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1. Introduction and summary

The Tg-statistic was introduced by Hotelling [1], [2] as a measure
of multivariate dispersion in connection with the problem of testing the
accuracy of bombsights. A problem of considerable importance is to
work out the sampling distribution of the ratio of two values of T¢
which are conditionally independent for fixed values of the variance
covariance estimates.

In general, let Z,= {zy, Zi," - *, Zim,} De a pXm, random matrix where
z,, are independently distributed according to p-variate normal distribu-
tions with means g, and common covariance matrix 4=(4;;) (>0, posi-
tive definite) and let Z,= {2y, 2, *, Ztm,} be a pXm, random matrix
where z,, are independently distributed according to p-variate normal
distributions with zero means and common covariance matrix 4=(1,,)
and Z, is independent of Z,. Let nS,=mn(s;) be a pXp matrix which
‘is independent of Z, and Z, and is subject to a central Wishart distri-
bution W,(n, 4) with n degrees of freedom and covariance matrix 4.
The statistic considered is the ratio of two Hotelling’s generalized T%-
statistics and is defined by
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which is a statistic proposed by Hotelling [1], [2] for testing the hypo-
thesis H: M= {g, tts," -, ttn} =0 against K: M+0.
Percentage points of the distribution of F when H is true has been

1 Part of this paper is a portion of a dissertation submitted in partial fulfillment
of the requirements for the degree PhD in Statistics at Kansas State University.

2) This research was supported in part by the Bureau of General Research, Kansas
State University. )
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treated by Siotani [3]. Even in the null case, the exact distribution of
F, is not available.

~ In this paper an asymptotic expansion of the non-null distribution
of F; is given up to the terms of order »~?, in which the effect of the
noncentrality is contained in powers of the form o'=tr A-'MM’. The
technique used in this paper for obtaining the asymptotic expansion of
F, is an extension of the previous methods of Welch [4], [6] and of
James [6], [7] who used them to solve the distribution problem of vari-
ous statistics in connection with the Behrens-Fisher problem. The same
technique has been used by several authors: for example, Siotani [3],
[8]-[11], Ito [12], Okamoto [18], and Chattopadhyay and Pillai [14].

2. Expression of the distribution function of F, by the differential
operator

Let B,,,,(n, ©®) be the distribution function of

— tr A_IZIZ{
tr 42,2’

0

and R(S,) be the conditional distribution of F, when S, is fixed. Accord-
ing to the method due to Welch [4], [5] and James [6], [7], the distri-
bution function of Fj can be expressed by using the differential operator
as follows:

2.1 Pr {Fi<7} =E,[I(S,)]
=Es,[exp {tr (S,—4)8} B,, ,.(y; o]
=Es,[exp {tr S,3}] exp {—tr 43} B, ,(7; o?)
=6-B,, ,.(1; o

where p,=m,p/2, p,=m,p/2, 3=(0:;)=(((146,,)9/2)/04,;), (d,; is Kronecker’s
symbol), a pXp symmetric matrix of differential operators and

(2.2) 9=exp{—tr Aa—ﬁln|I—£AaH
2 n
- 1 1(4
e 1 + - 2 zur'zstarsatu_l'_z e 2 Zwrzszxuuanatuavw
n n*(3
+% 2 zurlstzyv'zwzanamavwazy} +O(n—8) .

Symbol 3} stands for the summation with respect to subscripts in the
summand, each of which runs independently over {1, 2,---, p} and this
simplification continued throughout the paper unless otherwise specified.

It is seen from (2.1) and (2.2) that in order to obtain an asymptotic
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expansion of the distribution of F,, we need to evaluate the various
derivatives, 9,.B,,,(7; @), 0,0.B,,,(7; o), etc. This can be done by
using the idea of perturbation in physics and consider

o (tr(A+e)ZZ }
2.3 =P <
(2.3) J=Pr {tr A+e)"Z,Z! ="

where e=(e;) is a pXp real symmetric matrix composed of small in-
crements ¢; to 2; such that (4+e¢) is still positive definite. Then we
have by Taylor’s expansion

(2'4) J= [1 + Z Ers ars +%‘ 2 ersetuarsatu+ % Z e'rsetuevwarsamavw

+% E enstusvwea:yarsamavwazy+ e :|Bp1,pz(7]; w2) .

On the other hand, we evaluate the right-hand side of (2.3) in the ex-
panded form with respect to powers ¢;,’s. After that, if we correctly
compare both expansions, we could obtain the derivatives.

