For p, the shrinkage estimator ) is given by

A (X—np,)*
“n P X —np)+ X(n—X)

where p, is the value towards which X/n is to be shrunken. The mean
squared error of p, MSE (p), is Zj} »—p).C, p°"1—p)*~=. Since

(42) REF (f;: E) __MSE(®)
n

+ D,

" MSE (X/n)
- n 2 (x—np,)* _a
~riep 2 e s )

* ﬂC.‘l' p.z(l _p)n—z ’

we are able to get the values of p so that REF (p: X/n)=1 for each
n and p,. Denoting these values by p, and p, (p,<p,) (suppose p,=0
when the solution has only one p,), for p,<p<p, the shrinkage esti-
mator  is more precise than X/n in the sense of the mean squared
error. Therefore we obtain the preliminary test estimator with the
following decision rule;

Do if np<X=np,
(43) PT=
X/n otherwise .

And we are able to decide the level of significance « so that the pre-
liminary test estimator PT, has the minimum mean squared error.
Hence we obtain a=1—Pr(PT=p,).

In Table 1, we show the values of p,, p, and Pr(PT=p,) for each
n and p,.

It is reasonable to use the one-sided test in the preliminary test
when p, is near 0 or 1. This is illustrated by the case that the equa-
tion REF (p: X/n)=1 has only one solution with respect to p. Hence
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we may use the one-sided preliminary test for some » and p,. Though
we cannot easily get some simple conditions between n and p, to use
the one-sided preliminary test, these conditions may be approximately
regarded as (47).

Next, for the binomial distribution we discuss this estimation prob-

Table 1
Shrinkage method Information method
n Do
D1 D2 Pr(npi=X<np;) D1 D2 Pr (np; < X<np,)
0.1 0.0000 0.3329 0.9185 0.0000 0.3325 0.9185
0.2 | 0.0000 0.4637 0.6144 0.0046 0.4829 0.6144
510.3 0.1338 0.5653 0.6689 0.0503 0.6063 0.8012
0.4 0.1905 0.6560 0.8352 0.1154 0.7126 0.8352
0.5 0.2674 0.7326 0.7813 0.1948 0.8052 0.9375
0.1 0.0000 0.3213 0.8857 0.0000 0.3095 0.8857
0.2 0.0609 0.4562 0.6390 0.0148 0.4565 0.6390
6 | 0.3 0.1346 0.5539 0.8119 0.0675 0.5790 0.8119
0.4 0.2014 0.6430 0.7741 0.1372 0.6860 0.9124
0.5 0.2744 0.7256 0.8750 0.2197 0.7803 0.8750
0.1 | 0.0000 0.3137 0.9743 0.0000 0.2919 0.9743
0.2 0.0796 0.4431 0.7569 0.0241 0.4362 0.7569
7 10.3 0.1377 0.5429 0.7916 0.0818 0.5578 0.7916
0.4 0.2084 0.6328 0.8758 0.1546 0.6651 0.8758
0.5 0.2847 0.7153 0.9297 0.2393 0.7607 0.9297
0.1 0.0000 0.3076 0.9619 0.0000 0.2779 0.9619
0.2 | 0.0845 0.4307 0.7760 0.0324 0.4199 0.7760
8 | 0.3 | 0.1443 0.5313 0.8844 0.0937 0.5407 0.8844
0.4 | 0.2147 0.6230 0.8095 0.1690 0.6481 0.9334
0.5 0.2925 0.7075 0.8203 0.2554 0.7446 0.8203
0.1 | 0.0000 0.3016 0.9470 0.0000 0.2664 0.9470
0.2 0.0855 0.4203 0.7801 0.0397 0.4065 0.7801
910.3 0.1494 0.5214 0.8608 0.1039 0.5266 0.8608
0.4 0.2215 0.6139 0.8906 0.1812 0.6340 0.8906
0.5 | 0.3005 0.6995 0.8906 0.2688 0.7312 0.8906
0.1 0.0000 0.2951 0.7361 0.0009 0.2569 0.5811
0.2 0.0868 0.4111 0.8598 0.0462 0.3952 0.7718
10| 0.3 0.1531 0.5126 0.9244 0.1127 0.5146 0.9244
0.4 0.2269 0.6061 0.8989 0.1916 0.6221 0.9392
0.5 0.3072 0.6928 0.7734 0.2802 0.7198 0.9346
0.1 0.0167 0.2882 0.6677 0.0032 0.2487 0.5966
0.2 0.0893 0.4025 0.8637 0.0520 0.3855 0.8637
11| 0.3 0.1571 0.5045 0.9020 0.1205 0.5044 0.9020
0.4 0.2322 0.5987 0.8704 0.2006 0.6117 0.8704
0.5 0.3137 0.6863 0.8540 0.2901 0.7099 0.8540
0.1 | 0.0269 0.2810 0.6919 0.0055 0.2416 0.6067
0.2 | 0.0923 0.3946 0.8587 0.0571 0.3772 0.8587
121 0.3 | 0.1610 0.4971 0.8683 0.1273 0.4954 0.8683
0.4 | 0.2370 0.5921 0.9231 0.2086 0.6027 0.9231
0.5 | 0.3194 0.6806 0.9077 0.2988 0.7012 0.9077
0.1 | 0.0331 0.2739 0.7117 0.0078 0.2355 0.7117
0.2 | 0.0950 0.3874 0.9150 0.0618 0.3698 0.8459
13| 0.3 0.1643 0.4905 0.8740 0.1334 0.4875 0.9279
0.4 | 0.2413 0.5861 0.8444 0.2156 0.5948 0.8897
0.5 | 0.3247 0.6753 0.8204 0.3064 0.6936 0.9426
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Table 1 (Continued)

