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1. Summary

In this paper we shall discuss the distribution problem of the mini-
mum latent root.

2. Notations and preliminary results

The following integrals are useful in the sequel for the derivation
of the distribution.
The fundamental property of zonal polynomials is given by

(1) |\, CASHTHNAH=[CS)CT)/CAL)]

where I, is the (mxm) identity matrix and dH is an invariant Haar
measure on the orthogonal group O(m), normalised to make its volume
unity and C/(S) is the zonal polynomial corresponding to a partition

k=s, Koye v o) ko), FoiZhy> - 2kn=0, S1k,=k, of an integer k (James
i=1
[3D).
The Laplace transform of |S|'~™*Y2C(ST) is given by

(2) | etr (—RS)|S|=""C(ST)S=Lut, )| RI"CATE™)
>

where I,(t, K)=nmm"bH ﬁ r <t+lci —-é-(i——l)) and R is an (mXm) com-

plex symmetric matrix whose real part is positive definite, and T is an
arbitrary (m X m) complex symmetric matrix and integration is over the
space of positive definite (mXm) symmetric matrices, complex number
t satisfying R(t)>(m—1)/2 (Constantine [1]).

The Beta-type integral is given by

( 3 ) S . ISIC-—(m+1)/2 ] Im_S|u—(m+l)IZC‘( TS)

=L, )La(w)/Tu(t+u, £)]CAT)
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where I'u(u)=z"">4{] 1’(«»-%@-1)) (Constantine [1]).

The generating function for the Laguerre polynomials is

(4) |L,— S |-cr+em+m SO( etr (— THS(I,—S) " H')dH
=51 S [CAS)LUTYMCAL)]

where L(S) is the generalised Laguerre polynomial corresponding to &
and [|S||<1 (Constantine [2]).

The zonal polynomials are used as a basis for the symmetric homo-
geneous function of the latent roots of a symmetric matrix. The ex-
ponential function is

(5) etr (S)=§ S [CS)/kN (Constantine [1]).

The generalised binomial expansion is

(6) | In—S5[7*=33 3 (a).ICAS)/k!]

where (a),:]j (a—-%(i-—l))k, and (@),=2(x+1)(@+2)---(@+k—1), and
[IS]I<1.

3. The evaluation of the integral

The following integrals are useful for the derivation of the distri-
bution of the minimum latent root.

THEOREM 1. Let R be a positive definite (m X m) symmetric matriz
and 0<x<1, then

(1) | ISkeecRS)dS
i e framenf bimen)
XICEICIN T S [(Fm+D) [edm+1), ]
x5 g:,l(t+% (m+ 1))VC”(I,,,)m"‘”"(1 — gymemtontey
where
(8) CS)C(8)=2 g:,CA8) ,

i which g.. 1is a constant (Khatri and Pillai [5]).
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PrOOF. The left-hand side of (7) is a symmetric function f(R) of
R, so that transforming R—HRH' and integrating with respect to H,
we have

(9) F(R)=[f(L.)/CAL,)ICAR) .

On - the other hand, transforming S=zR™YTR™'?, then J(S—T)=
wm(m+l)/2 I R I—(m+1)/2’ gives

f(R)=xmt+k[Rl—t S !Tlt—(m-l-l)ﬂC‘(T)dT .
R/z>T>R
Hence, multiplying both sides by |R|’, we get
(10) f(R) |th=xmt+k S lTlt—(m+1)/2C‘(T)dT .
R/z>T>R

Substituting (9) in (10), and taking the Laplace transforms of the each
side, we get

a1y FEICAN | etr (—B)RICR)MR
= gt SM SR/ et (=RB)|T|=~*"C(T)dTdE .