3. Preliminary formulas

Let us use the following notations: 2=A"'MM', »’'=tr2, X=
(A+e)'Ad—1, yi(y; @) is the distribution function of the noncentral chi-
square distribution with f degrees of freedom and noncentrality param-
eter o’. 4,=E,—1, 4,=FE,—1, where E, and E, are two operators such
that

Erxi(t; 0)=x}2.(t:; 0) , E7xi(t:; 0)=2}42.(t2; 0) ,
for r=0,1,2,---.

LEMmA 3.1.
3.1)  Ji=Pr{tr (d+e)-'Z.Z/<t,)
—|I—4,X|"™"e+" exp { —;-E'l tr (I— AIX)“‘.Q}xf,llp(tl; 0).

PROOF. For a detailed proof, the reader is referred to Siotani [9].
LEMMA 3.2.

(3.2) So=Pr{tr (A+e)"'Z,Z]<t,} = | I— 4, X | ™" 1,,(t:; 0) .
Proor. This is a special case of Lemma 3.1 with M=0.

LEMMA 3.3.

3.3) J=Pr { tr (A+e)"Z,2! }

tr(A+e) 2,2 "
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=|T—4,X| ™| I—4,X | ™ e "
. exp {%El tr (I—AIX)'I.Q} B,.,(7:0)
=|I—4,X || [~ 4,X | ™"
. exp {% Ei(tr (4.X)@+tr (4X)Q+--- )} B, .0 ) -

PrOOF. According to Lemma 3.1, we obtain the density function
gl(tl) Of tr (A+ 3)-1Z1Z1,

(3.4) gl(tl) =_d_ef1 — | I— Alxl_mln e-..,!/g

dt,
__l_t;nlplz—le—tl .
I'(mp[2)
Similarly, the density function gy(t,) of tr (4+e&)™'Z,Z; can be obtained as

1
I'(mqp/2)

Since tr (A+¢)"'Z,Z! and tr (4+e)'Z,Z, are independent, the joint
density function is g,(t)g:(t;). After making transformations,

. exp {% E tr (I— 41X)-1g}

m,p/i -1 e—t,

(3.5) oty =2 J,=|I— 4, X |
dt,

=%:" ’ t2=t2

and integrating out t,, we have the density function g(») of

tr (A +e)'ZZ!
tr (A+e)'Z,Z! ’

(3.6) gt)=|I—4X| ™" I-4,X| ™ e "
. exp {% E tr I— AlX)".Q}

1 fmp/z-1
B(mlp/2, mzp/2) (1 —+ t)m1P/2+m,p/2
=|I—-4,X|"™"*I— 4, X |2

. exp {-;—El tr (I— A,X)—la}ﬁ,,,,,,,(t; 0).

Hence

. exp {% B tr (I— A,X)—lg}B,,,,,(n; 0) .

The last expression in (3.3) is obtained simply by using formula (3 7
and noting that
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e"‘”/’ exp {%El tr Q}Bﬂpﬂz(v; 0)

=e~¢"1B,, (73 0)
Py (wz/ 2)iE y .
=e igo TIB:";,M(’] ; 0)

=§ BP],‘H:,Fz(”; 0)
=B, (05 )

The operators E; and E, now operate on Beta function and can be
defined as

lTBppp;(’]; w2)=BP1+r,pz(77; w2) ’ E;Bpl,ﬂz(v; wz)zBpl,p:ﬁr(?; wZ) ’
for r=0,1,2,---.

e—-u’/z( ) /2)¢
1!

The following are used to expand J in a power series of ¢,,’s start-
ing with the expression of (8.3).

LEMMA 3.4. Let A be a matriz whose characteristic roots are all
less than 1 in absolute value. Then

3.7) (I-A)*:é0 A
(3.8) |I—A|~m/2=1+-";‘—s1+ig-(zsz+ms§)+;"—8(8sa+6mszsl+m2sf

+ 3”8%4 (48s,+ 32848, +12ms; +12m’s;si+m’sh) + - - -

where
s;=tr A7, j=1,2,---.

In the course of the expansion, we use the following two kinds of
symbols :

(I) [rs]l=trd'4,,=217,
[rs|tu]=tr A“A,,A“Am:%(2“'1“+1"*,2") ., ete.