Shrinkage method Information method
n Do
D1 D2 Pr (np: = X=np.) D1 D2 Pr (npi< X<np»)
0.1 | 0.0368 0.2671 0.7271 0.0100 0.2300 0.7271
0.2 | 0.0971 0.3810 0.9122 0.0660 0.3632 0.9122
141 0.3 | 0.1674 0.4844 0.8592 0.1389 0.4805 0.8999
0.4 | 0.2454 0.5805 0.9019 0.2220 0.5877 0.9019
0.5 | 0.3295 0.6705 0.8815 0.3133 0.6867 0.8815
0.1 | 0.0388 0.2609 0.7386 0.0120 0.2251 0.7386
0.2 0.0989 0.3751 0.9038 0.0699 0.3574 0.9038
15| 0.3 0.1704 0.4788 0.9147 0.1439 0.4742 0.9147
0.4 0.2492 0.5754 0.8778 0.2277 0.5813 0.8778
0.5 0.3340 0.6660 0.7899 0.3195 0.6805 0.9232
0.1 | 0.0400 0.2552 0.7977 0.0140 0.2207 0.7463
0.2 | 0.1007 0.3696 0.8902 0.0734 0.3521 0.8902
16| 0.3 0.1732 0.4737 0.8995 0.1484 0.4685 0.8995
0.4 | 0.2527 0.5707 0.8765 0.2329 0.5755 0.9233
0.5 | 0.3382 0.6618 0.8565 0.3251 0.6749 0.8565
0.1 0.0406 0.2500 0.8111 0.0158 0.2167 0.7506
0.2 0.1025 0.3646 0.9398 0.0767 0.3473 0.8718
171 0.3 0.1757 0.4690 0.8761 0.1525 0.4634 0.8761
0.4 0.2559 0.5664 0.8617 0.2377 0.5703 0.8617
0.5 | 0.3420 0.6580 0.9038 0.3302 0.6698 0.9038
0.1 0.0409 0.2453 0.8217 0.0176 0.2131 0.7517
0.2 0.1043 0.3600 0.9307 0.0797 0.3429 0.9307
18| 0.3 0.1782 0.4646 0.8805 0.1564 0.4586 0.9262
0.4 0.2590 0.5623 0.9096 0.2420 0.5655 0.9096
0.5 0.3456 0.6544 0.8329 0.3349 0.6651 0.8329
0.1 0.0413 0.2411 0.8297 0.0192 0.2098 0.7499
0.2 | 0.1059 0.3557 0.8495 0.0825 0.3389 0.9180
19| 0.3 0.1804 0.4605 0.8699 0.1599 0.4543 0.8699
0.4 0.2619 0.5586 0.8886 0.2461 0.5610 0.8886
0.5 0.3490 0.6510 0.8847 0.3392 0.6608 0.8847
0.1 | 0.0417 0.2371 0.8353 0.0208 0.2067 0.8353
0.2 | 0.1073 0.3517 0.8987 0.0852 0.3352 0.9018
20| 0.3 | 0.1826 0.4567 0.9166 0.1632 0.4503 0.9166
0.4 | 0.2646 0.5550 0.8925 0.2498 0.5569 0.9275
0.5 | 0.3521 0.6479 0.8108 0.3432 0.6568 0.9217

lem using the information eriterion. From Section 3 we easily obtain

an estimator for p,
bt (2)(I2E) e
(44) = p/ M=

X/n otherwise

when we have the approximate value p, regarding the values of p.
For n and p,, the equation with respect to p (0<p<1)

(27

is equivalent to the equation with respect to p
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(46) p(log p—log p))+(1—p)[log 1—p)—log 1—p)]=1/n

and has at most the two solutions p, and p; (p,<p.) (suppose p,=0 when
the solution has only one 7p,), (see Fig. 2). The conditions that the
solution of (46) is only one are

—log py<1/n if 1>po_2_’1/2
—log1—p)<1/n  if 1/2>p,>0,

(47)

(see Fig. 2).

2=

o — log(1—p,)

n
0| » Po P2 P2 1

Fig. 2

The values of p, and p, are given at Table 1 for each n and p,.
Further for each n and p, we give the value of Pr(p,=p,). From Table
1 it is expected to have

(48) lim Pr (PT = p,)=1im Pr (= p;)=0.8427- - -

by the numerical calculations.
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CORRECTIONS TO

“ESTIMATION PROCEDURES BASED ON PRELIMINARY TEST,
SHRINKAGE TECHNIQUE AND INFORMATION CRITERION”

KATUOMI HIRANO
In the above titled paper (this Annals 29 (1977), Part A, 21-34),
the following corrections should be made:
1. (i) On page 29, in (37) and (38):
“14-2/n” should be “exp(2/n)”.
(ii) On page 29, in (38):

“\/%-Vn— ” should be “+exp (2/n)—1-¥n—1".

(iii) On page 29, in (39) and line 6 from the bottom:
“¥2—2/n” should be “+vexp (2/n)—1-Yn—1".

If the above corrections are made, in Section 5 we should note that

lim vexp (2/n)—1vVn—1=v2.

2. (i) On page 32, line 5 from the bottom:

i) if <£>P< 1_p>l—p§e""
b= Do/ \1—p,
) X/n otherwise ,
Do if (.@)i,(ﬂ)l_iéel/n
= D= Do/ \1—py
X/n otherwise , where p=X/n,

(ii) On page 32, lines 3, 2 and 1 from the bottom and on page 33,
line 1 and Fig. 2:

“p” should be “p”.
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