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1. Introduction and summary

The purpose of this paper is to give the asymptotic expansions of
the distributions of Bartlett’s test criterion (M test) due to Bartlett [2]
for testing homogeneity of variances and of sphericity test criterion
(see Anderson [1], p. 262) under the local alternative sequences. In
the previous paper [12], the M test was compared with Lehmann’s test
(L test) due to Lehmann [5] by giving the asymptotic expansions of the
distributions of the M test and L test under the fixed alternative. How-
ever under the null hypothesis, the variances of the two limiting dis-
tributions of the M and L tests vanish. Hence we can not compute
the power when the alternative hypothesis is near to the null hypothesis.
Similarly the asymptotic expansion of the distribution of the sphericity
test under the fixed alternative given by Sugiura [10] can not evaluate
the power under the local alternative. So Nagao [6] has treated the
asymptotic expansions of the M test and sphericity test under the local
alternatives. However the author [6] could not obtain a good approxi-
mation for power under the local alternative since the order of these
formulas is only up to n~'2

In this paper, along the previous paper [6], the asymptotic expan-
sions for the local alternatives of the M test and sphericity test are given
up to the terms of order n!.

2. Expression of the characteristic function of M

Let X;;, Xi5,- -+, Xiy, be a random sample from a normal distribu-
tion with mean p, and variance ¢} (=1, 2,---, k). For testing the hy-
pothesis H: oi=0d}=:..-=0} against all alternatives K: o?#¢* for some

1 and j (¢#J) with unspecified g, the M test criterion due to Bartlett
[2] is given by

2.1) M=nlog ( g‘,: Sa/n> —él n, log (S./n.) ,
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Na —_— — Nﬂ

where .S’,=‘SZl (X.,—X.) with X,=N,'> X,, and n,=N,—1 with n=
= p=1

zij n,. The M test rejects the hypothesis H, when the observed value

of M is larger than a preassigned constant. The M test is equivarent
to the modified likelihood ratio test known to be unbiased (Pitman [8]).
Let ¢=140(1), then the statistic ¢M is expressed as follows:

2.2) cM=mlog ( aﬁ‘,:l S,/m) —"2:1 m, log (S,/m.) ,

where m,=cn, and Em =m.

We put Y.=+vm.2{log (S,/m.)—log ¢}, which has asymptotically
normal distribution with mean zero and variance 1. Since we may as-
sume o?=1 under the alternatives without loss of generality, we can
express the statistic ¢eM in (2.2) in terms of Y, Y:, -+, Y, under o=
14+m~26, and fixed p,=m.m («=1,2,---, k) as follows:

(2.3) M=q(¥)+m~q(¥)+m=g(¥)+0,m™) ,

where

@y wn=3 (vt e ) {3 (era )

a(Y)= ——;T .él 10..02+é‘,1 0,Y3+i_3?_ é Y3V .
_él (\/‘2_p¢— Y¢+pa0¢) iﬂ (Y¢3+V 2p,, 0,,Y,,)
i B0

‘/2 0. Y3/~/E+ > Yo,

J

‘h(Y)—'—E O ——
3} B V00 (3 0.2+ Y2 5 Vi
+E VB Yoo (V2R JFlo,Ya+nz=l v:)

(gl Vo 0.Y. +T | Y:)z—— [ZJ, (V}:Y,+—Jl_2—p.0.>}‘ .

Hence the characteristic function of ¢M is expressed as

(2.5) Cu(t)=E [exp (1tq(Y)) {1 +m ' (it)g(Y)+m™!
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J@a)+ &gy} | +om .

In order to calculate (2.5), we require the distribution of z,=+vm,/2
-log (S./m.), which is given by the previous paper [6] as

% 2 +A 2 zn:’ y
V m,

_'°°<za<°° ’

(2.6)  cp oM exp

where ¢, =(m.[2) ™" (I [m,/2+ 4]} and 4,=(n,—m,)/2. Expressing
a(Y), ql(Y) and ¢(Y) in terms of z, under o} ——1+m"/20 (=1, 2,---, k),
we have

Zi]«/p_ )2 m{i‘, vo.0z, épuﬂiéx/zz,}
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Hence the expected value E [exp (¢tq,(Y))] is given by