Using (2), the left-hand side of (11) becomes
(12) [f(Im)/c,(Im)]rm(t+%(m+ 1, £)CulL) -

Performing the transformation, U=T—R, T=T, the right-hand side of
(11) becomes

(13)  ame ST etr (=T)|T==+"C,(T) S etr (U)dUAT -

A=-2T>U>

By using

etr (U)dU= [(Fm <% (m+ 1)) )2/[’m(m+ 1)} | T |m+02(1 — gymem+or2

S(l—z)T>l/>0
X, Fy( - (m-+1), m1, 127
(Constantine [1]),
(13) becomes

19 oL ) rum+n)] 5 2 @-ayeon

ky 5

x[ %(m+1)>‘1 /(m+1)‘1k1!] ST>0etr (=T)| T CAT)C.(T)dT .
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Using (8) and (2), (14) becomes

(15) [(Fm<%(m+1)>)2Fm<t+%(m+1)> /F,,,(m-l—l)]
X33 [(%(mﬂ))ﬁ fom+1, ]
X33 g2t 5 (m4-1)) C(LamHL—apenebss.

Equaling (12) to (15) and solving for f(I,)/C(I,) and substituting in (9),
we have the required result.
From Theorem 1, we have the following corollary immediately.

COROLLARY 1.

|, 1IN TT (2 1T d
Im>A>xIm i<J i=1

<[ o) S me)

x5 [(2n+D) [omt1), ] gz (44 m+D)
X Cv(Im)xmt-i»Ic(l — x)m(m+l)/2+kl ,
where A=diag (&, Az, -, An).
Using (6), (8) and Theorem 1, we have the following theorem.

THEOREM 2.

(17) S |Slt—(m+1)/2 I Im_SIu—(m+l)/ZC‘(RS)dS

Im>8S>zIm

=[(r(L (m+D)) [rutm+D | (CRBICAL)

x5 3 [(~uttom+n) (Lontn) fokion+,]

Ky kg xy5Kq 21 [73

v 1 ) l
X Ct,(Im)x"'ft‘Hc+k1(1_x)m(m+1)/2-'.k2 .

COROLLARY 2.

s | | A0 L — A=) TT (=4 T day
i<j i=1

3] rimene?

Im>8S>xIm
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x5 [(—u+%(m+1))‘l(-%(m+1))‘z [tkom+1),

ky ko ky.05

X ? [g:ﬁ/<t+—é-(m+ 1)>v] ;‘, 95,,<t+—;—(m+ 1)>r
X C.(L)am k(] — g)mim+D/2+k,

where A=diag (4, A5, -+, An)-

4. The distribution of the minimum latent root

(i) The case of the Wishart matrix

Let A be an (mXxXm) Wishart matrix with n degrees of freedom
and covariance matrix ), distributed as

(19) (1/ra(n) 121 | otr (— L 54) | Afemon.
Then the joint density function of the latent roots a,’s of A is
e 3 )
2 2
x S etr (—lz-IHAH')dHl A[e=m-b ] (a—a,) ,
om> 2 i<j

where A=diag (ay, a;,-++, a,). Now, let a,=b,/(1—b;), then the joint
density function of b,’s is, using (4)

[ )iea 3 5 (g 27 et

X[ 4" "PCA4) IT (0:—D,)

where 4,=diag (b, bs,- -+, bn)-

Noting that P(ame) P.0b.Zx/14+2)=1—P,(b,>x/(1+2x)), and
using Corollary 1, we get

@) Plans2)=1-[(Iu(5-o+D)) [Lum+Drn(Ln) 251
XEZ
x313]

[L:””( ) /k! (-;—(n+ m+ 1)>‘C,(Im)]
o3|

( (m+1)) /kll(m+1),l]
nyJg:.,(—z-(n+m+1)>v

X Cy(Im)mmn/2+k(1/(1 + w))m(n+m+l)/2+k+ltl .
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Differentiating (20) with respect to x, we get the density function of
the minimum latent a, as follows:

