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1. Introduction

Let us consider the GMANOVA model introduced by Potthoff and
Roy [11]. Matrix Y is an N X p observation with independent rows each
distributed as N,(-, ¥) and EY=AEB, where A: Nxk and B: g¢xXp are
known matrices of ranks k and ¢ respectively and £: kXxgq is a matrix
of unknown parameters. The hypothesis to be tested is H,: USV =0
against H,: USV+#0, where U: uxk and V: ¢Xxv are known matrices
of ranks u and v, respectively. We assume that n=N—k—p+qg=v.
The likelihood ratio (=LR) statistic for this problem has been obtained
by Gleser and Olkin [5], Khatri [8] and Rao [12] in different forms.
In this paper we use the following canonical forms for this problem
due to [6]: Let X: NXp be a random matrix with independent rows
distributed as N,(-, ) and

Xy Xo Xi |u §u & O
(1.1) EX=E| Xy Xo Xu (k—u=|8i &u O
Xy X Xu |[N—EKk 0 0 O

q—v v DP—q

The hypotheses are H;: £,=0 and H,: &,#0. Then, the LR statistic
can be expressed as an increasing function of

1.2) T,=|S.|/|Su+S.|

where the matrices of S, and S,, corresponding to the sums of prod-
ucts matrices due to error and due to the hypothesis respectively, are
defined by

Se=Wyu—WyuWi' Wy,
S, =(X2—RW3'Wy)(I+RW3'R) (X, — RWi' Wy)

(1.3)
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where R=X;; and W,,=X;X;;. In addition to the LR statistic, the
following test statistics have been proposed as in the usual MANOVA
models :

T,=tr S,S.!,
(1.4) Ty=tr Sy(S»+S.)™",
T,=the largest root of S,S;!.

The exact non-null distributions of these statistics have not been stu-
died, except for u=1 (c.f. Olkin and Shrikhande [10]). Generally, the
non-null distribution of the characteristic roots of S,S,! depends only
on n, %, v, p—q and the characteristic roots d,=d,=---=d,=0 of

1 _
Q =§.2'22}§2 {2512222342 y

where
le 212 213

(1'5) Z= 221 222 223 ’ Z22~3=222—2232;31232 )
231 232 238

w: (@—v)X(g—v) and ¥y: vXwv. In this paper we study the asymp-
totiec (m — oo0) non-null distributions of T;, T, and T; under the assump-
tion that %, v and p—gq are fixed and 2=0(1) or O(n). When 2=0(1),
asymptotic expansions of the non-null distribution of these statistics
are derived in terms of noncentral y!-distributions up to the order n~2.
Under 2=0(n) we derive asymptotic expansions for these statistics in
terms of normal distribution function and its derivatives up to the order
n~'. We note that in the situation when B=1I and V=1, the statistics
T, are reduced to the ordinary test statistics in a MANOVA model and
the asymptotic distributions have been treated by Sugiura and Fujikoshi
[14], Siotani [12], Lee [9], Fujikoshi [2], [3] and Sugiura [15].

2. Preliminaries

First we state that the distributions of test statistics in a GMANOVA
model are treated as those of test statistics in a MANOVA model by
considering the conditional distributions of S, and S, given R and W
=W.

LEMMA 1 (Fujikoshi [4]). If one comsiders the distributions of the
tests based on the roots of S,S.!, we may assume that given R and W,

(i) S, has a central Wishart distribution W,(1, n),
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(ii) S, has a moncentral (possibly singular) Wishart distribution
Wi, u, 4) with the moncentrality matrixz given by d=x'(I+
RW-'R')™'y, where y is @ uXv matrix whose i-th diagonal ele-
ment is ¥d, for i=1,2,---, min (u, v) and other elements are
zero,

(iii) S, and S, are independent,

(iv) The rows of R are independently distributed as N, .0, I) and
W has a central Wishart distribution W,_,(I, N—k).

Khatri ([8]; p. 79, (26)) has obtained the similar conditional set-up
as in Lemma 1. However, the distribution of Y, in his reduction is
more complicated than that of R in the present result. The following

lemma is a slight modification of a well known result due to James [7]
and Ito [6].

