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Summary

Let S; have the Wishart distribution Wy,(3;, n,) for i=1,2. An
asymptotic expansion of the distribution of —2logi=—2log [ﬁ |S./n, |
a=1

-|(S1+Sz)/n]'"’2} for large n=mn,+n, is derived, when X J3;'=I4+n""%,

based on an asymptotic solution of the system of partial differential
equations for the hypergeometric function ,F), obtained recently by
Muirhead [2]. Another asymptotic formula is also applied to the dis-
tributions of —2log A and —log |Sy(S;+S:)"!| under fixed X,¥;!, which
gives the earlier results by Nagao [4]. Some useful asymptotic formulas
for ,F, were investigated by Sugiura [7].

1. Preliminaries

Based on a random sample of size n;4+1 from p-variate normal
population N(g;, 2;) for =1 and 2, the modified likelihood ratio statistic
for testing X,=23, against X,+#J%, can be expressed as

1.1 A=|8,fn, "] Syfma " (Sy+S)/m "

where S; has the Wishart distribution Wi, n,) and S, has Wy(I, n,)
independently with m=mn,+mn,. The diagonal matrix I" has the char-
acteristic roots of X,2;! on the diagonal. The moments of 2 was given
by Sugiura [5] as

[ mr O\ [(n)2) Tymy(1+h)[2)(ny(1+R)[2)
1.2y E[]= ( e > T2 (1]2) Tn(1+h)/[2)
T2 Fy(nkf2, n(14+h)/2; n(1+h)[2; I-T) ,

which can be derived by starting the joint distribution of (S;, S;) and
using the formula
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etr [% (I—I’")S,] =3 &,,C,(%(I—F"‘)&) /k! ,

together with (12) and (22) in Constantine [1]. Kummer transformation
formula Fya, ay;b; Z)=|I—Z|™*,Fy(b—ay, ay; b; —Z(I—Z)™") is also
used in the final expression.

Put m,=pn, for a=1,2 and the correction factor p=1-—(2p’+3p
—1)(nit+n'—n"Y)/{6(p+1)} with m=m,+m,. Asymptotic expansion
of the distribution of —2ploga for large m and fixed p.=m./m>0,
when I'=I+m™'9, was obtained by Sugiura [5] in terms of y’-distribu-
tions and when I’ is fixed, by Nagao [4] in terms of normal distribu-
tion function and its derivatives, in a more general case, namely for
k-sample problem. When I'=I+m~"*§, however, both methods are not
available and the present approach by system of partial differential
equations for ,F| by Muirhead [3] is essentially useful.

Another asymptotic formula for ,F;, based on the differential equa-
tions gives the asymptotic expansions of the distributions of —2plog2
and —log |Sy(S;+S,)~!| under fixed I" obtained in Nagao [4] by different
technique. The characteristic function of — /% log [Si(S;+S:)™| can be
written as

(1.3) Pp(.é_nz— mit) I’,,(%n) / [I’,(%n,) I‘,(%n—- ﬁiit)]
- zF,<—¢Tz'it, %n,; _12_n—ﬁrit; I—r) ,

by the similar argument as for (1.2), which was remarked by Sugiura
[6]. This statistic can be used to test 3;=2, against 2,37'=1 for two
normal populations.

2. General asymptotic formulas for ,F;

Muirhead [2] has proved that the hypergeometric function ,Fi(a, b;
¢; R) for R=diag (ry,---, r,) can be characterized as the unique solution
of the partial differential equation

@.1) rx(l—rx)—azﬂ+[c—%(p—1)—{a+b+1—%(p—1)}h

412 rl(l—rl)] oF _1 & r(d-r) oF _,p
2 =2 ’I'l—’l'j 31’1 2 =2 1'1—7'! a’rj

subject to the condition that F' is symmetric with respect to »; and F
is analytic at R=0 with F(0)=1.