28 Elexp (ita(¥N]= [T enorm ] | exp [ihi(a)]

k k
eXp[Z Mo e+ 4, :bz,,

Expanding the last term of the second exponential part in the above
integrand, we can rewrite (2.8) as E [exp (itg(Y))]=Ei(t)E (). The
above two terms E\(t) and E(t) are given by

2.9)  E@)={] ez exp| - o |} exp [+ 5 oz ]cemr
. |2|1/2 exp [m ‘,2 p,,( 2 5)2]

and

(2.10) D(t)=E

——

L+ m )+ m (1 (a) + e || +O(m )

where 6 i_} =é_l 4, and
____7_/__ z Py __k 2 L - k 3
@1) @)= (S Ve te =3 003 Vo) =5 7= B AVe
S ET S R R L
(2.12) n(z):it[—% élx/p_ +YZ ﬁ:lp,oi éx/—z

The symbol E in (2.10) denotes the expectation of z=(z, 2, -, 2:)
with respect to the k-variate normal distribution having mean 7=(,,
7.+ ++» 7 and covariance matrix ¥=(s,;) With 7,=+p./2(f.—2itd)(1—
2it)! and o.,=(3,,—2itvp.0;)(1—2it)"'. Applying stirling’s formula to
E\(t), we have the following asymptotic formula:

(2.13) E(t)=(1—2it)"/" exp [z_a{%uz]
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. [1+m—1/2<%vs+évz+%

53—45>+m"‘{—%v4+1—18v§
+ ; 0!)2))3'!" 03113——(24""9)093"' 0211 + 0492

1
18

+E(42+A)5—Az+kd—%ﬁ} +O(m"’/2)} ,

———(4A+9)02u2+44—v2+ 0‘——(84+9)04
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k ~

where ”“=,,2 ps(0:,—0), ﬁ:ﬁ po-' and f=k—1. Also by Appendix and
=1 a=1

the previous paper ([6], pp. 164-167 and p. 174), we can compute the

term E®(t) as follows :

@18 EP)=1+m =L (o= 0Ot (— T ut +8 )0

2
1 ~ 1 ~ - " 6 o 3
—ZV3“0V2_—3—03+40 +m 2 hz,,(t),,‘l“o(m ) y
a=0

where {,= ﬁé @,—8Y, ().=(1—2it) and

2.15) hP= 25138 i,  hp=_L L 48 u3+ - 16 :
L A e T 8
gD:%m 2]“—4v§+iév2u3+31—653v3—%5v3+%Clvs—%ug

+-I(k+2)u2— —c1+ﬁ —-}l—kZ—_;-H—;)—,
h(')=—%yr—--—slz—w—%ﬂvzus—%ﬁsvs—l— 0u3+%u§+léClv2

-——(3k+6+24)”2+C2+ O+ 03C1_'—'0C1_'—P

1
Loyl 1 )
h(l)___Kw_i_ 6 ya-l—.léyzva-l-- 1 53v3—%5v3—%cws———~156 v

———0C1”2+—(k+44+2)1-'2"‘-—C2 03C1+ 0C1 A(k—]-)»

12
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hgl)—% 4+—1—v3+ 1 0”293‘*“—1‘03”3—_(4 6)0”3+
~ 1 ~ ~
—— 44—9)0"v,— 4 ———0“—-— -9
+= 3 0‘v2+ 16 1 ( )6y, — dvy+ 18 o4 (84—9)

1 p 1
— (L= NP+ L —4+= .
+2( )o*+ +6

Similarly the second term in (2.5) is expressed in terms of z, (a=1,2,
-, k) as follows: E [(1t)g\(Y) exp (itqy(Y))]1=E(t)E>(t) where

2.16) E®()=(it) E f—i‘, 2Vp—AE 2¢p,z Zz
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Applying Appendix to E(t), we have

1

2.17) 2<=>(t)=11—2»s(t>s+( =

—ut— Cl)( )2+<_Z”3_—;-0v2——C1)(t)1

+-;14-»a+%5»,+m-1/*- > R(E). +0(m™) ,
where
(218) hp=—ctob, A== dutoi ol

8 36 12 8

hg’)-_—‘—g"”l, 418 ”a+ ];101’2”3"*' Cﬂ-’s %vg‘i‘%(k‘kz)vz—ﬁ—%ﬁ ’
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hﬁ’)— —-‘]i—v‘——112—‘113—%5”2”3—%5‘93‘"——1——(4"’3)5”3"‘—l—cll};

