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Summary

Let {X,} be defined recursively by X,=6X,_,+U, (t=1,2,---), where
X,=0 and {U,} is a sequence of independent identically distributed real
random variables having a density function f with mean 0 and vari-
ance ¢.. We assume that |#|<1. In the present paper we obtain the
bound of the asymptotic distributions of asymptotically median unbiased
(AMU) estimators of # and the sufficient condition that an AMU esti-
mator be asymptotically efficient in the sense that its distribution attains
the above bound. It is also shown that the least squares estimator of
0 is asymptotically efficient if and only if f is a normal density function.

1. Introduction
Let X, (t=1,2,---) be defined recursively by
Xg=0X¢_1+Ut t=17 29"' ’

where X,=0 and {U,: t=1,2,---} is a sequence of independent identi-
cally distributed real random variables having a density function f with
mean 0 and variance ¢

We shall define an estimator of 6 to be asymptotically efficient if
the asymptotic distribution of it attains the bound of the asymptotic
distributions of asymptotically median unbiased (AMU) estimators of 6.
We assume that [#|<1. The purpose of this paper is to obtain the
bound of the asymptotic distributions of AMU estimators of # using
the asymptotic normality of the best test statistics and the sufficient
condition that an AMU estimator be asymptotically efficient. We shall
also give a necessary and sufficient condition that the least squares
estimator of # be asymptotically efficient. In fact, Theorem 2 of Sec-
tion 4 shows that under some regularity conditions the bound of the
asymptotic distributions of AMU estimators of # is a normal distribu-
tion with mean 0 and variance (1—6%)/s’l, where I is the Fisher infor-
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mation of f. Then it is easily seen that an AMU estimator is asymp-
totically efficient if it has the asymptotic normal distribution. The

least squares estimator 6.5 of 0 is given by (Snj X,_IX,> / ﬁ‘, X2, Itis
t=1 t=1

shown by Anderson [5] that n‘/”(éLs-ﬁ) has a limiting normal distribu-
tion with mean 0 and variance 1—#*. Then Theorem 4 of Section 4

shows that under some conditions the limiting distribution of n'*(4, —0)
attains the bound of the asymptotic distributions given by Theorem 2
if and only if f is a normal density function with mean 0 and vari-
ance o’

The outline of the proofs of Theorems 2 and 4 is stated in Take-
uchi [9], but in this paper we shall strictly discuss them under more
general conditions. The approach in this paper is similar to Bahadur
[6] dealing with the bound for asymptotic variances.

The second order asymptotic efficiencies are discussed in Akahira
[2] and Akahira and Takeuchi [4], [10]. Further the third order asymp-
totic efficiency is studied in [10].

2. Notations and definitions

Let X be an abstract sample space whose generic point is denoted
by z, B a o-field of subsets of ¥, and let & be a parameter space,
which is assumed to be an open set in a Euclidean 1-space R'. We
shall denote by (X, ™) the n-fold direct products of (X, $). For
each n=1,2,..., the points of X™ will be denoted by Z,=(x,,---, x,).
We consider a sequence of classes of probability measures {P,,: 6 ¢ 6}
(n=1,2,---) each defined on (X, ™) such that for each n=1,2,---
and each # €6 the following holds:

P, (B™)="P,1,(B”XX)

for all B® ¢ ™,

An estimator of @ is defined to be a sequence {6,} of B™-measur-
able functions 4, on X™ into 6 (n=1,2,---).

For an increasing sequence of positive numbers {c,} (c. tending to
infinity) an estimator {,} is called consistent with order {c.} (or {c,}-
consistent for short) if for every ¢>0 and every 9 of 6, there exist a
sufficiently small positive number 6 and a sufficiently large positive
number L satisfying the following:

m  sup P,.({c|6,—0|=L})<e

n—-o 0:|0—9|<a
(Akahira [1], [3]). In the subsequent discussions we shall deal only with
the case when c¢,=n'",
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DEFINITION 1. A distribution function F;,.(y) is called to be the
asymptotic (or limiting) distribution function of n'%4,—6) (or {6.} for
short) iff for each y, Fi;,(y) is continuous in ¢ and for each y

lim | P, {n*(0y—0) Sy}) ~ Fi,.o0) | =0
Let {6,} be a {n'*}-consistent estimator.

