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Summary

New asymptotic expansions of the non-null distributions of the
likelihood ratio, Hotelling’s and Pillai’s statistics for multivariate linear
hypothesis are given in terms of normal distribution function and its
derivatives, assuming the matrix of noncentrality parameters is of the
same order as the sample size.

1. Introduction

Starting from the canonical form of multivariate linear hypothesis
with the same notation as in Sugiura and Fujikoshi [12], we can ex-
press the likelihood ratio (=LR) statistic by —2plog 2= —pN log |S.(S.+
S»)!|, Hotelling’s statistic by T7=(N—s)tr S,S;! and Pillai’s statistic
by V=(N—s+b)tr S,(S.+S,)~!, where S, has the noncentral Wishart
distribution W2, b; 2) and S, has Wy, N—s), independently. The
parameters b and n=N—s (b<s) are the degrees of freedom for the
hypothesis and for the error respectively, with the sample size N from
p-variate normal population and p is the correction factor given by pN=
N—s+(b—p—1)/2.

In this paper new asymptotic formulas for the distributions of the
three statistics mentioned above, are derived in terms of normal distri-
bution and its derivatives under the assumption of 2=O0O(n). The nat-
urality of this assumption can be illustrated by considering the typical
example of testing the equality of several means p=g,=-- =g (pX1),
based on random samples of size N;, N,,---, N, from normal populations
with common covariance matrix ¥ (unknown), in which b=k—1, s=k
and the matrix of noncentrality parameters takes 2=3"'(Nygpi+ -+
Noppl)/2. If 1,=0(1) and N, tends to infinity for fixed N,/N with N=

k
SV N,, we have 2=0(N).
a=1
All the asymptotic expansions for the multivariate linear hypothesis
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have been developed, hitherto, under 2=0(1), in terms of noncentral
*-distributions, namely, Hotelling’s T7 by Siotani [8], [9], Ito [4], Fuji-
koshi [3] and Lee [5]; the LR statistic by Sugiura and Fujikoshi [12]
and Pillai’s V' by Fujikoshi [3], which are valid only under alternatives
near to the null hypothesis. Whereas our present asymptotic expan-
sions are useful for alternatives far from the null hypothesis. We have
already obtained the asymptotic expansions in terms of normal distri-
bution and its derivatives for the non-null distributions of test statistics
on covariance matrix in Sugiura and Fujikoshi [12], Sugiura [10], Nagao
[7] and Sugiura and Nagao [14], from which we can foresee that nor-
mal distribution will appear as a limiting distribution for our present
problem. In fact the same technique as in Sugiura and Nagao [14] is
used in this paper. Expansions in terms of noncentral x:-distributions
for test statistics on covariance matrix were obtained in Sugiura [11]
and Fujikoshi [3].

2. Preliminary lemmas

Since only the invariant tests for the multivariate linear hypothesis
are considered in this paper, we may assume Y=1I and put Q=m6=
m diag (6, -+, 0,) for n=m+24, where 4=0(1) is a correction factor
corresponding to each statistic. By Anderson [1], the characteristic func-
tion of S, having W, (I, b; 2), is expressed by

2.1) Eletr GTS))=|I—2iT | etr {2iRT(I—2:T)7'},
for T=((1+94,,)t,/2), from which we can see that the statistics
(2.2) T.=+v/m(S./m—1I) and T.=+vm(S,/m—26)

converge in law to p(p+1)/2 variate normal distributions with mean 0
as m tends to infinity. The following lemma is useful for our asymp-
totic expansions of the three distributions.

LEMMA 2.1. Let S, have W1, n) and S, have W, (I,b; 2). For an
analytic function f(A,, 4.) of two positive definite matrices 4,=(A9) and
4,=(4) of order p, put

2.3) ae=(.é_(1+ai,)a/azg§>) and a,,=<.;_(1+ai,)a/azsg%>).