+1 4»§+ oc.»z—(k+2)vz+2c,+ o +’; +1'c—§

h® = —%v4+%v§+%—5vzva+—é%5'va—%(44—9)5%-—%&»;

+%”§—5C1vz+';_(k+2)”z_C2‘—lG—%58CI

+ LD o -kt

3
h(”=—'?iv4+10v2vs——-——(A 3)0v3+—0’u,+ Cn L8t
A 12 2
—Sutg &=L b+ 25+ P2 (@+DIG,
hg”——% .'—%»s g5v2u,—~—i1§-6’v3+%(A—1)5»,—é—0’v§
+%u§—35‘v2+%5’v, .

By the same argument, the third term in (2.5) is given by
@19)  E[ e+ Doy} exp e 7)) | =EOEE) ,
where

@20) EC0=E (e + W [VE S oo + 202 (5 vpa)

VR SR I T I T Va7
a=1 a=1

V2 &
1 k 2 k 2 1
+J_§—" "2=1 pnoaag_lﬁza }-I-O(m )
Thus for the value E(t), we obtain
(2.21) EP(t)=31 hi2().+0(m™),
where

(2.22) hP= 2;8 i, hsz)=1—16»¢— 114 v 2—{1c1u,—-1%u;,
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= __2
+2C2+8C1’

h(3)="‘L”4+ 214 3+T12—§V21-‘s"' i 5 C1”s+ ; 2—%-6C1”2

3 1 - 1 1
4 (k2 — 2 —— 2+__ 14 1 +=,
4(k w 8C2 4Cl 12p 4k 2k 3

h‘”=—;—v + 916 Vit — 15 0”2”3+ i 0Va+ C1”3+ 02v2 “8“”2

1z k 2 7 ~ 1
+=60fw,+— +——-C2——0C _|- k2+ k__
2 e 4 v 8 ' 2 T 12 4 2 6

h§3)=l]‘—v4——iv3——1—0vgv3+ 3 0v3—lclvs— 1 Ot — 2

48 16 4 4 8 4 16

+ i 02”2——0C1V2—"f'”2+ i L+ ; 0C|+€p —é—

hga)_—%l‘a‘i' ?} Vit ; 0”2”3—%0vs+ 8 02p2+-11—6-u —%02132

Hence the characteristic function (2.5) can be calculated as follows :

vz} [1—}— m~Y {—é— ve(t); + (—}—v,

(2.23)  Cult)=(1—2it)~'"* exp [ :

it
2(1—2it)
1= 1 1 a -1 4 ’ —3/2
——-—0U2 (t)1+-——vs+—0v2 +m 2 h2a(t)a +O(m ) ’
2 3772 =

where
(2.24) hs_71_2»3 , {,=—;—v4 %2”“ 112 5,,2”3—%»; ,
h’=—-1—v4+ ;3 it ; 0v2v3—-§0v3+ S +%v§—%(4+1)u2 ,
h§=%—u4—%v§——1§2—5v2v3+—g—5u3—-‘1¥02 utd 02u2—-§—v§
L @A+ D= M=V h =5
= —%u4+ 118 u3+-é—ép2u,—éua+%52u§—_ilé%ﬁ%u;

4 1 1.
— Lt k=1 A+ =—=p .
) uz+( ) + 6 6 14
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3. The final result
Taking a correction factor ¢ for the M test, because of Box [3], as
3.1) c=1—(p—1)/3(k—1)n ,

we have (k—1)4=(p—1)/6. Therefore the coefficients h; and A in (2.23)
are slightly modified.

THEOREM 3.1. Under the sequence of alternatives a*=1+m""%9, (a=
1,2,-- k) the distribution of the M test with the correction factor (3.1)
can be expanded asymptotically for large m as

3.2) P(cM=x)=P,(5")+m" {% P+ ( —_;_»3—%5%) P, ()

+ (—;’—vs-i-—;—éw) P,r(BZ)} +m™! than+2a(52)+O(m—3/2) ’

where the symbol P,(d%) means the distribution function of the noncentral
1* variate with f=k—1 degrees of freedom and moncentrality parameter
0'=v,/4. The coefficients h,, are given as follows with

k ~ ~ k k
ZE 0:(0,—0), 0=az=}l 0.0 and p=>p:t.

