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1. Introduction

Let X; (1=1, 2,---,n) be n independent and identically distributed
random variables having the left-truncated negative binomial distri-
bution

(1) flw: k, a)=(“’+’;‘1)a’/gc(k, 6 zeT

where 0<60<1, k>0, gk, 0):(1—0)"‘—i (ac+l;—1>0,,’ and T={c+1,
=0

¢+2,---}. Define their sum as Z =§_‘, X,. The distribution of Z for
i=1

¢=0 has been recently obtained by the author [1] which we call the
associated Lah distribution. This paper derives the distribution of Z
for the general case in terms of the generalized Lah numbers which
we name the generalized Lah distribution. A recurrence relation is
provided for the generalized Lah numbers and is utilized to obtain a
recurrence formula for the probability function (pf) of Z. The distri-
bution function (df) of Z is found in an explicit form in terms of a
linear combination of the incomplete beta functions. It is shown fur-
ther that, under certain limiting conditions, the generalized Lah distri-
bution approaches the generalized Stirling distribution of the first kind
and the generalized Stirling distribution of the second kind obtained
by the author [2] and Tate and Goen [6] respectively.

2. Definitions, notation and preliminary results

The Lah numbers L(z, n) (see Riordan [5], p. 44) with arguments
z and n are given by the relation

(2) Liz, my=(~1r@tm) (2~ )

where L(z, n)=0 for m>z. Since the sign of L(z, n) is the same as
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that of (—1)", we may write (2) in absolute value as
—(2mn (21
(3) | L(z, )| (z./n.)(n_1> .

We introduce the associated Lah numbers B,(z,n) and the generalized
Lah numbers L, ,(z, n) by

(4) Bz, n)=(z!/n!)§l(—1)”"(’:><z+k’”—1>

2z

where B,(z, n)=0 for n>z, and

n!

=(z!/n! -t
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for integral ¢=0, and z=mn(c+1), n(c+1)+1,---, where the summation
extends over all r;=0 such that c§. r;=n. As a consequence of these
=1

definitions, writing L, (2, n) as an iterated sum over », and 7., we have
the following :

Property 1. - Ly (2, n)=B.(z, n).
Property 2. Lz, n)=B(z, n)=|L(z, n)|.

DEFINITION 1. A random variable Z is said to have the associated
Lah distribution (ALD) with parameters n, k, and @ if its pf is given by

(6) p(z; m, k, 0)=n!Bu(z, n)¢*/z![g(k, O)]"
for z=m, n+1,..-, where 0<60<1, and g(k, 6)=(1—6)"*—1.

DEFINITION 2. A random variable Z is said to have the generalized
Lah distribution (GLD) with parameters ¢, n, k, and ¢ if its pf is given
by

( 7 ) pc(Z; n, k, B)Zn!Lc,k(z! n)ﬂ‘/z![gc(k, 0)]7;

for z=n(c+1), n(c+1)+1,---, where 0<0<1 and L, ,(2,n) and g.(k, 6)
are as defined above. Note that the ALD is a special case of the GLD
for ¢=0.

" Recently, the author [2] has obtained the exact distribution of the
sum of n independent random variables having the logarithmic series
distribution truncated on the left at ‘c’ called the generalized Stirling
distribution of the first kind, while Tate and Goen [6] have provided
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the n-fold convolution of the Poisson distribution truncated on the left
at ‘c’ which we call the generalized Stirling distribution of the second
kind. These generalized Stirling distributions are of the following form :

DEFINITION 3. The generalized Stirling distribution of the first
kind (GSDFK) with parameters ¢, », and ¢ has the pf

(8) (25 m, 0)=nld.(2, n)6"[2![g.(0)]"

for z=n(c+1), n(c+1)+1,- -, where 0<6<1, gc(o)_ Z B’/x, and d.(z, n)
are the generalized Stirling numbers of the first kmd deﬁned in [2].

DEFINITION 4. The generalized Stirling distribution of the second
kind (GSDSK) with parameters ¢, n, and 6 has the pf

(9) v(2; m, 0)=n!D.(z, n)¢*[2![h(D]"
for z=mn(c+1), n(c+1)+1,---, where 0<6<oo, h(0)= i 6%/x!, and

x=c+1

D.(z, n) are the generalized Stirling numbers of the second kind defined
in [6].

We now extend the definition of the generalized power series dis-
tribution with two parameters given in the dictionary of discrete dis-
tributions by Patil and Joshi [3].

DEFINITION 5. A random variable Z is said to have the generalized
power series distribution (GPSD) with m+1 parameters ¢, ¢;,: -+, Cn,
and ¢ if its pf is given by

(10) q(z; €1, Co50 vy Cpy 0)= @01, O3y - 2y Cn)l" zeS
g(clrc2v * ’cmye)

where a,(c;, €5+, ¢,)>0, =0, S is a countable subset of the set of
real numbers without any limit point, and the series function g(c, ¢;,
cee, Cm, )= acy, Co,- -+, Cu)P?, the summation extending over S, is posi-
tive, finite and differentiable for all admissible values of the parameters.