Then for any given diagonal matrices A and B of order p, the following
asymptotic formula holds:
(2.4) E[f(S./m, S/m) etr {it(AT.+ BT,)}]

—etr {—(A*+4B0)Y) [1+m“/2 z da._1(3) (i)
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+m-t 2 9:.0) (i) +m-" g P 1(3) (i)

{3 ... , (the lower order
+m z{g}o Fero(3) (it +( derivatives )}

+O0R™) | F(4ey ) mr e
where

d,(3)=tr (243, +80B3,+bB+244) ,

dy0) = tr (% AH—S&B“) ,

gW0)=tr (2+ 4603 +bd, +249,) ,

0:(0)=tr (44%, + 240 B9, + 24 A*+ bB +d, ()12 ,

9{0)=tr (2A'+160B) +d,(3)ds(d) ,

9:(0)=dy(9)’/2 ,

hu(@) = tr (4432 + 160 B3 + 800, Bd + 4443, + 25 Bo,) + d(3)gu(d) ,

@25)  hy(d)=tr <3Asa,+64oBﬁa,.+§AA3+%bBﬂ>

+4(0) {940) — 5 AOF] +BOI@) + 4 4OY
h@)=tr (3208 + 2 4') +4,0) tr (24'+160B)

+d4(9) {9:(9) — d.(9)*/2} + d.(9)'ds(9)/2

hi(0)=d4(0) tr (2A*+166B*)+d,(9)ds(9)*/2 ,

hy(0)=d4(3)'/6 ,

ky(9)= {tr (3;+4633)}*/2 ,

ky(0)=tr (01460} {tr (249,+80B3,)}*/2 ,

k(d)=2{tr (Ao, +46Ba,)}*/3 .

PrOOF. Since S,/m and S,/m converge in probability to I and 26

respectively, Taylor expansion of f at A,=I, 4,=20 gives
(2.6) etr {(S./m—I)0,+(Sp/m—26)3,} f (4., A)|4e=1, 4020 -
From (2.1) we can write the left-hand side of (2.4) as
2.7 etr {(—0,—2600,)—vmit(A+20B)}| I-2m (it A+m~"%,) |~

X | I—2m= (it B+m~113,) | etr [2@m (it B+m"%3,)
X {T—2m=(itB+m™""3,)} 1] .
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Applying the asymptotic formula, —log|I—m"/2A|=élm“”2 tr A*Ja+
O(m~¢*7%) for symmetric matrix A having the absolute value of the
maximum latent root=||A||<ym, to (2.7), we can get the result after
some straight forward computation.

Although the following lemma was used in Sugiura and Nagao [13],
[14], which is still useful in this paper in the derivation of the asymp-
totic expansions in the next section, we shall state it here for com-
pleteness. Let E,; be a pXxp matrix having 1 at ith diagonal and 0 at
other places. Also let E;; (i+#J) be a symmetric matrix having 1/2 at
(%, 7) and (7, ¢) places and 0 at other places. The matrix E; is gener-
ated by operating (%, 7) element of d, or 9, to 4, or A4, respectively.

LEMMA 2.2 Let 0=diag (6,,-- -, 0,) and I'=diag (1, -+, r,). For any
diagonal matrices A and B, the following identities hold. Further the
second identity holds for any matrices A and B mot mecessarily diagonal.

31 6.7, tr AE,,BE,,= _}1. (2 tr ABOI+tr A6 tr BI'+tr AT tr Bo) ,
ij=1

31 0,7, tr AE, tr BEU:% tr 6(A+ AN (B+B)) ,
2=

2 1

P

(2.8) > O.nltr AE;;BE,)

i, 7k, 1=1

1
2

tr ABOT" +%(tr ABOTtr AB+tr ABA tr ABT)

+-116—(tr AW tr Bitr A tr BT +tr A% tr BT

+tr B9 tr A1) .

3. Asymptotic expansions of the LR statistic

The likelihood ratio statistic —2plog 2=—pN log |S.(S.+S.)™| can
be expressed by T, and T, given by (2.2) for m=pN, which are O,(1), as

3.1) m{log |I+26|—log |I+m ™ 2T,|+log | I+m~%(I+20) " (T.+ T.)1} .