() (rs)=tr 44,2, (rs|tu)y=tr 44,47'4,,2, etc.

where A4,,=d,, A and 1™*’s are elements of A~!.

4. Derivatives of B, ,.(n; «%)

It is seen from (2.1) and (2.2) that in order to obtain the expansion
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of the distribution function of F,, we need to evaluate the derivatives
of B, ,(7; ") up to the fourth degree. It turns out that J must be
expanded explicitly up to the fourth power of ¢;’s. First of all, we
expand (3.3) with respect to X up to the fourth degree with the aid
of formulas (3.7) and (3.8). In order to express the resultant in X in
terms of ¢;’s, it is convenient to expand X in the form

(4.1) X=(d+e)'A—TI
—(I+4e)" —1
= (I+Z E"A"IA")—I_I
= —E Er:A_lArx+2 5rsstuA_lAnA_lAm
_2 sr.semsvw/1-1‘4”/1—lllm‘d_ljiuw‘I' ctty
since e=3X¢,.4,,.
The result of this computation is
(4.2) J=[1-31 e, AP0+ 2 er€uAR0l0) — X &rinSow A i, 0w
+E enetuevwe.ryAgt),lu,vw,:y(v)_ °* .]Bpl, p,(v; wz) ’

where

(4.3) Aslg(;y)=%(m14,+m242)[7~s}+%E14(rs),

(4.4)  ADu(p)= % (M £+ 24) + m( £+ 24} [rs | tu]
+§(m141+m242)2[rs1 [tu]+%(m141+mzaz)m [rs](tw)
+%(dﬁl)Eldl(TSItuH-—;-(Exdx)z(TS) (tu) ,

and the similar but much longer expressions for A%, ..(y) and
A® . vw.(n) are omitted here to save the space but they are available
in [15].

As stated in the end of Section 2, we now need the comparison of
(4.2) with (2.4). In doing so, however, we have to take account of the
symmetry in subscripts rs, tu, etc. Let us define

(4.5) H:J,’...(n)zi SAD..(p), =12,
! Gp

where > stands for the summation over all the permutations of sub-
@)
scripts 7rs, tu,--- of A%, ..(y). Then we have

(4.6) a"BPpPz(v; w2)= _Hr(sl)(ﬂ)Bnmz(n; wZ) ’



ASYMPTOTIC EXPANSION OF THE NON-NULL DISTRIBUTION 283

4.7) 0,00B,,, (75 @)=2H,.(9)B,, ..(n; &) ,
(4.8) 0150089 By, (175 @)= —6HS 00(0)B,,, (1 @) ,
(49) araatuavwarvappz(v; wz):24Hr(:,)tu,vw,w(’?)Bpl.pg(W; wz) .

Hence from (2.1), the distribution function of F, can be written in the
following exanded form :

(@10 PriFisy =142 S 24 B0+ 5 [~8 5 kel Hrelr)

12 3 A Ay ::,zu,,,w,w(n)]+0(n-8)}3,l,,,,(7,; o) .

5. The evaluation of the summations in (4.10)

We explain, in this section, the outline of the computation of the
summations in (4.10). First of all we simplify the terms in HY,...()'s
using the properties of the trace. For example,

% (Pza) [rs|tul(vw)= —;- {[rs|tul(vw)+[rs| vw] (tu)+[tu | vw] (rs)} .

Next, we evaluate the values of various types of summations like

( a ) 2 lur'zst[rs l tu]v
( b) > Zwrzatxuv(rs l tu) ('U’M)), and

(¢) 2 Awrdihulrs|tul(vw). :

The summation of type (a) can be easily calculated using the concrete
displays of symbols of the (I)-type. The summations of the mixed type
(c) are obtained by firstly summing with respect to subscripts contained
in the brackets and then by using the results for type (b). As an ex-
ample for the type (b), let us consider

