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1. Introduction

Gardner [1] used a Bayesian procedure to obtain a test statistic for
testing whether the means g, -, uy of a sequence of independent, unit
variance, normal random variables z,,---, xy are equal or whether a
shift has occurred after some point r (1<r<N). For several applica-
tions, however, the variance is not known. In Section 2 we present
two different modifications of Gardner’s statistic to cover the case of
unknown variance. In addition, we consider an alternative statistic
based on the maximum likelihood estimate of r. In Section 2.4 the
powers of the three statistics are compared by Monte Carlo methods;
and in Sections 2.2 and 2.3 exact c.d.f.’s (distribution functions) are
obtained for the two Bayesian statistics.

Gardner only considered the case where g, the initial level, was
considered unknown. Using his methods, however, a test statistic can
be obtained for when g, is known. Gardner probably did not consider
this latter statistic, expecting that its behavior would be similar to his
at least for N— oo, the only situation for which he gave a c.d.f. This,
however, is not so and it can be shown that under the hypothesis the
expectations of the two statistics as N—oo are in the ratio of 1:3.
In Section 3 we consider the three statistics for when g is known and
and which correspond to the ones we consider in Section 2.

For some related results, see [4], [5] and [6].

2. Case where initial level is unknown

2.1. The test statistics
The problem we consider in this section is the following:
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Problem 1. Let z,,---, 2y be N (=2) independent normal random
variables with means g, - -, uy respectively and common unknown var-
iance ¢°. We wish to test the hypothesis

H:;h:‘-"‘:ﬂ)v:ﬂ (Say)
against the alternative
Aip=m=---=pFp g = =py=p+5

where the initial level x, the change point » and the shift § are un-
known.

If ¢* were unity we could use Gardner’s [1] statistic:

N-1[N-1 _ 2
=N 2 [F )]

N
where £=3)x,/N. When ¢* is unknown a corresponding similar statis-
i=1
tic is
P=U|V,
N
where V=(N—-1)"' 3] (2z;—%)". One would expect this statistic to per-
i=1

form reasonably well for small values of |6|. But for larger |d], it would
seem that a denominator less affected by the size of  is preferable to
V. Thus we also propose as a statistic

P,=UV,

where V1=’:§ (01— 2/ 2N —2).

In order to obtain the third statistic, we note that under the alter-
native A and with r fixed, the likelihood element is

@1) (@) exp [-@)| 8 @—wi+ 3 @—p—0]] .

Replacing ¢ by :7:,:21} z;/N, p+6 by xy_.= EN} z,/(N—7r) and ¢* by s’=
i=1 i=r+1

{é (x;—2,) + ﬁ‘: (xi—:T:N_,)z} /(N——2), (2.1) becomes

i=1 i=r+1

r N —N/2
2.2) oS @+ 2 @)

where « is independent of the observations. The maximum likelihood
estimate of r is the value of » that maximizes (2.2). The correspond-
ing likelihood ratio is, therefore,

(2.3) sup {[ Tl(ao,-—zir)2+i§1rl (:Jci—ﬁlv_,)z]/g‘,w1 (xi—ﬁ)z} . |

1srs¥-1 (Li=
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After some simplification (2.3) becomes {1+ S}*”? where

(2.4) - S= sup @y, —&,)/{s(r” +(N—7r)")} .

1SrsSN-—

S is the third statistic we shall consider for Problem 1.

2.2. The cd.f. of P under H

In this section we shall show that under the hypothesis H, the
statistic P may be written in the form

2.5) P=:§‘;l A (N—1)! Zﬁ 2

where the zx’s are independently and identically distributed as standard
normal variables (z, iid N(0, 1)) and

(2.6) ix=[2Nsin (Kz/2N)]"*, K=1,--.,N—1.

Then a result given in Mulholland ([2], Section 9) may be applied to
write down the required c.d.f. We quote below Mulholland’s result in
the form of a theorem.

THEOREM 1. Let z=(2,,- - -, 2,) have a non-singular distribution with
density proportional to exp (—z2'Mz/2) where M is positive definite. Then
if A is a symmetric matriz, the c.d.f. of ZAz[z'z is

Fe)=1—=z" % (—1) S IDI'”Z(v—z)"“”/Zdv
j=0 I;

where n' is the largest integer not greater than (n—1)/2,
2.7 D=det {(v—2)M—(A—zI)}/det M

and I; is the common part of the imtervals (@m_3j_1, Am_z;) and (2, o),
the a,’s being the roots, in ascending order, of (2.7) treated as a poly-
nomial in v.