LEMMA 2. Let S have a central Wishart distribution W,(4, n) and
let £(S) be a real valued function of S and analytic about S =4, where
A=diag (4, 3, -+, ;). Put m+d=mn, where d is a fixed constant. Then,
Sfor large n we have

@1 E { f(%S)] - [1+%{d tr A9 +tr (49)) +0(m-2)] 1) | .

where 0 denotes the matrix of differential operators having {(1+34,,)/2}0/
do,, as (r,s) element for a symmetric matrix X=[o,,] with Kronecker’s
delta 4,,.

3. Asymptotic expansions in the situation when 2=0(1)

Under the assumption that «, v, p—q and 2 are fixed we derive
asymptotic expansions of the non-null distributions of T}, T, and T; with
respect to m=pn. The correction factor p=0(1) may be chosen as in
a MANOVA model, since from Lemma 1 the null distributions are the
same as in a MANOVA model. The final result is as follows:

THEOREM 1. Under 2=0(Q) the following asymptotic formulas for
the non-null distributions of Ti, T, and T; hold :

@B.1) PR<z)=P (@ @)< w)+211;b— 3 AR P () ) <2)
+ gy 5 BAD P (a0 <2)
mr a=o

+% tr Q{P (1% (3) <x)—P (3% ,o(69) < %)}
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5

+ 4’)[:1,2 ago G“(‘Q) P (5 +2,(52)< x)_l..O(m_a) ,

where f=wuv, d*=1tr 2, 2 and m are defined as follows:

Ty T: T
2 —mlog Ty _ mT, mTs
m | n+(u—v—1)/2 n—v—1 n+u

The coefficients A.(2), B.(2) and G.(2) are given in Appendix 1 by using
the motations f=u’+v*'—5, r=u+v+1, p=p—q and w;=tr 2.

An appropriateness for such a definition of m in the case of T,
and T, has been shown in Fujikoshi [3]. We shall only prove the
formula (3.1) in the case of LR statistic, since the expansions of T,
and T; are similarly derived. From Sugiura and Fujikoshi [14], Lemma
1 and the fact that 4=0,1), the conditional characteristic function
C(t|R, W) of 2z=—mlog T, when R and W are given can be expressed as

(8.2) Ci(t|R, W) =g/ teltit/a-tin) 4

Tqa 1 3 13 ]
1+ 5 AU+ S B +0,m™)],
where ¢=(1—2:t)"!. Noting that
1 ol 1 o\t 1 1\t
. 4=0-Ly —-W> . { (_W> }
3.3) mnR<m By+— o {R(—-W) Ry

+0(m‘3)f1<——1 W, R>,
m
we can write (3.2) as
o 1 4
. f/2,{2it/(1—2i8)} tr 2 1 Aa Q a
(3.4) ¢/ 1+ 5 A

1 8 a 1 ! - 3
ooy 2 B¢+ - (L—9) tr B2 W) Ry

96m? o= %
Tt (S A —29) 1) tr o B W) Ry

84 p—1) tr 97/12(.% W)"R'r;+2(¢—1)2 (tr ﬂg(% W) _IR'7;>2

+

+4(p—1) tr ;f(R(%L- W>—1R')zq} +O(m‘3)f2<%b— W, R)] .

The unconditional characteristic function of 2 is obtained by taking the
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expectation of (3.4) with respect to R and W. First we evaluate the

expectaion with respect to W, which can be obtained by Lemma 2 and
using the result that

tratry’RX'R'y

=—tryRR'p,
z=1

(3.5)
trd* tr 7)’RZ'“R’7]‘ N =(g+1)try’RR'y.
=1

The expectation with respect to R can be evaluated by using the
formulas,

E (tr y’ RR'y]=po,,

E[{tr 7 RR'p}*]= p(poi+2a,} ,
E[tr 7 (RR'Y'y]=u(p+u+1)o;,
E[tr 27RR'p]=pw;,

(3.6)

which are easily obtained by straight-forward computations. After
much simplification, we obtain the expansion of the characteristic func-
tion of 2 which may be inverted, using the well known fact that
@'t/ 1-10)? {g the characteristic function of noncentral y*-variate with
f degrees of freedom and noncentrality parameter &% to yield (3.1) in
the case of LR statistic.

