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1. Introduction

Let x;,---, xy be independent normal random p-vectors with mean
vector g and positive definite covariance matrix %, i.e., x;~N(g, ),
3>0. Let

(1.1) £=N-1§_V31x¢, and S=§l(x,—i)(xt—i)', n=N—1.

Then x and S are independently distributed. NY¥(x—u)~N(0, 2) and S
has a Wishart distribution with mean nZ%, i.e., S~W(Z, p,n). In Sec-
tions 3 and 4 we derive the exact non-null moments and distribution
of the likelihood ratio criterion (LRC) for testing:

(a) H;: ¥=dI, p=p,, ¢ unknown, against the alternative A,#H, ;
M known.

(b) H,: F=d[(1—p)I+pe€], ¢ and p unknown, against the alterna-
tive A,#+H,; ¢=(1,1,.---,1), (¢ unknown).
These distributions are in the form of Meijer’s G-functions [3] and H-
functions [2]. The non-null moments derived here have been used to
obtain chi-square type asymptotic expansions of the non-null distribu-
tion of the likelihood ratio criteria for alternatives close to the hypoth-
esis. These results will be published elsewhere.

2. Preliminaries

Let C.(4) denote the zonal polynomial, a symmetric function in the
roots of the symmetric matrix 4 (see James [4]) of degree k correspond-

ing to the partition k=(ky, ky,- -+, k), ki=ky= -2k, =0, 31 k,=k and
i=1

@1) @.=T] (a—G=1/2h,=T3(a, DITa)

1 Research was supported partially by the National Research Council of Canada under
Grant A-4060.
2> Work began while C. G. Khatri was visiting the University of Toronto.
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Iy ==t ] Ma—(-1)/2),
(@)y=a(a+1)---(a+k—1).
We also make use of the Gauss and Legendre multiplication theorem,
(2.2) 11 et p™(i—1)=(@n)*> "I (pa) ,
and the definition of Meijer’s G-function [3] given by

@8  Gpals]mr )

bu cen, bq
e TIT(,—8) TT T(1—a,+s)
=(2r1)™ S q’=’ ks > z'ds ,
T FA—b,+s) 1 I'(a,—s)
j=m+1 Jj=n+1

where 0<m=q, 0=<n=<p and the poles of I'(b;—s) do not coincide with
the poles of I'l1—a,+s) for any j and k, j=1,2,--.,m, k=1,2,--+, n.
In the appendix, some relationship between G- and H-functions are
derived.
Finally, we recall the following two results from [5] and [6] respec-
tively.

LEMMA 1. Let S~W(, p,n), n=N—1. Let
*=|S|/(p~' tr S)*.

Then
E (¥ = ™" ((2h+m)/2) g2
Iy(n/2)
k ((2h+n)/2).C(I—qZ") I(np/2+k)
i t I(o(2h+n)[2+k)

where 0<g<oo and may be taken to be 21,4,/(A4,+24,) for the rapid con-
vergence of the series; A, =A=---=2, are the ordered roots of X.

LEMMA 2. The problem (b) of testing H: X =d[(1—p)I+pee€'] is equi-
valent to testing that 3 =diag (a, d,---, b).

This follows from the well known fact (see e.g., [6]) that any or-
thogonal matrix with first row €'/« p diagonalizes 2 and the elements
of this orthogonal matrix does not depend upon ZX.

3. Exact distribution of the LRC for problem (a)
The LRC for testing the hypothesis H,: ¥=d’l, pu=p,, against the
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alternative A,# H, is based on the statistic
(3.1) A= {p?|S|/[tr S+ N(x— pt)' (X — p2)*]1} "*

where N is the size of the sample taken from a p-variate N(g, J).
We may note that the test based on 2 given in (8.1) is unbiased and
can be established easily.

In this section we shall obtain the exact distribution of i*=21*7,
Since X and S are independently distributed, we shall consider the joint
distribution of S and y=N'%X—g,). From this we can easily obtain
the joint distribution of

3.2) V=S+yy and u=yVy,

which is given by

Ms

3.3) C|V|¥-7-1" exp ( —% tr z-lv) (%uz-lvz-lu)’

0

J

X (l_u)(N—p)/Z—l up/2+j—l/j!['< p+ j)

ro|

where y=pg—p,, and C is a constant given by
(3.4) c—*:zwzr,,(é_uv— 1)) |Z|* exp ( +_12i»'z-1y) .