(3.3) he=hi,  he=hi,  h=h.,

hgz—i-lq—%l)a—f—zovzps‘i‘ 3 0!-13—'-—02 2+ 021-'2—%”2

-I——é—(ZA—}-l)uz ,

g U4+ 1 vs-l-—l—évzv,—gvs+—é—§2v§—%52v2+%u§———42’—v2 .

hy=
. 8 ' 6

It may be interesting to note that each sum of the coefficients of
order m~? and m™', respectively, is zero.

4. Sphericity test

As in Sugiura and Nagao [11], the modified likelihood ratio criterion
for testing the sphericity hypothesis, based on a random sample of size
N=n+1 from a p-variate normal population, is given by

1) z*—lsr'/*(p tr §)n,
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where S has a Wishart distribution W(2, n). Since the criterion a*
remains invariant by the transformation S—c¢H'SH for any orthogonal
pXp matrix H and positive scalar ¢, we may assume Y=A4=diag (1, 4,,
-+, 4,) without loss of generality. We shall consider the sequence of
alternatives 1,=1+m™"%4,, where m=pn with

(4.2) p=1—(2p'+p+2)/6pn ,

and derive the asymptotic expansion of —2plog 2* directly from one of
cM. The relationship between Bartlett’s test and the sphericity test
1* was used by Gleser [4] to prove the unbiasedness of the latter. Thus
the characteristic function of —2plog 2* is given by

(4.3) Cult)=c,. S |S |- (l tr S)""’“; S|w-p-v| g|-nn
b
- etr [—lA“S]dS ,
2
where the coefficient ¢, , is given by (see Anderson [1], p. 154)
(4.4) o5t = 2moitgre-vi T r[.;_(n—aﬂ)] .
a=1

Transform the variable S to D and R by S=D"RD'* such that the
matrix D is diagonal and composed of the diagonal elements of S. Then
|aS/a(D, R)|=|D|* V"2, so we have

_ (& I'(m/2)(1—2it)+(1—a)/2+ 4]
(4.5) Cult)= {]Tl I'm/2+(1—a)/2+4] }
I'"[m/2+ 4] Cult) )

" TP(m)2)(1—2it)+ 4

where 4=(n—m)/2 and Cy(t) is the characteristic function with the
correction factor ¢c=p in (4.2). Thus the first factor of (4.5) is expand-
ed as

(4.6) {ﬁ F[(mlz)(l—2it)+(1—a)/2+A]} Tm/2+ 4]
I'lm[2+(1—a)/2+4] I?[(m/2)(1—2it)+ 4]

=(1—2ity 7= 14 m={(1—2it)"—1)

AL pp—1)@p+5)— L pip—1)] +0m)] .
24 2 _

On the other hand, replacing k, p., m., m, 6, and 4 with p, p™', m,
pm, ¢p6, and pd in (2.23), respectively, the characteristic function
- (4.5) is given by
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+2978) (Ot~ e+ 25 it P ) )
+ 'é_ (2t5— 3p~lt i, + p"t?)} +m! % h, a(t),] + O(m—s/z) ,

where 8*=(t,—p7't})/4, 6=diag (0, &;,- - -, 8,), t,=tré’ and f=p(p+1)/2—1.
The coefficients h,, are given by

(48) b= (= 3p 7+ 2078
ho=—L(8t,— 263) — P (Bt,ts— Bttty + 383+ P (5tit, — 263t — £it,)
24 12 1

-3 —4
+g—4(14t:t=—15t:)—%tf ,

m:%(13t§—36t4—364t,)—pT-l(mltzt,—tht,—-ZAtf—3t§+2t,)

+g—:(27t§'t§+ L4tit,—108tit,+186) + 2 = (5ti— t{t2)+%p“t‘},

h2=__1__(—2t§+9t4+ 12At,)+p—_l(7tlt2ts—18tlts—9t§——12At3+6t2)

—_(2t’t2+t3t,, 9t’t2+2t’)+p—(5t‘t2 —9t) — _'2‘ ,

ho=712-(—27t4 —364t,+46)+ 2 ( Ot tots+ Bt t -+ 64124 3t2)
)
+%(9tft§+4t?ts 36t’tz)+ (3# t:tz)+%ts.