THEOREM 3. Let A be distributed as (19), then the density function
of the minimum latent root a, of A is given by

flan)= [(Fm(—;— (m+ 1)))71’,,,(% n>1"',,,(m+1) 123 |n/2]

3 [t men)o]

x22[(Fm+) [kim+1,| S (Latmtn)

ky 5
X C”(Im)alznﬂ+k-l(1/(1 +am))‘m(’n+m+1)/2+k+kl+1
1 1
x[(Em(m+1)+kl)am (-2~mn+k>].
(i) The case of MANOVA MODEL

Let A and B be independent (m X m) matrices distributed as the
noncentral Wishart with s degrees of freedom and noncentrality param-
eters 2, and the central Wishart with ¢ degrees of freedom and the
same covariance martix >} respectively, s, t=m, then the latent roots
b’s of A(A+B)™! are distributed in the form as

@ b 3o o )]

X etr (_Q) | A I(s—m—l)/Z | Im_ A |(£-—m—l)/2 'l’l' (bi—bj)
i<j

g3 [(Eero) cocun(bs o)
(Constantine [1])

where A=diag (b, by, -, b,) and the latent roots f;’s of AB™! are distri-
buted with the joint density function such that

@ [l 3o b))
xetr (—Q)|F|¢™ P2 L.+ F I“‘“’”E (fi—17)

X313 [(-12-(s+t)>‘C,(Q)C‘(F(1+F)“) / % s>‘k!C,(I,,,)]

where F=diag (fi, f3,**, fn)- If s<m, the joint density functions of
b’s and f;s are obtained from (21) and (22) respectively making the
substitutions

s—m, m—s, t—s+t—m .
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Using (21) and (22) and Corollary 2, the cdf’s of the minimum latent
roots, b,,, f., of 4 and F as

IR AL AR TSy VAR L P,
Xetr(—Q)%‘,;K (s+t)> /( )kv][C(g)/C(I,,,)]

X3 S [(—;—(—t+m+1)>‘l<—2-(m+l)>'z Jldietm+1), |

,,,,,,,,,,

x 32 [0 (L G+m+D) | Sr (56 +m+1))

X Cr(Im)xml/2+k+kl(1 _ m)m(m+l)/2+k, ,

o0 [ eso)(r (b)) 3o b ron
xetr(_g)zk;;[( (s+1)) /(2 s) k! |[C.@/C.E]

) [(-%—(—t+m+1)>‘1<5(m+1)>" /kl!kzl(m—i-l),,:l

X233 [g:,l/<—;—(s+m+1)> ] Zg:,y<%(s+m+1))
XCZ(Im)xmsﬂ +++++ (1+x)—(m(s+m+1)/2+k+k1+k3) .
From (23) and (24) we have the following theorem immediately.

THEOREM 4. Let b’s and f;’s be distributed with (21) and (22) re-
spectively, then the demsity functions of the minimum latent roots, b,,
fn, are given by

= 040) 1m0 o) s

xetr (—2) 333 [(E(s+t)>‘ / (é ) .}[C.(Q)/C‘(Im)]

x5 3 [(F-t+m+D) (Fm+D) [kikdmt1),]

x5 [gi,l/(%(s+m+1)>v] b3 g;av%(ﬁm“))r
X C.(L,)bms/2+,+ka=1(] — b, yrim+1/2+k; =1

x[(-m(s+m+1)+k+k,+k2> lms+k+k1>] :

2
0= ) ) ) ) e
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xetr (~0) 3 [(Le+0) /(L) 0 |c@nca

—s
2
x5 2 [(F(=t+m+D) (Zim+1) [klkedim-+1),]

Ky, kg xy,59 £ £
xS g:.l/ (%(s+m+ 1)) > g:,y(%(s+m+1))
x Ct(Im)fnT‘/2+k+k‘_l(1 +fm)—(m(s+m+1)/2+k+kl+k3—1)

X [(-;—m(m+1)+k,)fm— (%ms+k+kl>] .
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