When B=1I and V=1 (accordingly p=g=v) in (3.1), we obtain the
asymptotic expansions of the non-null distributions of LR statistic,
Hotelling’s criterion and tr S,(S,+S,)™! in a MANOVA model, which have
been obtained by Sugiura and Fujikoshi [14], Fujikoshi [3] and [2], re-
spectively.

4. Asymptotic expansions in the situation when 2=0(n)

In this section we assume that y=+'m L, where L: uXwv is a fixed
matrix and m is the same as in the previous section. Then, 2 is of
the form 2=mL'L=m6#. Under this assumption Sugiura [15] has de-
rived asymptotic expansions of the non-null distributions of T,, T, and
T, in the usual MANOVA model. Using his result and the similar
technique as in the previous section, we can derive asymptotic formulas
in a GMANOVA model. For example, the conditional characteristic fune-

tion of i=—+vm {log T\ +log |I+26]} when R and W are given can be
expressed as

(4.1) E [e- vmit{log Ty+log|I+2D|) IR7 W]e“ Vm (log | I+2D|—log | I+20}

with D=L'(I+RW™'R')'L, which is O,1). The first factor has been



294 YASUNORI FUJIKOSHI
expanded in [15] as

(4.2) e“’/2°‘””[1+7:2(zt)“-lea-l(DH E('Lt)“Vz,,(D)—i-Op(m"”z)]

where o(D)=2{v—tr (I4+2D)™?}, the coefficients U,,_,(D) and V,,(D) are
given in Appendix 2 with a little simplification. Noting that
D=6—m'L'R(m*W)"'R'L+0(m™*) f(m™*W, R),

and making similar calculations as in the expansion of (3.2), we can

obtain the expansion of the unconditional characteristic function of 1
which may be inverted, using the fact that

Sm exp (@tw)d@“’(x) = ( — it)re—ﬂ/z ,

where 0’(x) is the r-th derivative of the standard normal distribution
function @(x). It is clear that the above consideration holds also for
T, and T;. Hence we have the following :

THEOREM 2. Under Q2=m#8, the following asymptotic formulas for
the nonnull distributions of T, T, and T, hold :

4.3) P (§/G<x)=@(w)— ~/— Z Usaer(0)O% ()24
+ E V2a(0)@(2¢)(w)0.—2a__—_H(e)Q(l)(x)o.—l
m a=1 vm

+£ 351 W (0)0° (@)~ +0(m1),
m a=1

with p=p—q and s=+vd*, where 2 and o* are defined as follows :

T1 Tz TB
i | — vm {log Ti+log | I+26) Vm (Te—tr 26) Vm { Ts—tr 261 +26)1)
a2 Z(U—Cz) 8(t1+ tz) 2(02—(—'4)

with ¢;=tr C'=tr (I4+260)~7 and t,=tr¢’. The coefficients U,,_,(6), V:.(0),
H(6) and W.(0) are given in Appendix 2 by using the notations f=wuv,
r=u+v+1 and s;=trQ=tr (I-C)’.

From Theorem 2 it follows that the limiting (n — oo) distribution

of 1 is a normal distribution with mean 0 and variance ¢®. It is easi-
ly seen that this result holds also for the case when m=pn and Q=m0
with m=pn, where p=0(1) and p=0(1). We note that Gleser and
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Olkin [5] have treated the limiting distribution of LR statistic in the
case of p=p=1+4(k+p—q)/n, which is proved to be normal, but the
asymptotic variance is incorrect.