DEFINITION 2. {(5,,} is asymptotically median unbiased (or AMU
for short) iff for any 9 € 6 there exists a positive number & such that

lim  sup |P,({n"6,—6)<0})—1/2|=0
n—oo §:0—9|<d

im  sup [P, ({n"%(f,—6)=0})—1/2|=0
n—oo §:[0—9|<d

If {6,} is AMU, then Gf}n},, and Gy, are defined as follows:
(1) Giop.oy)=1m P, ({n*(6,—6)<y})  for all y=0,

(2) Gy oy)=lim P, ((n*(h,—0)<y})  for all y<0.

n—00

Let 6, (€ ®) be arbitrary but fixed. Consider the problem of testing
hypothesis H*: §=6,+in""? (2>0) against alternative K: 6=6,. We
define ;(2) as follows:

(3) (1)— sup hm Eno(9a)

"1501/2 n—

where @,,={{4.}: hm E, ok n =1 ($.)=1/2, 0<¢,(Z,)<1 for all z, (n=1, 2,

-)}. Putting A{,, 1oy = = {n"(0,—6;)< 2} we have for 1>0 P, oyrm-11(Ag,,0,)
= ,,,,,OH,,—m({n‘/z(ﬁ,, 6—in"')<0})—1/2 (n—o0). Since a sequence
{L 45,0} of the indicators (or characteristic functions) of A;,, (n=1,
2,---) belongs to @,,, it follows from (1) and (3) that

(4) G{o,,} 0,(2) = Bit(2)

for all 2>0.

Consider next the problem of the testing hypothesis H-: =6,+
An~' (2<0) against alternative K: #=6,. Then we define 5;(2) as fol-
lows:

(5) Bi(M)= inf lim E, ,(4,) -

{6,1€2 /2 R0

Note that
(6) B (A)= 1— sup TmE, o(Pn) -

501/2 n—rc0
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In a similar way as the case 1>0, we have from (2) and (5)
(7) Gion.0(R) Z B2 (2)

for all 2<0. Since 6, is arbitrary, the bounds of the asymptotic dis-
tributions of AMU estimators are obtained as follows:

G N=BHA)  for all 2>0;
G, /(2)= 67 (2) for all 1<0.
For any @€ 6O letting 85(0)=1/2 we make the following definition.

DEFINITION 3. For {én} asymptotically median unbiased it is called
asymptotically efficient iff for each ¢ 6

B () for all 2=0,
(8) Fi,dA)=
B (2) for all 2<0.

It is shown by Takeuchi and Akahira [11] that the definition of the
asymptotic efficiency works in the most common situation.

Throughout the subsequent sections we assume that X’=R' and 6
is an open interval (—1, 1) and consider the autoregressive process {X,}
given in Introduction.

3. Preliminary lemmas
The following lemma is given in Diananda [7].

LEMMA 3.1. Let {Z,: n=1,2,---} be a sequence of random variables
satisfying the following:
(i) Z.=Z,y+R.y (n>N);
(ii) For each fized N, the asymptotic distribution of Z, y is normal with
mean 0 and vartance oY ;
(iii) }Vim oy=d";
(iv) R,y converges in probability to 0 uniformly in n.
Then Z, has a limiting normal distribution with mean 0 and var-
iance d’.

Let
(9) Y, Y,

be a sequence of random variables.
If for some function g(n) the inequality s—»>g(n) implies that the
two sets

(Y1,Y2,"',Y,-), (K!K+l""’Yn)
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are independent, then the sequence (9) is said to be g(n)-dependent ([8]).
Let (9) be m-dependent and such that E(Y;)=0, E(Y)<oo (1=1,
2,.-+). Then we define

A=E(Yin)+2 3 E (Vi Yem)  (1=1,2,-1).

The following lemma is given by Hoeffding and Robbins [8].

LEMMA 3.2. Let Y,,Y,,--- be an m-dependent sequence of rand
variables such that
(a) E(Y)=0, E(Y.)SR'<oo (i=1,2,--+),

(b) lim p~ 2 Ayn=A exists, uniformly for all i=0,1,---.
Pp—roo =1
Then i‘, Y, s asymptotically normal with mean 0 and variance nA.

Throughout the remainder of this paper we assume the following :

ASSUMPTION (3.1). f is once differentiable and f(u)>0 for all
and lim f(u)=0.

U—too

Then we get the following lemma.