Generalizing the characteristic function of —2plog 2 obtained by
putting h=—2pit in (1.2) under I'=14+m™"9, we shall consider G(R)=
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log [,Fi(an; Bm—+By; rit+7re; m7V2R)] for y,#0, which is the unique solu-
tion for

2.2) n(l—n/ﬁ){ aag +(iG- i

or, > }+[Tln—'(a'{'lsl)\/W’rl—_%_(p_1)+ro
1 1
12 n 170G
—-EE 7"1'—’7'1 ﬁ:l a,rl

12 »r oG 1 _ —_ —
ngrl—'r, or, vn apn/n taf/ T,

_—Tj
r; oG

-7 ar,

11’
5?

subject to G(0)=0 and G is symmetric for R. Putting G(R)=
f‘_, Q. (Rm % with Q,(0)=0 as in Sugiura [7], we can successively de-
:z;‘lmine Qu(R) from (2.2). Equating the term of order ny7m in (2.2)
yields 7,0Q_,/or;=aB;, which implies Q_1=(aﬁl/7,)jé r;. We shall write

o;=tr B and put & =a+Bi—apfi/ri, &=a+pBi—2aB/y, for abbreviation.
Then equating the term of order n, 4+/7 and 1 in (2.2) yields, after
some computation :

1 s e
Q= —é' (a.Bl/TI)el 2
2.3) Q= %— a(aBi/ri) (aBy+E&:i62) +(afr1) (Bo—Birol )0

Q2—'—(0‘/31/T YodaBié1(2—&./r)+ExaBi+£:62)}
5 o] = Bur) 10+ et Gu—ribilres 6 fuct-L )
@Bl — i)

Hence we have:

THEOREM 2.1. An asymptotic formula of Fi(an, Bm—+B; r+ro;
n~'?R) for large value of n, when r,#0 is given by
(2.4) exp [*/W(aﬂnli’l)al +—;—(aﬁllﬂ)floz—i—n‘“zQ,+n‘1Q2+O(n‘“/2)] ’
where o;=tr R/, &, =a+B—apfi/r; and Q,, Q, are given by (2.83) with &=
&—aBilri-

Generalizing the characteristic function (1.8), an asymptotic formula
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for Fiayn, Bm+Biv/n +Bo; ri+riW/ n +70; B), when y,#0 should be
investigated. As in Muirhead [3], transforming the variables R to W=
I—(I—(B:/r:)R)™* and putting F=|I—W|~*G, we can rewrite the partial
differential equation (2.1) for the function G(W). Further the trans-
formation H=log G is useful to simplify the right-hand side of the
equation. Denoting a=ayn, b=n+pyn +p, and c=pn+rv/7n +rn
for abbreviation, the differential equation for H(W) is expressed by

@5)  (—Blr){l—(A—r/sw)al@+D)—2a+D(1L—w) gﬁf

+ - P4 (S g (o~ o-1)/2) 1)

ow,
—{a+b+1—(p—1)/2Hrs/B)wi + = 2_"10_1_(_1__;0"5’4)_

)
. — - - 1 ﬁz
(1-Q-rpyw} || —a+Q—w)- ] 2 7

,é(1—w1)(1—wf)wf{1—(1—-§f>wf}{_ : +ﬂ}

j=2 wl—u)j l—wj aw,
=ab .

Putting H(W)=3 Quw)n~** with Q,0)=0 for k=0, 1,---, and equating
k=0

the term of order n, 4/m, and 1 in (2.5), we can get:

THEOREM 2.2. Amn asymptotic formula for ,Fi(aym ; B+ B/ 7 +Bo;
rn+7W/ T +10; R) for large value of m, when 1,#0 is given by

26) |I-W|exp | abor+ L bt n @+ n-Qu+0n)|

w}w’re 0'j=tr Wj, W=I—(I—(ﬂz/n)R)"‘ a'nd 51=B1/ﬂ2'—7’1/7’2 52=ﬁ;1—r{1.
The coefficients Q, and Q; are given by, using dy=7,/B:— 7172