Inverting this characteristic function, we have the following theorem:

THEOREM 4.1. Under the sequence of alternatives A=I+m™'"0, the
distribution of the LR criterion given by (4.1) can be expanded asympto-
tically for large m=pn as follows:

(4.9) P (—2plog *<1z)
= P,(#)+m~ L @ —3p bt D )P+ L (— ik 27t

—p-=tf)P,+z(a*)+%(ts—3p~'tltz+2p-2tf)P,+4(az)}

+m™! % haoPr12.(0%)+0(m ") ,
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where the correction factor p is given by (4.2) and t,=tr 6. The symbol
P,(3*) means the distribution function of the noncentral y* variate with
SF=p(p+1)/2—1 degrees of freedom and noncentrality parameter 8= (t,—
p7't)/4 and the coefficients h,, are given by (4.8).

Under the fixed alternative, Nagao [7] gave the asymptotic expan-
sion of the distribution of the LR criterion for testing a covariance
matrix ¥ has all off-diagonal elements zero and variances in multi-
plicities, the special case of which is sphericity test.

5. Numerical examples

We shall give some numerical values of the asymptotic power of
Bartlett’s test and sphericity test when the alternatives are near to the
null hypothesis in the following special cases.

Example 5.1. When k=2 and n,=4, n,=20, the exact values of
the power of Bartlett’s test for some alternatives have been given by
Ramachandran [9] in his Table 744a. Using the 52, point of ¢M 3.801
in our previous paper [12], and specifying the alternatives K: o?=dd?,
we have the following approximate powers of the cM test:

Px (cM=3.801)

d 10/7 10/8 10/13 10/14 10/15 10/16
First term 0.0843 0.0623 0.0607 0.0658 0.0711 0.0765
Second term —0.0188 —0.0037 0.0029 0.0056 0.0088 0.0126
Third term 0.0039 —0.0006 —0.0006 —0.0003 0.0004 0.0015
Approx. power 0.0694 0.0580 0.0630 0.0711 0.0803 0.0906
Exact power 0.068 0.057 0.062 0.070 0.080 0.091

Example 5.2. When p=2 and n=50, the approximate 59 point of
—2plog 2* is given by Nagao [6] as 5.9915. Let us specify the alter-
natives K as 14,=1, 4;,=1+d, then we have the following approximate
powers of the sphericity test.

Px (—2plog *=5.9915)

d 0.3 —-0.3
First term 0.1419 0.1419
Second term —0.0298 0.0298
Third term 0.0056 0.0056
Approx. power 0.1177 0.1773

6. Appendix

Let a random vector % be distributed according to a multivariate
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normal distribution with mean zero and covariance matrix X=(a,).
First of all we shall state the moments concerning a random vector
u=uy, Uz, -+, U)'.

(6.1) E(u,uu,u;)=0,50,+0,,05+640. ,

(6‘ 2) E (uauﬂurudutuc ) = U«ﬁ(aﬁo‘tc + 0105 + 0,—(0‘5,) + 0¢7(0ﬂ60¢( + O3 + 0'5(0,;,)
+ Uaa(apya;c +0'p.0'rc +0'pc0'r-) +0'az(0'pro'ac+0'pa¢77c+0'pc0'r5)
+ G'ac(a'praa. + G306 + G'p.ﬂ,-s) .

By the above moments, we can compute the expectations of z=(z, 2,
-+, 2,) with respect to a k-variate normal distribution having mean

=01, 72, -+, 7)’ and covariance matrix ¥ =(s,,) with 7,=+p,/2 (6,—2it8)
'(1'—2'l:t)-1 and 0',,5=(5ap—21:tv papp)(l—z’it)_l.