LEMMA 3.3. Under Assumption (3.1), if E[|U,["]<cc and

f then the limiting distributi 1 S(U) x, |
H f(Ut) :\<oo, ) imiting distribution of T tf_‘: ) o
2 2
18 normal with mean 0 and variance o'l , where I —S {f'(w)} AL AT du.
1-¢° fu)

Proor. Putting V.= SO t=1,2,--.), we have
8 V=Tt )

VXL =RV e U= S0 B VLU

t=2 i=1

Put W,,=V,,,U,. Then for any fixed j, {W,,: t=1,2,.-:} is a j-
dependent sequence and E(W,,)=0 (t=1,2,--:). Since E(U})=¢* and
E(V4)=I (t=1,2,--), we obtain E(W},)=4"I (t=1,2,.---). Put Z,=

(1/¢W);§of-1'§w,,, (n=1,2,---). Then for n=N+2
=1 t=1
anzn,N+Rn,N ’

N n—j i n— n—f

where Z,y=1/yn)X ¢ > W,, and R,y=(1/y7%) Z‘,l O W,
= t=1 j=N+1 t=1

We now show that Z,, has an asymptotic normal distribution with

2N
mean 0 and variance <1_02 )a’I. Since E(W,,.yj—icaW, 70 =0 (=1,
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c,J; t,h=1,2,.-.) and — 1 ZE(W, wesen)=a’1, it follows from Lemma

3.2 that Z‘, W, is asymptotlcally normal with mean 0 and variance
(n—7)d’I. Hence -t E W, is asymptotically normal with mean 0 and
variance (n—j)§?9-» 2I. Put W™=(1/y7)6/~ ‘ZW,, (7=1,2,---, N).
Then it can be shown that for each fixed N, W( L W, ..., W are
11—;0;:)021.
Hence for each fixed N, Z,, has a limiting normal distribution with

mean 0 and variance (11 0; )a’I

asymptotically jointly normal with mean 0 and variance (

Next we show that R,y converges in probability to 0 uniformly
in n. For the purpose we have

n—1

Ea(Rf.N)-——-E, [< p3) j‘lgwj,z>2]

Jj=N+1

1 n—1 n—j 2

- Ea[ 2 02(1_”( 2 Wj,t)
n J=N+1 t=1

+2 5 0!+.1’—2<7§_‘,j W,,)Cz—i Wf',t>]

FA

=_1_ "il 02(j—1)’§E (W;z)
n j=N+1 t=1

=_]_-_ 7;\:_1\1 02(1—1)(,n_j)o.21
n s=N+1
1 ni-t

<= 2 Grn—k=DL 2T

T nm k=1
1 n—N-1

— {o.zIaz(n—z) Z kﬁ""“”}
n k=1

1T " . a-2ek-1)
<d'lf > k6
k=1

SO'ZIaz(N_Z) i k0—2(k—l)

=
_ 02I02(N—Z)
a—6- -
Hence we see that Zlvim E, (R} y)=0 uniformly in ». Using Chebyshev’s
inequality we obtain —E,,, ~ converges in probability to 0 uniformly in n.
Since lim 16" aI= o'l it follows from Lemma 3.1 that Z, has

Now 1—8° 1-¢*
a limiting normal distribution with mean 0 and variance Thus

&

we complete the proof.
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4. Asymptotic normality and asymptotic efficiency

In this section it will be shown that the bound of the asymptotic
distributions of AMU estimators of @ is obtained using the best test sta-
tistics and that the least squares estimator of ¢ is asymptotically effi-
cient if and only if f is a normal density with mean 0 and variance ¢*.

Let 6, be arbitrary but fixed in 6. Putting 6,=6,+in""* (1#0) we
define Z,, as follows:

(X, —60X,)
fX—-6X_)

We assume that f is twice continuously differentiable. If #=¢,, then
we have

Z,=log

. S A
R P I (e

=3 {log f(Uy)—log f(U,— "X, )}

o f(0) 2 2 dtlog f(UX) v
= W:El N R L S T

where for each ¢, U* lies between U, and U,—in"'?X,_,. If 6=4,,
then we have

f(U+m™"X, )
(11) EZM Zlog 0

=§ {log F(U,+m"X,_)~log f(U)}

s FU) g B d dlog S(URY 1
e gy Xt g B X

where for each t, U** lies between U, and U,+in"*X,_,.
Throughout the subsequent discussions we make the following as-
sumptions :

ASSUMPTION (4.1). f is three times differentiable in a real line
and lim f’(u)=0.