Appendix 1
Table of the coefficients A.(2), B.(2) and G.(2) in (3.1)
T T, T

Aol2)| O fr —fr

A2y | 2ren —27(f —2wy) 2fr

As(2) —2rw1+4w; Sfr—8roit+4w; —fr+droit+4o:

Aa(g) —4w; 4()’(‘!1 —sz) —4]"(01

A;(.Q) 0 4(02 - 4(1)2

By(2) | —2fB fh fh

B(2)y{ 0 W(f—201) fh

Bi(2) | 2{fB—127%w:+67%w? flo+2(l —2l5) w1+ 4872w} Sfl+2ho1—24fro:

+247m,) +24(f +4)ro:

Bs(.Q) 8 {372(01—3()’24-4)(1)% fla+2(212—3ls)w1 fls+4lzw1 +48(f+4)7’wz

—12(2r+1)w; +67w1w; —192(72+1)w} +128ws
+16ws} —96{(f+8)r+2}w:
4967w w2+ 128ws
B2y | 12{(724+8)0?+4(37 +2)w: SFUu+23l—4l)ws Sli+6l01+48(72 —2)w}
—8rwiwz—32ws +4w3} +96(3r2+7)w? —96(7 +1)wz + 967w 102
+48(3(f +12)r +14} w2 +480}
— 384}’(01(02 —T768ws+ 48w}

Bs(2) 16 {3ywiwz+16ws—6w})} 8[liw1—24(r2+4)w? 8[liw1 —12(r2+ 2)w}
—12{(f +16)7 +8} w: —6{(f+12)r+4} w2
+72rw1mz+192w3 - 12)’(1)1(92—48(03]
—2403]

By(22) | 4803 8[6(r2+6)wi-+3{(f +20)r 8[6(r2+6)wi+3{(f +20)
+12} wz—48rwlwz +12}w2—12rw;wz
—160ws +36w?] —16ws—12wi]

B1(.Q) 0 96{)’(01(024-40)3—2(1)2} 96 {rw1w2+4wa}

Bs(2)| O 48w? 48w}

Go(Q) | 2{—(2u+7r)wr1+pel+2w:) | {(f —4)r—4p}or+2pe? —(f7+H4p)w1+2p0 +40;
+4w2

Gi2) | 2{2po+(—2moi—4e:} | (=3fr+dpoi+4—pol | Gfr+ip)oi—4pel—8w:

—8w2
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T T: Ts
Gx2) | 2{ro1+(g—2r)0}—2w: (Bf +8)rwi+2(p—67)w} —@3f +4)rwr+2(u+2r)wt
+ 20102} —4dwet+4wiw:z —dw:+4wiw:z
Gs(2) 2{yw}+4w:—dw1ws} —(f+4re1+12rwi+16w: (f +4)rw1—8rwl —dw w2
—_ 120)1(02
G(2) | 4wiw: YH—70?—2w2+3w102) Ayl + 2w —01003)
Gs(g) 0 —4wi10; 4w102

where I/, («a=0,1,---,4) are given by

=3 —8)r*+4r+4(f +2),
ly=—4{Bf +16)+4r+4(f +2)},

L= —'lszz ’

Appendix 2

L=6(3f+8)y*,
L=3{(f+8)r* +4r +4(f +2)}.

Table of the coefficients Usa—1(6), V2o(6), H(0) and Wy.(6) in (4.3)

T1 ]‘2 Ta
1
v 2 @f —rsitsitss) f —f4rsi—2s1—2s:+8152+ 53
Un0) | 4si—8s:+--s1—25 3<t1+4tz+ Ets> 3 tr QCY(—3/+12Q-11¢*
+3Q°)
1 1 1
Vi) | JUOR+—2rsirsst | S UOP+f +apntaan) S U@ S —6rsi+(1ly
1 —
+— (57 +8)s2—6s152 +23)s2—2(47 +33)ss
2 +2(T+38)31—4085+853
—(r+6)ss +é‘s§+23133 + 2352 — 665,52 + 565153
5 +20s3 — 245154 — 165353
+ 2 S ) + 35284+ 45155+ 53
+ 184 53— 6254+ 3255 +20¢3+ 10t4) —40Q+112Q2—127Q?
> +64Q4—126¥)
—5 s
Vo) | S Usloy Luyoy 1 ey
¢ 2t 9 U 5 Us(0)
H(o) —$1 -2t _(31—32)
Wa(6) | —(2+ U(0))s: +-§—‘ s2+5sp —202+ Ui(0)ti+2uti—4t, | —(2+ U(8))(s1— 32)+_:;i s
—28 +11sy— ps152 — 2453
+E 175455
W) | —s:Us(6) —2t,Us(6) —(s1—2)Un(6)
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