Qi=ag(—0+70:/r) + %—aﬂz{ 52(% — 0‘7‘1/7’2) +0,(0,+ad,—af 7‘2)}

+%a’520';{—351+a(r,“—32)} +%a’aﬁ§+—1—a6m§ ,
2.7 '
Q= (a/n)al[rﬁ1+n(ﬁo—nt?l/rz)]-i—%avz[ —(a/r) {01+ (1470)d}

+-;— 04(20,+0,— 77" — l (ri/r2)0:(1 — it —2ay73)

+ (a52+ 0;— a/ Tz) (50 2517’1/ Tz)] E 03 [a5152< - §- + 6“7‘17‘2 !
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2675 )+ (55180 81+ 0o — 30— 5, )
- (1= 2apys") — ady(Gu+ad—alr)
+%a4a262[5f+52<%—a27{‘— 4anr,“> —2a0,(r' —by)

+(ad+0,—ay; ") (50, +ady—ayy ‘)] +o2* 0 — 20+ ay;' —ads]

+-§— 453%'*‘%“0'?[51(52—7’; Y—71i'0r1+a)]

——;—a5zalo'2[51+a62—ar;‘]+-%-azﬁgolo'a+%a26§a§ .
3. Asymptotic expansions

The characteristic function of the likelihood ratio statistic —2plog 2
under I'=I+m~"% is expressed by (1.2) as

G (o) Lmf2 Dl m (L =202+ A (mL —2it)2 4 4)
mymys T(myj2-+ A (muf2+ &)L (m(1—230)/2+ 1)
| I+m7g | G Fy(—mat, my(1—24t)/24- 4,5
m(1—2it)/2+4; —m~19) ,

where 4,=p,d=(n,—m,)/2 and p,=n,n. By Stirling’s formula, the first
factor in (3.1), namely, the product of gamma functions can be eval-
uated as

(3.2) The first factor=(1—2it)"*+0(m™?)

for f=p(p+1)/2. The second factor can easily be written by
3.3) log|I+ m—vzormﬂt:pﬂ;t(—¢mal+-;-az—%m-maa+i—m-lm)

+0(m=*%) ,

where o,=tr #’. Finally putting n=m, a=—it, gi=p(1—-2i1)/2, By=4,,
rn=01-—2it)/2, y,=4 and R=—6¢ in Theorem 2.1, we can evaluate the
third factor in (3.1) as, denoting (1—2it) by T,

3.4) log 2F1=Jmplital+%plo'g(——2’it—p2+p2T‘l)——(1)7plaam“l/2

- [—2it—p,— 0 +30: T '+ po(1—20,) T ']
| & oo —2it— pr—pi— -+ 61T+ 2013—Bp) T
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+ 0u(1=5pu-50) T~} + ool 24+ (L+44) T~
— (1+24) T+ oo T~ = T | +0(m=")

Combined with (3.2), (8.3) and (3.4), we can get the asymptotic expan-
sion of the distribution of —2plog 2 in terms of noncentral y*-distribu-
tions with noncentrality é=p,p0,0,/4 as

(35)  P(=2plog 1<a)=P,+—pipwm H(L+0)P;—30:Pys

—(1—20)P; .} +m™! lg hePj o +0(m=2)
where P,=P (3}(6)<z) for the noncentral y>-variate and

ho=%.0192{ —a(1 +p2+p3)—4402+%p1p20§(1 +p2)2} ,
1 9 2 2 2 2
h1=§01P2{6{’2‘74+2(1+44)0'2+2¢71—§P1Pn(1+P2)¢’3} ’
(3:6)  h=—"pip{20(8—5p)0— 224+ 1)0,— 20+ L 00130+ 20— 2) | ,
8 9
1 2 2 2, 2
hs:§P1P2{(1'—5pz+5pz)¢74+-3—mpz(1—2.02)03} )

h/4= 1

79 pioioi(1—2p,)" .