With this notation, 2 in (3.1) can be written as
(3.5) A= | V][t V)AL —u)"™ .

Hence, (from the monotone convergence theorem, the interchange of
integral and summation is justified),

(3.6) E ()= cj% A,p<N(1+2h)—p>/F< N(12+h) ﬂ.)

where A, is given by

@1 a=|  S(ZvsvEn) @ viKe vy v
v>o g1\ 4
xexp (—— tr IV )V .

To obtain A;, we define the generating function of A; by

(3.8) g(6) =g) Af = Sv>o (@*| V|/(tr V)p)rer |y |-p-br2

X exp (-% tr {R(a)}‘1V>dV
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where @ is such that (3'—(N/2)Z'w/37'0)={R()} " is positive definite.
This can be rewritten as

3.9) 9(0)=2"""I',(N[2)| R(6) " E(p*| V|/(tx V)7)""

where V is distributed as Wishart whose density funection is given by
(3.10) {2”/21;(%1\1) | R(9) |N/2} |y |- exp (—% tr {R(O)} '1V> .
Using the result of Lemma 1 in Section 2, we can write

(3.11) g@@)=2rrpragar, NOEH )

% i > (N(1+h)/2),ClI—q(Z'—6(1/2) 2 '»/'Z'N)|(Np/2+k)
=0 E\I'(pN(1+-h)/2+ k)

for 0<g<oo. To obtain the coefficient of #/ from (3.11), we note that
for 0<q<22,,

@11y go)=2""p"" ¢ (NI +h)/2)

I'(Nhp|2)
X S: | I— w[I—q(Z’" _ 0(1/2)2"19D'2_’N)] I-N(1+h)/2xp1v/2—l
X (1— )"~y for Re (h)>0.

We note that

| I—x(I—q2 1) —(1/2)xqf 2w/ I N | VP2
=|I—x(I—qZ )| -Fatwr

X [1— wqog ' S [—a([—gE-)) 151y

] —NU+h)/2

Hence, the coefficient A, of ¢/ from g(8) is given by

3.12) A, — (20" "L (N(L+h)[2)T (N(L+h)/2+ 5)
! T(Nhp[2)j'T(N(1+1)[2)

X Sl | I_ x(I_ qz‘-l) l-N(l+h)/2xpN/2+j—1(1 _ x)pNh/Z-—l
0

X W2 I—2(I—q2 ")) ' 2T 'wNg/2)dx .

For 0<¢<22, and 0<x<1, we can write

(3'13) l I— x(I—qZ"‘) |—N(1+h)/2 ___é N (N(]- ‘IL"h)/z): C,(I— qZ'—i)xk

and
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(3.14) |22y s 1-a(l-gs )35 ] =S ai),
(3.15) A, =20 P TN+ h)2)L (N +h)[2+ j)

JIN(NQ+h)[2)
x5 5 2 a) FELPRG1-a37)

I'(pN/2+5+6+k)
I'(Np(1+h)/2+5+6+k)

and, we get

o g PN+ B~ 1)j2)p"™
3.16 E = P
@18 B@ T(N=1)/2)

x5 3 5 a(g) NATR2. (1 g5-1)
7=05=0 k=0 = klg!
I'(pN/2+j+6+k)
X i . 0<q=22
T(Np(L+h)[2+ 5 +5+F) I=44

where a,(j)’s are defined by (3.14). Hence

w_ |gZ AL (N+2h—1)2) & & & .
3.17) E@*)= g a
G17) BE p T (N—1)/2) pIPIPIDILE)

(NJ2+h). (37— gty T(ON/2+5+0+E)
dl kg1 cUd—e )F(Np/2+ph+j+a+k)]‘

Using the results of (2.2) and (2.3), we get the density function of 2*

" Al DP+DIA | g 3-1 |82
(3.18) p(a*)= p(Np—l)/22—(p-l)/2["p((N_1)/2)
ST S ay(§)C(I—q2") I'(pN/2+5+3+FK) pis,
ngo E kgo g [ : k!g! pIrItE Gﬁ}‘;n
p/2! p/2+p_l(j+k+5)+p_1('¢_1)’ i:]-) 21 ct p>:|
0, P—i+1)2+k:, i=1,2,-+-, p ’

( 2*)(N—p—2)/2

><<2*

0<g=21,,
the existence of G-function follows from ([4], p. 1068) since 1*<1.