K=37 2,45, 2,,(7s) (tu | vw) .
Let 47'=(2%, 2%,--+, 2?), and 2'=(@,, @y, -+, ®,). Then
(rs)(tu|vw)=(tr 47'4,,2)(tr 4'4,,47'4,,2)
:—;- {@[2APAP1° 4+ 202) @y + @] AP(AP 1+ 29 1) @,
+ @272+ 2°1Y @, + @, AT (AP 2+ 20 1Y @, }
=%{kl("‘, s, t, u, v, w)+kyr, s, t, u, v, w)
+ky(r, 8, t, u, v, w)+k(r, s, t, u, v, W)},

and
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K1=2 'zwr'zstluvkl(/r’ s, t, u, v, ’W)=Z wiara{zwu"'z lvrer_lmr

where 8.=(d,,, 8, -, 6,,) and d,,’s are Kronecker’s symbols. The first
term is simply equal to (tr 2)*=w'=s! and the second term is equal to

tr 4°4(3) 2,01 =tr 47949 =tr A" (4" MM) A4~ MM =tx @'=s, .
Hence, K,=s!=s,. Similar computations give us
SN AwrAshuokel(T 8, U, v, W)=(P+1)8:=3] AwrdsAunkn(T, 8, t, u, v, W) ,
2 )wrzuxuuka(’r’ 8, t: u, v, w)=kl ’
and we have

K=%{sz+(p+2)s,} .

If we put =1, K should be equal to p(p+1)/2, which is the value of

) AwrAadulrs] [t | vew].

A complete list of values of individual summations of types (a), ()
and (c) is available in [10]. With the aid of these results, we can eval-
uate each of the summations in (4.10).

2 AP = Aka o S A200)]
= L 00+ 1) (mu(£4+-2) +mal 41+ 24))
+%p(f,»nld,erzdz)wr%A’(m141,+mzdz)ElAl
+ Lo+ Vs D Bt (B

It is convenient to arrange the above expression with respect to the
powers of E, and E,. Then

4 2
(5.1) S} A A HPu) =5 3 33 sm, ma, 93 DFLE

which gives us the term of order »~' in the expansion of the distribu-
tion function of F,. Two summations in (4.10) which give the term of
order n~* can be calculated in the same way as the above. The result
can be written in the form

(5'2) _8 2 zwv'zatzuvHr(ss,)m,vw(v)-{-lz 2 Zurzstlyvlwszs‘,)tu,vw.ry(ﬁ)
8 4 3
=i6_ iz=0 jgﬂ bi;(my, my; p; REIE]
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where coefficients a;;,(m;, m;, p; ) and b;;(m,, m,, p; £) will be given in
Theorem 6.1.

6. The final result

The desired expanded form of the distribution function of F} is now
obtained by substituting (5.1) and (5.2) into (4.10). Hence we have
immediately the following final result:

THEOREM 6.1. An asymptotic expansion of the nom-null distribution
of the ratio of two Hotelling’s generalized Ti-statistics defined by (1.1)
18 given by

Me

61) Pr{F,<7}=B,, (1 o)+

4,1m = a'ij(m!’ msy, D, Q)

0

8 4
96t tgo jgo bis(my, m,, p; 2)

* B, si,044(75 @) +0(07)
where with the motations
Q=4"MM', s,=tr&’, i=1,2,.-., s,=0*,

[
= Il

* Byt oy s(5 @)+

coefficients
a;j(my, my, p; D=a,, , bij(my, my, p; 8)=h,;

are;

A= (m;+m.)p(m,+m,—p—1) ,

an=—2(m;+m;)m;p ,

A =myp(m,+p+1) ,

A= —2(Mm,+my) (m;p—sl) ,

an=2my(m,p—s,) ,

a,,=0,

Ay =mP(my+p+1)—22m;+my+p+1)si+5; ,

Ay =2M,8, ,

=0,

apn=2{(m+p+1)s,—s;} ,

a3 =05,=0,
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aM) =82,

au=0,=0,

b= (m1+my) p {(m+ my) (3(my+ M) p—8) (M + My — 2p—2)
+(my+my) (p+1) (3p*+3p—4)— 4(2p*+3p—1)} ,

by =— 12(m,+ ’mz)z(’mll +m,—p— 1)"”2172 ’

boz = 6(m;+my)mp {3(m+ me)myp+-8(m,+m,)
+(m,—p—1)(p’+p—4)},

byy= —4myp[(m,+p+1) {m2(3(m1 +mg)p+16)+12m}
+8my(p+1)+4(p’+3p+4)],

bos =3myp {my(my+2p+2) (myp+8)+my(p+1) (P*+p+4)
+4(2p*+5p+5)} ,

b= —12(m+my)*p(m,+m,—p—1)(mp—s,) ,

by =12(my+my) (m,p— 8,)m, {3(my+m)p— (P +p—4)} ,

b= —12my(m,p—s)){(mi+m2) B3mop+p*+p+4) +4(m; +p+1)} ,

biy=12my(my+p+1) (mep+4) (mp—sy) ,

b.,=0,

by =6(m,+m;) [m,p {3(m,+ my)m,p+8(m,+m,)
+(my—p—1)(P*+p—4)} —2{(m1+m3)p+2) (4(m:+m,)