It may be noted that the ALD, the GSDFK, and the GSDSK are
all special cases of the GPSD with three parameters, while the GLD
 is a special case of the GPSD with four parameters.

3. Derivation of the GLD

The characteristic function of the sum Z of n independent random
variables having the distribution (1) is obtainable as

A O=lek 01| 1—oe) =3 (*TE gery ]
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Taking the multinomial expansion of the second factor on the right
side of (11) and employing the inversion formula for characteristic func-
tions, we obtain the pf of Z in the form

(12) p(z; n, k, 0)=[g.(k, )] " X (—1)""‘—%!————0%‘30 742
rlrgle e !

xﬁ [(j-{-k—l)]rm(l/zn) Si (1—feit)-n

i=0 J
X exp [—it(z—i jrm)]dt
j=o0

where the summation extends over r,=0 such that i}”r,:n. But we
observe that =

(13) (1/2x) S (1—0e")-*1 exp [—it(z—j:o jr,+2)]dt

=<z_j§0 J’rj+2+krl—-1>0z—jz::ojrj+z .

kr—1
Therefore, the equation (12) together with (13) and the definition of
the generalized Lah numbers L, (2, n) provide us the following:

THEOREM 1. Let X, (1=1,2,---, n) be n independent and identically
distributed random variables having the left-truncated negative bimomial
distribution (1), and let Z denote their sum. Then Z has the GLD given

by (7).
4. Recurrence for L. ,(2,n) and some properties of the GLD

It is easy to see that the GLD (7) which is a special case of the
GPSD (10) has the series function

(14) [g.0k, )" =3 miLes(e W)

Differentiating both sides of (14) with respect to #, then multiplying
both sides by (1—8) and using the fact that

(e () =)

for ’r:l, 2’ ce-,C, WE Obtain
(15) nlo.k, O kg, 0+ (o) (¢ )|

=(1-0) > n!L, (2, n)F/(z—1)!
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which, using (14), becomes
(16) nk >3 n!L, (z, n)ﬁ’/z!+n(k+c)(k+c_1>0°
c

X3 (n—1)!L, (2, n—1)6*[2!
=1—-0) X n!L, (2, n)(z—1)! .
Equating the coefficients of ¢ in (16), we arrive at the following:

Property 3. The generalized Lah numbers L. (2, n) satisfy the re-
currence formula

amn L. (z+1, n)=(+nk)L. (z, 'n)+’n(k+c)<k+g_1>
x[2!/(z—e)1L, (z2—c,n—1) .

It can now be verified that the recurrence relation (17), after some
algebra, enables us to obtain the following:

Property 4. The pf p.(z; n, k, ) satisfies the recurrence formula
(18)  ple+1im, k O)=[0/+1)]] +nb)p; n, b, 0)+nlk-+o)

X <k+z_1>0°(gc(k, 0))-'p(z—ec; n—1, k, o)] .

Property 5. The mean and variance of the pf p.(z;n,k, 8) are
given by
E (Z)=n6(k+M)/(1—-6)

V (Z)=nblk+M(c+1)—6M(k+c+M)]/(1—0)

(19)

where

M=(k+c)("°+j‘1)o°/gc(k, 0).

Property 6. The df F.(z;n, k, 8) of the pf p.(z;n, k, 6) is obtain-
able as

(20) Fuz;m k, 0)=1— > px;n,k, 6)

=241

!
=1—[gu(k, 0)] " S (~ 1) —
’rl.'rg. A ’I'c”.

X ﬁ [(j'l‘?—l)]rﬁzo;:;o J7 42 (1—6)~*

j=0

XIL{z—X] j7'1+2+1y k"’1>

i=o
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where the summation extends over r;=0 such that S‘_, r;=mn, and I(m,

n) is the incomplete beta function tabulated by Pearson [4].

It may be remarked that the df of the ALD obtained by the au-
thor [1] follows from (20) for ¢=0.

5. Limiting distributions

Let us now consider the limit of the characteristic function of the
GLD given by (11) when k—0. We find that

lim (&) =tim [g.(k, )] (L—0e")*— 33 (“T ¥ T)gey |

=[9.0)]" —log (1—0e")— 3} (oe")’/w}"

which, in fact, is the characteristic function of the ASDFK with pa-
rameters ¢, n, and 6.

Similarly, it can be shown that, when k— oo, and #—0 such that
k6— 2, 0<2< oo, the characteristic function of the GLD approaches that
of the ASDSK with parameters ¢, n, and 2. Using the uniqueness and
continuity theorems for characteristic functions, we have proved the
following :

THEOREM 2. As k—O0, the GLD with parameters c, n, k, and 0
tends to the ASDFK with parameters c, n, and 6.

THEOREM 3. As k—oo and 6—0 such that kf—2, 0<i< oo, the
GLD with parameters ¢, n, k, and 6 tends to the ASDSK with param-
eters ¢, m, and A.
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