Next we shall consider the distribution of —2pm~'%log 2 under fixed
I', the characteristic function of which can be expressed from (1.2) as

@1 ()T
mrms
. Lm 2+ DI ()2 — piity/'my + 4)](ms/2— prity/m + )
I'y(my[2+ 4 (ms)2+ 4,)(m[2— ymit+ 4)
< || B (— Vmeat, myf2— pgity/m + 4,
m[2—itym+4;I-T) .

By Stirling’s formula, the first factor in (3.7) can be evaluated as
(3.8) exp [-;—p(p+1)itm“’2+_;_p(p+1)(it)zm—1 _I_O(m—a/z)] )

Putting n=m, a=—it, B=p./2, fi=—pat, fo=4;, 1=1/2, p=—1t, y,=4
and R=I—I" in Theorem 2.2, we can get an asymptotic formula for
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the second factor in (3.7) with respect to W=I-I"" for f:plp—i-pgl,
which gives the following asymptotic expansion under fixed I’ in terms
of the standard normal distribution function @(x) and the derivatives:

(8.9) P (—2om " log a+ym log (||| |)<z)
=0(x)+m " {g @ (x)/r1+g:@V(x) 7]} +m ™! ;:‘i ho@F() /1
+0(m=*%) ,
where 7i=2(p,/p))o; for o;=tr W/ =tr (I—I' and

0= 3 (elp) orta) == Pp+1) ,
gs= 2(.02/{71){ —ot+ % 1 _‘P2/P1)‘73+ (Pz/m)m} ’

(3.10) ko =-;—P(p+ 1)—2(ps/ ) (1 + d)a2+2(p/01) (1 —Pz/m)aa-l-—g— (e:/01)';

—2(p:/ p1)o +2(02/ p1) (1 — 02/ p1) 0103+ 2(03/ 1)’ 010
+ 2 (et + gt

h¢=4(pz/p1)az—1—3?(pz/pl)(1—pz/pl)as+z<pz/pl>{1—7pz/p1+<pz/po2m

+ 8(p,f Px)z(l — o/ Px)(fs‘l‘%o— (eef, Pl)aae +919s »
he= % g .

After some computation, we can verify that the above result agrees
with the Theorem 8.1 in Nagao [4] for k=2.

Finally for the characteristic function of —4/7 log|Sy(S;+S;)™!|
given in (1.8), the first factor can be reduced to

(3.11)  —ymitplog p,—pt’p/p,+2pitn'"
AL AL+ it + 0+ D] it~
A2 (ol 8P U +p' o)+ 2 0+ DL+ )
+0(n ") |

The second factor can be expanded by Theorem 2.2, which implies

(3.12) P (—v7 log|Sy(Si+8)™'| —v log | ol | <wrs)
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=0(x)+n~ g 0(@) e, + 9O @)]} + 17t 3 b D)
=1
+O(n-8/2) ,
where 73=2(20,+(p:/01)0:+Dp1/p) for o;=tr (I— Yy with I'=p"+ p,I and

0= —%(P:/Pz)p(p-i-l)-F-;—(Pz/Pl)(Uf'*'Uz) :

9= — —g‘ (01/p)P(2+ p/ p3) — 4oy +4(1— py/ p))a,

+§(pz/po(4—pz/poaa+2(p,/po2a4 ,

hz=—;—p(p+ 1) (01/02) (2+ o1/ 02) + (1 — Bpa/ p1) oz +2( 02/ 1) (2 — 2/ p1) 3
+§(pz/poz«n+(1—3p=/pl)az+2(pz/po @—pol )0+ 2 psfr) 10,

+—;—(pz/pn)’0§+—;—-gf ,

h‘=%p(m/pz)(1+p;*+p;2)+8a,—4(5—?»pz/poaz
+§{5—15pz/p1+3(pz/pl)’}oa+(pz/px){30—30pz/p1+2(pz/pl)2}a4
+za(pz/pl>=<3—pz/m)as+%(pz/m)ﬂae+g19a ,

hs=%g§ .

Though this result is the same as the Theorem 11.1 in Nagao [4], our
expression is somewhat simpler.
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