4. Exact distribution of the LRC for problem (b)

We first obtain the moments of the LR statistic for a more general

: 2L, 0
roblem of test H): Z‘:("l »
P ne 0 l o:1,,

ternative Aj+#H,. The LRC for this problem is based on the statistic
(4.1) A=[|S|{p" tr Syl {pi* tr S}l ,

), g;, o; unknown against the al-
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where S= <S“ S“)"l, pi+p:=p and n=N—1; N is the size of the sam-
ple taken from N(g, ¥), ¥>0. Without loss of generality let p,>p,.
It is well known that S,,—S,,S5'S}, and (Sy, Sy) are independently dis-
tributed. Then, it is easy to find the joint distribution of S,,, S, and
T=387"8,,S%'Si(Ss"?y where S,,=(S}{?)(S¥?)’. This joint pdf of 7T, Sy
and S;, can be written as

(4.2)  Ci|Sy|™ 7| S, [*-m17 exp [—% tr 3oL u—_;_ tr z.;;szz]

X | I— T|"‘"’2"’1“’/2] T|®n-br2
X3} 3 O (S1Y SipSu TS T ) 0 1 1)
k= & &
_ oy ooy vy ey v yo(Tn Tu)s
where 3,=3,—2,35'3,, 2. =2p—3L31'3,, B=3p35, = ! 1
2 2 ]
and

43)  Cri=2rovwnr, (% n)l; (n—sz)” b (%”‘) | Z1al| Zul™

With these notations, 1 in (4.1) can be written as

(4.4) a={( ((1/p!;qtllr|s,1)P: ) ((1/bliséilszz)”= Jir=ij”

Then, it is easy to see that

4.5) E@)=G Ssu>o Ss22>o {( ((1/pE)S£;‘I Su)? >< ((l/pi;s:‘i'l Sy)? >}nm

X | Sy [* 21 D/2 [ Sy #2172 exp [——;- tr msu—% tr z;isn]

xg g C,<% E;;‘BSZE‘B’ZSS;])/IC! <%n(1 +h)>=
where Cyl=g2rntort Iy (n(1+h)[2) 3 (n[2){ T, ((n—2)[2)/T, (n(14-h)—p:)/2)}
X| Zia |2 Z [

Particular case. Let p,=1. Then H; and A} becomes H, and A,
respectively with p,=p—1 (see Lemma 2). In this case

[ Sul/((1/py) tr Sy)r=1.

Hence the hth moment for the LR statistic 1 for testing H, against A,
can be obtained from (4.5) and is given by
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Ry — [ S| nh/2 (n=py=1)/2 _1 _1
“4.6) E@®) ngsn 0<~——«1/p2) = Sﬂ)p) | Sy exp[ 1 trz,.lszz]

x3) (Loripsuf | (g ntd) itr (2 4 5)
where, p;,=p—1, ¢.,=05'82%'8 and C; is given by

o (258 r{2051=8).

Using the arguments similar to Section 8, we have, for 0<q¢=2i},
where 2} is the smallest characteristic root of 3.,

4.7) Ss22>o <((T/p|$glz;|s——gg>mmlSzz|("_p2_”’2(——a, 18SnB’ )

X exp { — % tr 2;.}322} S,

=(2q)’2"/2p§"’2"/211p2< n(l;—h) )11( n(l;-h) +k> {["(\l”ﬂ‘;—h)-)}—l

8§=0 =«

x5 5 5 a,(g) HEEDe 61— gz

x{r (—lz—pzn+j+a+k)/1’<%npz(1+h)+a‘+a+k)}
where

*8) S e =] 2 pU-s(I-as) | .