We should remark that two eighty entry, four digit tables for (2.5)
with N=20 and N=10 were constructed using an equivalent of Theorem
1 in a little over 20 minutes on an IBM 370/155. We believe that this
estimate will not be substantially exceeded in the applications of The-
orem 1 presented later in this paper.

Let us now establish (2.5). It can easily be verified that

U=N-"'¥Ax, V=(N—1)¥(I—uu)x

N-1
Where x,=(wla' Y xN), u'=N-l(1v tt Y 1)9 A= 2—}1 BE/!
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(N—19)
{ elements elements

I''=(—(N—1), =(N—1),-++, —=(N—1), 1," ,'L)

Gardner has shown that the non-zero eigenvalues of N~*A are the i.’s
given by (2.6) and it is well known that one of eigenvalues of I—wuuw’
is zero and the rest unity. Also, it can be verified trivially that the
matrices A and I—uu’ commute and therefore can be simultaneously
diagonalized by an orthogonal transformation 0:x—z. All that remains
to be proven is that the coefficients of 2% in the transformed expres-
sions for U and V are zero. Such a proof would follow the lines of
one given in von Neumann ([3], Section 2), and would essentially con-
sist of showing that the line #,=...=x, is taken by 0 onto the line
2= =2y_1=0.

2.3. The c.d.f.'of P, under H

The c.d.f. of P under H can be written down using Theorem 1
and the fact that under H

N-1 IN~1

2.8) P=3 tuak| 3 etk
K=1 K=1

where

(2.9) px=2(N—1)"! sin* (Kz/2N)

and zg iid N(0,1). We now prove (2.8).
We can write

Vi=x'Bx/(2(N—1)) , B=1§ 4.4

and

(N—1)
i elements elements

A§=(0,---,0, —1! 17 0;"'7 O) .
It can be verified that I'/4,=0 when i#j and I/4,=N. Hence

N-1N- N-1, N-1
B=% g 4,4=N 5T, 4/=N 5 C,

where C,=((ci;)) with ¢,;;=N—j for I<j, ¢,;;=—3 for I>7, €, 41,,=
—c;,;; and ¢, =0 otherwise. Hence it can be seen that AB=NI—N’uu'

BA

an

1 N— N-1 N-1
Z I’,[’/=N 2 AJF/:NJE C’=NI—-N2uu’
= ji=1 =1

and hence AB=BA. Therefore A and B are simultaneously diagonaliz-
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able. Now B=((b;;)) where b;=byy=1, b;=2 when 1<i<N, b,,,,=b, .,
=—1, b;=0 otherwise. The eigenvalues of this matrix are obtained
in von Neumann ([3], Section 8). They are 2(N—1)pg, K=1,---, N—1
and zero, where the p,’s are given by (2.9). Furthermore, the argu-
ments given in von Neumann and mentioned at the end of the previous
section can be applied here too. Hence (2.8) follows.

2.4. Comparison of powers

Monte Carlo methods were used to compute powers for P, P, and
S. For each of the three values of N, N=10, 20, 50, several values
of » and & were considered. Ten thousand simulations were used to
obtain each 959, critical value and the corresponding powers were ob-
tained on the basis of 500 simulations.

All three statistics achieved their highest power, for any given
values of N and 4, when »=N/2. For this value of r, S was inferior
in power to both P and P;. This inferiority was usually true for |r—
NJ2|<NJ5, but for |[r—N/2|=NJ4, S was found to be better than P
and P,. For each value of N, r and 6 tried, we found the powers of
P and P, to be very close with P, enjoying a slight but distinct overall
edge. ‘

Powers of the three statistics for selected values of N, r and § are
presented in Table 1.

3. Case where the initial level is known

3.1. The test statistics

In this section we consider what we call Problem 2 which is the
same as Problem 1 except that g now is considered known and taken
without loss of generality to be zero. Using a procedure similar to
Gardner’s [1] it can be shown that if ¢ were unity a test statistic for
Problem 2 would be

N—-1 /N-1 2
U*=N*3 (2 2a) -
j=1 \i=j
Therefore, we propose
PX=U*V*,  V*=31aIN
and

N-1
Pr=UXV¥, V¥= {2x§+xg+ b (xm—xi)z} /(2N—— 1)

- as test statistics for Problem 2. In addition, we have the statistic
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Table 1 Powers of S, P, P, for selected values of N, 7,