—p—1)—my(3(m,+my)p—p'—p+4)—(p+1)(p—2)(p+3)} s
+ {(m+my)p—(P*+p—4)}s:] ,

by = —12m,[m,p {(m,+m,) Bmp+p*+p+4)+4(m,;+p+1)}
— {3(m;+my) Bmy+my)p+(m,+my) (p°+p+12)
+8(my+p+1)} 84 2(m; +my)si+((m+my)p+4)s,]

by =6m[mp {(m+m,+p+1) (P*+ p+4)+3mm,p}
—2{(2m;+m,) Bmyp+p*+p+4)+ (m.+p+1) (P +p+8)} s,
+2mysi+(mp+p*+p+4)s:]

byy=12my(my+p+1) (mp+-4)s, ,

b24 =0 ’

by = —4[mp{(m;+p+1) {m,(3(m,+m.)p+16)+12m,} +8m(p+1)

+4(p*+-3p+4)} —3{3(m,+m,) (mp+4) Cm,+p+1)+(m,+m,)
+ myp(3my+p+1)+4my(my—3p—3)—(m;+m,)(p+1)
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- (PP +p—16)+4(p*+3p+4)} 5, +6 {2(m, 4 my)*— (my +-m)
« (my—p—1)+2} si+3{((m,+m.)p+8) (2(my+m;)—p—1)
—my((My+Mo)p+4)+4(3p+4)} 8, — 3(m, +my)s,8, — 4s4]

by =12m,[mp(m,p+4) (m,+p+1)— {(5m,+2my) (p*+p+4)
+3m,((3m,+2m,)p—4)+20(m+p+1)} s +2(83m,+2m,
+p+1)st—s8,+ {(Bm,+2m;)p+16}s,] ,

by =12m,[ {(m,+m;+p+ 1) (p*+p+4)+3m m;p} s, —2m,st
—(mp+p*+p+4)s] ,

b3j=0 ’ j=37 4 ’

byy=3[mp{m,(m;p+8) (m,+2p+2)+m,(p+1)(p*+p+4)

+4(2p*+5p+-5)} —4{m,(m,p+6)(4m,+5p+5)+m,(p+1)
< (P’+p+14)+4(3p*+8p+9)+ 3my(m,p+4) (m,+p+1)} s,

+4{6m,(m+p+1)+(p*+2p+15) +my(6m;+m,+4p+4)} st

287

+ {4(3m’p+36m,+18p+32)+2my(6m,p+mp—p*— p+36)} s,

—4(4m,+3m,+p+1)s;8,—32s8;+87)] ,

by =12m,[(3m,p+12) (m,+ p+1)8;—2(8m, + M, +2p+2)s
— {(8m;+my)p+20} 5,+38:8:] ,

by =6my[2m,si+ (myp+p*+D+4)s,] ,
b4j=O ’ j=3’ 4 ]

s =12[ {m,(mp+8) (m,+2p+2)+m(p+1)(p*+p+4)
+4(2p*+5p+5)} s, —2{(2m,+m,+p+1) (m,+p+1)+8} st
— {(mp+16)(2m,+p+1)+8(p+3)+ my(m,p+8)} s,
+3@2m,+m,+p+1)s;8,+168;,—s3] ,

b5y =12m,[2(m,+p+1)si+(mp+8)s,—3s;3,] ,
b5j=0 ’ j=27 374;

b =2[6{(m,+p+1)*+6} 52+ 3 {(m,p+20) (m,+p+1)12}s,
—6(4m,+m,+3p+3)s,s,—80s;+9si] ,

by =12m,s;s, ,

be; =0, 7j=2,38,4,
by=12{(m,+p+1)s,8,+4s;—s3} ,
b,;=0, 7j=1,2,3,4,
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bBO = 382 ’

bgj«_—'O, j:]., 2, 3,4.

Percentage points of F, in the null case

Percentage points of the distribution of F; when H: M =0 is true

has been also obtained by using the result in the previous section, which
coincides with the result given by Siotani [3]. Tables of upper 5 and
1 percentage points of F, together with the computer program for ob-
taining these tables are available in [15], [16].
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