Hence, we get

@9 E@)=1aZ (- prpronr, (MER=L) r (n=L)”

o s s sy L(f2+7) (n(1+R)/2). -
XREEZ 5 rmR) %)= C(I—q2s)

I'(pm/2+j+06+k) 0<q<22*
T(pm(+h)2+5+3+k) 1=

where a,(j) is defined by (4.8), p,=p—1, 1—p*=0,.4/01, and 0<g<oo.
Let p=2 and ¢=¢,.,. Then (4.9) can be written as

s By S e I'(m)2+7) (.. I'(n/247)
(4.10) E@)=0-p" % T (n/2) @y Tl +h)2+7)

which is obvious from (4.5) after integrating over S, and S..
Let 2*=*", Then from (4.9) we get
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os—1iln " n+2h—1 n—1
(11 B @) =|eZaM 0= p L, 2T 2= L) w250

SIS S Tn/24+3) o~ (024R). ~o7 5
55 5[ LD ) M. 61—z

L(pm/2+5+08+k) ] .
I'(pm/2+ph+5+6+k)
Hence the pdf of i* is given by

—-1|n/2, 1_ Z)nlzn.pg(pz—l)ﬂ
4.12 *)= lg27i["*(1—p
( ) p( ) p(npz—l)/zz—(pz—1)/21"1’2_1((” —_ 1)/2)

3 S & I'm/24+3) .~ C(I—q25))
X?":.ZZLE[ w9
o L(@mj2-+5+5-+k)
pj+a+k
o, o 3% | Pel2, Dof24+ D7 (T +E+0)+ 07 (2 —1), i=1,---, D,
XG"“’”@ (P—14+1)/24k,, i=1,---, D, >]

where p,=p—1 and 0<q=<22}; the existence of this G-function follows
from [4], p. 1068, since p+1=1 and p+1>p.

(l*)(u—pz—b/z
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Appendix
The H-functions are defined by

Lo 1 rbe—p) T I(1—a+a)

2RS0T AT PA=bo+69) T Ta—ais)

.__Hm,n[z (@1, ), (@z, @), - -+, (ay, “p)] .

=My, (bl’ [31)7 (bZ’ 132)’ Tty (bqr .Bq)

Now we give some special cases of this function.

Ads

C—ico

Case 1. If B;=a;,=y (say) for all ¢ and j, then

Al LA

Case 2. If B=p=---=p,=p (say), then

gl e

H;f‘.;"[/l

@, ), @, ]
(bu 1)" ] (bq’ 1)
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Case 3. Let a;=ay=---=a,=d be a positive integer, then
Hv:t,n[:l (aly d)”"; (a'py d) :|
e (blyﬁl)v"',(bqv ﬁq)

?
—_ (271.){(1'—211)(1-l))/ﬂdp/Z—‘Z__Il a; m nd I:ded ‘

MNa,fd, 1), -, Xa,/d, 1)]
(bl’ﬁl)1"'y(bq,‘3q) ’

where 4(a;/d, 1)={((a;+d—1)/d, 1), ((a;+d—2)/d, 1), - -, (a:/d, 1)}.

Case 4. Let ay=ay=-:+-=a,=a and B=F=---=p,=p be positive
integers. Then

il )

bd p.d
= 2 {(p=m)a=D)/2=((a=3m)F=DN/2p/2= T, a;0=0/2% I, D;

kit ki, i=1,2,000, 0, =L 2]
ABM bi+18_j’ ,":1’ 2;"',(], j=1,2,"',ﬁ.

Case 5. Let b, be the least number. Then

X G [

Hmén[zl(alr al)y ctty (a’p' ap)]

” (bl ’ .Bl) *y (bp’ ABP)

(@ —bi/By, aifBr)y- -+ (ap b,/ B, a,/B1) :| .
(0, 1), (be—b:Bu/B1, BolBr)s -+ -+ (by—biBo/Brs BulB)

Case 6. Let ay=---=a,=a (say), fi=---=B,=p (say) and «/f=d
(say) where d is an integer. Then

1 zbl/ﬁle n[lllﬁ,
B

SRR

— m,n| 91 (ahd) ’(a'p’d)
=UPH; [w (by, 1), ,(bq,l)]

__—_.(27L-)((p-2n)(at—1)}/2d,,/z_15;1 %(1/B)
m, Kayjd, 1),- -+, Aa,/d, 1)]
X Hpg; d[zl/ﬁdm 1 »
™ by 1), (B, 1)
= (@) - Vgr-E o (1]p)

m,nd| 91/8pd (ai+d—j)/2’ =1+, D, j=1,---,d
pr,,,q[z d l iy }
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