N=20, =1
r 4 5 6 8 9 10 14 15 16
S .21 .29 .31 .34 7! .39 .30 .31 .21
P .19 .29 .31 .40 .42 .47 .30 .29 .18
P, .20 .29 .33 .42 M .47 .33 .30 .19
N=50, ¢=1
r 5 10 15 20 25 30 35 40 45
S .31 .56 .71 .76 .79 77 .71 .56 .31
P .17 .51 .74 .85 .88 .85 .75 .51 .17
P, .19 .53 .76 .85 .88 .85 .76 .54 .19
N=50, é=1.5
7 5 10 15 20 25 30 35 40 45
S .64 .92 .98 .99 .99 .99 .98 .92 .64
P .35 .84 99 1.0 1.0 .99 .98 .84 .34
P .39 .87 99 1.0 1.0 .99 .98 .87 .40

st= s (N-r)@ V- (S at+ 3 @—ge )]

1SrsSN-1

which corresponds to (2.4) and may be obtained in a similar way.

3.2. The cd.f’s of P* and P} under H

Since V* and V* are both positive definite, we can easily see that
P* and P¥ may be put in the form required for Theorem 1. However,
the actual computations of the c.d.f. become much simpler if we can
show that under H, P* and P¥ may be written in the forms

3.1) p* =:y; AN Kﬁ A
and
N—- N
(3.2) Pr=3 a2/ S piek
K=1 K=1

where zx iid N(0, 1) and pg¥ and 2% are explicitly known. In this sec-
tion we show that (3.1) and (3.2) hold under H and that

(3.3) t=[2Nsin {2K—1)z/2@2N—1)}]"*, K=1,2,---,N—1;

(3.4) pr=42N-1)"!sin’{2K—1)z/2(N—1)}
K=1,---, N—1 and p}=2.

It may be verified trivially that
(3.5) U*=x*'I'*'*' x*|N*



TESTS FOR DETECTING CHANGE IN MEAN 485

where x*=(x,,---, xy) and I'* is the N—1 dimensional square matrix
I'*=((r#)), r&=1 when i=j, r}=0 otherwise. Let 4*=((6%)) be the
(N—-1)x(N—1) matrix given by é}=1, <=1,..., N—1; &, ,=—1, i=
1,---, N—2; and 6%=0 otherwise. Then 4*4* =B*=((b¥)) with b}_, »_,
=1, b%=2 when i<N—1, b}, ,=b¥,;=—1 for i=1,---, N—2, and b=
0 otherwise. Using a procedure similar to von Neumann’s ([3], Section
3) it may be shown that the eigenvalues of B* are (1(N?™, K=1,---,
N—1, with 2§ as in (3.3). But since 4*'I'*=1, as can readily be checked,
(3.1) follows.
In order to establish (3.2), first note that

Vi = (23 + x* 4% 4%/ x%) (2N —1)

where 4* is as defined above. But since 4¥I'*=1, the matrices I'*I"*
and 4*4* commute and are consequently simultaneously diagonalizable.
Hence (3.2) follows and (3.4) is an immediate consequence of the eigen-
values of B.

3.3. Comparison of powers

The powers of the three test statistics S*, P*, P¥ were computed
in much the same way as described in Section 2.4. It was found that
for all three statistics, the highest power (for any fixed N and 5) oc-
curred for r=1. For this value of », P* and P¥ were better than S*.
As r increased, this superiority was maintained up to or beyond r=
N/2, but for r=3N/4, S* was always found to be more powerful than
both P* and P¥. The powers of P* and P} were very close, but P

Table 2 Powers of S*, P*, P¥ for selected values of N, 7, 6

N=10, s=1
r 2 3 4 5 6 7
S* 57 .52 .48 .42 .35 .28
p* .66 .61 .54 .42 .31 .21
P 66 .60 .54 44 .33 .22
N=50, 6=0.5
r 5 10 15 20 25 30 35 40 45
S* .79 .73 .70 .65 .55 .46 .36 .26 17
p* .88 .86 .80 .72 .63 .49 .31 .15 .07
P¥ .88 .85 .79 .73 .64 .50 .33 .18 .08
N=50, =1
7 5 10 15 20 25 30 35 40 45
S* 1.0 1.0 1.0 1.0 .99 .95 .90 .72 .42

pP* 1.0 1.0 1.0 1.0 1.0 .95 .81 .53 .14
Pr 1.0 1.0 1.0 1.0 1.0 .96 .84 .57 .19
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appeared to be slightly better. Powers for the three statistics for
selected values of N, r, é are presented in Table 2.
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