Uu—+oo

ASSUMPTION (4.2). d*log f(u)/du’® is a bounded function and E (|U.|*)
<o,

ASSUMPTION (4.3). For each 6, € © the following hold:
(2) lmn ¥ 2IE, [ X.P  sup  |g(U+n)I=0 (j=0,1);

0<|nl<an~ 13| x|
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n 2
(b) lmn B, [ (53Xl sup  |g(Tin)l] =0 (=0, 1),

0< |yl <an~1/2| X ;-]

where g(u)=— %M

Putting T,=3 X2.g(Uy), T=3 X2.,g(Ux) and T*=3 X2g(U),
t=1 t= t=1

we get the following lemmas and theorem.

LEMMA 4.1. Under Assumptions (3.1) and (4.1)-(4.3) the following
hold :

(12)  E,(T)= EE,,,[ {f’(u)}z]zazI{’n—l_0;(1—034("_1’)}

7T 167 (-0}
(7=0,1);
(13)  lim |By, (T/n)—Ey, (T,/m)] =0
(19 lim |E, (T*/m)~E, (T,/n)| =0
(15)  lim | BT /mt)— B (T2/mt) | =0
(16)  lim |E,, (T%/nt)— By, (T2/n)| =0
ProOF. Since
Xa=56770, (=0,1),
we have
B, (T)=E, |3 X.9(U)]
=5 x-SR
==& 8 X g ]
RIS Y
=3B e | (L
=3 B, (X2

Il

T el
2:3 z;] 62¢-1-0 B (U?)
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s 1—0%
=t 1-6;

_ o(n=1_ gy1—61D) o1
”21{1—% 1—o) } (9=0.1).

Hence (12) holds.
Using the mean value theorem we have

|Ey, (T/m)—Ey, (Tof)|
<(Un) 3 By, [X24]9(UN) —g(U)]

=207 35 By [| X e T lg'(Te+2)] -

0<|7l<ialn™/3| Xy

It follows from (a) of Assumption (4.3) that (13) holds. Similarly (14)
holds. By Schwarz’s inequality we have

a7 |Eo, (T2 /1) —Eq (T2 0")|
= {E, (T /n— To[n)Y*{Eq, (Ti¥/n+ Tof/n)}” .

It follows from Assumption (4.2) and that
T B, (T3 nt)=Tim n-* B, [ {3 X100 |
n-—s00 n—oo t=1

n 2
<imnE, [{2 X, sup 9( U}*)} ]<°° .
N—co t=1 U, ~U3I<12In" V3 X 1)
Similarly it follows that

im B, (T2 [n)<oo .

Hence we have
(18) lim {E, (T¥/n+ T./n)}*< oo .

On the other hand it follows from (b) of Assumption (4.3) that
(19) ImE, (T} /n—T./n)

n—00

—Tim n-2 Evo Hé}l X2 (g(U*)—g( Uz))}z]

n 2
<limn~* E, [ﬂn’l{z | X' sup Iy’(U»+v)|} ]
t=1 |

n—soo o<yl <|2ln~/3 | Xy

=T 20~ B, [ (31 1X.F  sup |g(Wnl} |=0.

n—sc0 o<yl <12in~ V3 x|

From (17), (18) and (19) we have ‘
lim | E, (T**/n?)—E,, (T2/n?)|=0 .
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In a similar way it follows from Assumption (4.2) and (b) of Assump-
tion (4.3) and (12) that

lim |E, (T,,**’/n’)—E,1 (T2 mH|=0.
Thus we complete the proof.

LEMMA 4.2. Under Assumptions (3.1) and (4.1)~(4.3), if E [ ____J} (( g)) ‘}

< oo, then both of the sequences T.}[E, (T¥) and T [E, (T7¥*) converge
i probability to 1.

PrOOF. From (13)-(16) of Lemma 4.1 we have
lim |Var, (T.*/n)—Var, (T./n)|=0 ;

1152 | Var, (T3¥*/n)—Var, (T,/n)|=0 ;
lim | (B, (T/m)}*— {Eq, (To/n)}2|=0 ;
lim [{E,, (T¥*/n)}*— {E,, (T./n)}*| =0,

where Var designates variance. Hence in order to prove that both of
the sequences T}/E, (T.¥) and T¥*/E, (T*¥*) converge in probability to
1, it is enough to show that

MQ:O i—0.1).
R E, e =0

Indeed, it follows from (12) of Lemma 4.1 that
{Ey (T)}=0(n")  (§=0,1).
Also it follows from Assumption (4.2) that

(20)

Var, (T,)=3] Var, (X2.9(U)
+3} 33 Cov,, (X2,9(U), X2g(U)=0m) (=0, 1),

where Cov designates covariance. Hence (20) holds. Thus we complete
the proof.