(6.3) E(Z@:za)2=—;—5z+l,
6.4) E{(Xvp. 022)( Vo, 2} =%(5»3+252»2)(t)1+%(»2+62) @+2)
6.5) E( zz)=%»2(t)z+(k—1)(t)l+%éz+1 ,

6.6) E(X Ve azz.,)2=%(»3+26»2)2(t)2+(5»2u3+252uz+53»3

+ 264, 4 v, + 40 vy + 40P, — 1) (E),

+—]2'—52v§+g“v2+u§+252v2+—;—5“+§‘ ,

6.7 E{X \/ZZ )(X0 6.20)}
(0v3+02v2)(t)g+ 1/-—{021'2'*‘2!’:-}'0‘:1"i'("’ 1)02}('5)1

2«/2
2~/— == (04667 ,

6.8) E(XVp.z)= 04+302+3

6.9) E{(Z Vp.2)(Z Vp. 02.)}
=%<5»s+252»2)(52+6) (t)l+%(vz+52)(é4+1zéz+ 12),

(6.10) E{(S v 23 2)
=%(52+2)v2(t)2+%(k—l)(§2+2)(t)1+%(5‘+1252+12) ,
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(6.11)

(6.12)

(6.13)

(6.14)

(6.15)

(6.16)

(6.17)

HISAO NAGAO

E(S 2= L0+ (o 1o+ -5 (Fon -+ 200+ 28— 2) 2),
4 2

+(k—1)(62+2)(t)1+;11-(é‘+1252+12) ,

E{(Z vVp.2) (S 2V o))

=7}‘—5»a(t)s+%(5=»z+zvz+zécl)(t)z+§(k—1)(52+2) @)

+1@+127+12),
E{(Z v0.2.)(Z Vp. 022.) (2 22)}
= % (évzl-'a‘l' 252”3) (t)a'i‘-l]f {2(k+ 1)5Vs+§21*§+ 21-'%"‘54”2
+2(2k+3)F5} (£)a+ % {Fs+ 65y + 28v,+ 2(Jc +5),

+4(k—1)v,+2(k— 1)6* + 4(k— 1)8%} (£),
+7}:(y2+5=)(64+1252+12) ,

E{(Z V. 2.)(Z 0.22)}
1 = 22, \ (A 1 P Py
=4/ (Ovs+0%:) (6 +6) (2). + Ve {0'vs+126%, 1120,

+6°C,+66 ¢+ (b —1)6* +6(k—1)6%} (¢),
1 p: ot 2
i (6°+206*+606%) ,

E( vzz,)°=-;-(6°+3054+1805*+ 120)

E{(S Ve 2)(S 2}
=%(5*u2+1252»2+12u2)<t)2+%(k—l)(h 126°+12) (¢),

+%(5“+305‘+18052+120) :

E{(Z Vp. 2.)(Z 22V p.)}
=-é—(53v3+65v3) (t),+%(35‘u2+3652u2+36»,,-]—65’(‘-!-365(1) (®),

—I—%(k—1)(35‘+365’-}-36)(t)1+~;—(5‘+305‘+1805’+120) ,
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(6.18) E{(Z Vp.2 (X 22)%
= _;_ (52p§ +2v3) (t)+ —;— (k+1) (521’2 +2v,) (t)s

1 (Ot 12+ 1204 20— P AR - D)0
+-;—(k—1)(5‘+1252+12)(t)1+%—(5“+305“+1805’+120) ,
(6.19) E{(Z vp.2.) (2 2) (2 0.2)}

1 G052 (£)s &+ —e { (o4 3)F v+ B+ 202
442 2v' 2

+2(k+1)8uy+ 6 s} (£)s +

1
Wz

4 4(Fo+ )%, + 8(F -+ L)y + 4(k + 1) 8, + 4(k* — 1)6°} (£),
[0y +126%, + 120, + 6°C, + 60 8,4+ 2(k—1)8*

{ésvg + 65 V3 + 25‘ Yy

1
+ 2v/ 2
02 1 P Pt a2
+1206— 1)) (8) - (P+205"+-608") ,
(6.20) E{(X ¥p.2)(22)(Z £/Vp.)}
=%6u,p3(t)5+%{2(k+5)5v3+352u§+6u§+ 6L} (£)s

+%{53V3+6593+12(k+1)62”2+24(k+1)yz+ 12(k+3)8 8} (£)s
+%{254y2+2452»2+24»2+3§3c1+ 18,4 6(k2—1)3*

+12(k — 1)} (t)p+ (b —1) (6 +126*+12) (¢,
+%(56+3054+ 1806°+120) .
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