For Theorems 1, 2 and 3 we assume further the following :
! U) 4
ASSUMPTION (4.4). E[ £(U). ](oo
( f(U)

In the following theorem we shall show that the best test statistics
have limiting normal distributions.
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THEOREM 1. Suppose that Assumptions (3.1) and (4.1)-(4.4) hold.

If 6=6,, then é Z,, has a limiting normal distribution with mean
t=1

2
—ii and variance Xo'l .
2(1-6%) 1—-6;

mal distribution with mean —

If 6=6,, then ) Z,, has a limiting nor-
t=1

A2dtl , a1
— 27" and varianc .
2(1—-62) @ ¢ 1—-6:

Proor. If #=6,, then it follows from (10) that

— 12w ST -1k
(21) EZ =in /tzlf(Ut)Xt-+ n T

WS (FUNFUNK o s
TEGTH 2 E’o‘T"*)}

If §=6,, then it follows from (11) that

=1~ B, (T}

29 = An Y f'(Uy) L PR b
@) Sz S HE N
R LA S
—n By, (T [ 2—E1 .
1 n ' E, (T*%) 2 E, (T+%)
It follows from (12) and (13) of Lemma 4.1 that
al

lim n™ E,, (T¥)= hm 1 By (T ) =——

i=0,1).
lim —a (J )

Hence it is seen from Lemma 3.3 that both of the sequences of

o SYPONFUNKrs 07 33 (UM UD Koy o
—n'l B (T and _'n“ E, (1) have a limiting

normal distribution with mean 0 and variance

1-6;

=7 Therefore it

follows from (21), (22) and Lemma 4.2 that é Z,, has limiting normal dis-
t=1
2 .2 2 2
tributions with means i and __Xol
\ 2(1—a;) 2(1—67)
2
lalz for =6, and for #=46,, respectively. This completes the proof.

0

THEOREM 2. Under Assumptions (3.1) and (4.1)-(4.4), the bound of
the asymptotic distributions of AMU estimators {é,,} 18 given as follows:
for each 8€6

and common variances

(23) 1_Pn,({n"2(o 0)31})3@(%) Sor all 220;
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(24) lim P, ({n"*(6, 0)51})2@(%) for ol 2<0,

where @ is a normal distribution with mean 0 and variance 1.

Ti—oo

PRrRoOOF. Let 6, be arbitrary but fixed in 6. Let 1 be an arbitrary
positive number. Then we consider the problem of testing hypothesis
H*: §=6,4+in"'"* against alternative K: §=6,. If we choose a sequence

{k.} such that lim P, , ,,,-1 2 Znw>kat |=1/2, then it follows by Theo-
n—oo 0 t=1

. 12 21'
rem 1 that limk,=—
P 20—-6)

Furthermore we have from Theorem 1
EZ,,. —J/2
vJ
=1-@(—vV)=0(WJ),

lim P({El Zm>k,,}>-—hm P,, ({

n—sco

47

At
-

where J= 1 Hence it follows by (3) and the fundamental lemma

0

of Neyman and Pearson that for each 1>0
oV T
Q2 =¢<—————) .
ﬁﬂo( ) m
From (1) and (4) we obtain for every i>0

Tim P, (00, —0) sa)s0( 22V L)

V1-6:
Since {5,,} is AMU, B#(0)=®(0)=1/2. Hence since 6, is arbitrary, it
follows that (23) holds.

Let 2 be an arbitrary negative number. Then we consider the

problem of testing hypothesis H~: 6=8,+in"'* against alternative K:
6=6,. Henceforth by a similar way as the case 1>0, we have from (6)

_ Aov I Aov 1
(A)=1—0( — =0
Bu(2) ( 1/1—0§> («/1—03)
for all 2<0. Hence it follows from (2) and (7) that for each 21<0

lim P, , ({n*@, a,,)sz})z@(

Ti—oo

,low/I).
v1i-6:

Since 6, is arbitrary, (24) holds. Thus we complete the proof.

‘From Theorem 2 and Definitions 1 and 8 we get the following the-
orem.
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THEOREM 3. Under Assumptions (3.1) and (4.1)-(4.4), an AMU
estimator {é,,} is asymptotically efficient if and only if the limiting dis-
tribution of n'*6,—0) is mormal with mean 0 and variance (1—6%)/s*L.

The least squares estimator 6,5 of @ is given by (ﬁ‘, Xt_lX,> / }7'] X2,
t=1 t=1

It is shown by Anderson [5] that if E(U2)<oo then for |8]|<1, n'*4,—6)
has a limiting normal distribution with mean 0 and variance 1—6*. It
is seen that under Assumptions (3.1), (4.1) and (4.2) .5 is a {n'%}-

consistent estimator. Then it is easily shown that 6, is asymptotically

median unbiased.
Throughout the remainder of this paper we assume the following:

ASSUMPTION (4.5). lim uf(u)=0.
U—-+oo
Then it will be proved that the least squares estimator of ¢ is

asymptotically efficient if and only if f’'(u)/f(u)=cu, where ¢ is some
constant. Indeed, since

°T__ 2 Sfl(u)\? ’ '
= {S u f(u)du} {S <_) f(u)du} > {S uf (u)du} ~1,
f(u)

“=" is obtained if and only if f'(w)/f(w)=cu. It follows by Theorem 2
that the limiting distribution of n'%(f,s—6) attains the bound of the
asymptotic distributions if and only if f is a normal density function
with mean 0 and variance ¢®. Hence it is seen by Theorem 3 that the
least squares estimator is asymptotically efficient if and only if f is a
normal density function with mean 0 and variance ¢’. Therefore we
have now established

THEOREM 4. Under Assumptions (3.1) and (4.1)-(4.5), a mecessary
and suffictent condition that the least squares estimator of 6 be asymp-
totically efficient is that f be a mormal demsity fumction with mean 0
and variance o°.

Remark. As is immediately seen from above, Assumptions (3.1)
and (4.1)-(4.5) are not necessary for the proof of sufficiency.

Acknowledgement

The author wishes to thank Professor Kei Takeuchi of Tokyo Uni-
versity for his encouragement and many valuable suggestions.

UNIVERSITY OF ELECTRO-COMMUNICATIONS



[1]

[2]
[31]

[4]
[5]
[61]
[71
[8]
[9]

[10]

[11]

MASAFUMI AKAHIRA

REFERENCES

Akahira, M. (1975a). Asymptotic theory for estimation of location in non-regular cases,
I: Order of convergence of consistent estimators, Rep. Statist. Appl. Res. JUSE, 22,
8-26.

Akahira, M. (1975b). A note on the second order asymptotic efficiency of estimators
in an autoregressive process, Rep. Univ. Electro-Comm., 26-1, 143-149.

Akahira, M. (1975c). Asymptotic theory for estimation of location in non-regular
cases, II: Bounds of asymptotic distributions of consistent estimators, Rep. Statist.
Appl. Res. JUSE, 22, 101-117.

Akahira, M. and Takeuchi, K. (1976). On the second order asymptotic efficiency of
estimators in multiparameter cases, Rep. Univ. Electro-Comm., 26-2, 261-269.
Anderson, T. W. (1959). On asymptotic distributions of estimates of parameters of
stochastic difference equations, Ann. Math. Statist., 30, 676-687.

Bahadur, R. R. (1964). On Fisher's bound for asymptotic variances, Ann. Math.
Statist., 35, 1545-1552.

Diananda, P. H. (1953). Some probability limit theorems with statistical applications,
Proc. Camb. Phil. Soc., 49, 239-246.

Hoeffding, W. and Robbins, H. (1948). The central limit theorem for depending ran-
dom variables, Duke Math. J., 15, 773-780.

Takeuchi, K. (1974). Tokei-teki suitei no Zenkinriron (Asymptotic Theory of Statistical
Estimation), (in Japanese), Kyoiku-Shuppan, Tokyo.

Takeuchi, K. and Akahira, M. (1976). On the second order asymptotic efficiencies of
estimators, to appear in Proceeding of the Third USSR-Japan Symposium on Probability
Theory, Lecture Notes in Mathematics, Springer Verlag.

Takeuchi, K. and Akahira, M. (1976). Asymptotic efficiency of estimators, with order
{cn} consistency, in regular and non-regular situations, (to appear).