Expanding the second and the third term within the region Ry={(T.,
THT.||<vm and ||(I+20)(T.+ T,)||<+m}, and using the Theorem 1
in Mann and Wald [6], the characteristic function of {—2plog 2—m log
|I+26|}/ym can be expressed by

3.2) E[etr {(AT,+ BT.)it) {1+m-wm,(T)

+m"[itlg(T)+%(it)zll(T)’]}] +0(m™n)
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where A=B—1, B=(I+26)""! and

ll(T)=% [tr T —tr {B(T,+ T} ,
(3.3)
I(T)= —% [tr T2 —tr {B(T,+ T,)}"] -

We shall compute each expectation in (3.2). Note that 4=(—b+p+1)/4
in this case. Taking f(4., 4,)=1 in Lemma 2.1 and arranging each term
with respect to s;=tr A/, we immediately obtain

(3.4) Eletr {it(AT,+BT\)}]
—exp (—%/2) [L+m "2 {itd,+ (it)ds}
+mH{(it)'g: + (it)'g +(it)’ge} +O(m~*M)] ,

where 2= —2tr A’—4tr A and

dl=§(b+p+1)sl+bp :
d3= '——2—33—832—431 y

(3.5) gz=%(b+p+1)sz+2bsl+bp+—;—di’ ,
g,=(—68,—24s,—24s,—8s,)+d/d; ,

gs=—;'d§ .

Putting f=tr (4,—I)* or tr {B(4,+4,—I—26)}* in Lemma 2.1 and
noting that
( ag;)agfl) tI' (AG_I)2=2 tl‘ E‘jEk; ’
3.6)
32?3%? tr {B(A6+Ah‘—I— 20)}2-_—'2 tr (BE;IBE”) y

for 9,=(9) and E,;=824,=((1/2)(146,)(8/02:;)2s),6=1,-...0 » WE can get
from Lemma 2.2,

3.7 E[(T)etr {it(AT.+BT:}]
=exp (—7°t"/2)[go+ (it)'gs + m ™~ {ithy+ (it)*hs+ (it)°hs} ]
+0(m™) ,

where
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go=—§-{sz+sz} ,
2= —2s,—4s; ,

3.8) hl=(b+p+5)s,+—1-(b+p+1)s§+-}1—(b+p+17)szsl

+%(bp+4b+8p+20)s2+—;—(bp+12)si‘+8(p+1)sl ,

hy=—168;—(b+p+ 1)8481-——3-&82 —%san—Z(bp+28)s4

—2(b+p+1)s;8;—45;—A48,5} — 4(bp+ 14)s; — 28,8, — 28} — 24, ,

h,=%s4ss +%s§+ 168,3,+ 325,58, 88,8, + 16835, .

Similarly we have
3.9) E[(T)etr {it(AT.+BT))}]
=exp (—7'*/2) [it {284+ 28,8, + 28, + 28,8, — 2(p+1)s,— 4(p+1)s;}

~8 (0t 38+ 85,290 +0(m )

Finally in the computation of the fourth expectation in (8.2), the lead-
ing term appears only from the operation k,(d), k(d) and k,3). Noting
that
oPoS70005P tr (AA) tr (BA)
=4 tl‘ AE“/AE_“H tr BEhk'BEllr+4 tl‘ A.EkkaE”I tl‘ BE‘i/BEJjI
+4tr AE,,AE,. tr BE,,BE,,+4 tr AE,, AE,, tr BE,,BE,,.
+4 tI‘ AE“IAEul tl‘ BEJ]!BE‘:],' +4 tl‘ AEIJ'AEkkI tl‘ BE“IBEHI ’
(3.10) 35295705200 tr A2 tr { B(4.+ 4)}*
+4tr E,E, tr BE,,BE,, ,
305200 tr A2 tr {B(4.+ 4,))*
=4 tr Efi' tr BE_H'BE”,/‘*“S tr Eﬁ/E_HI tr BE“:BEH,,
+8 tr EﬁlEkk' tl‘ BEiirBEjjl+4 tl‘ Ejj'Eklc’ tr (BE“I)2 ’

we can get
3.11) E’[%ll(T)z etr (A T¢+BTh)] — exp (—c/2) [ko+ (it)hey +itk,]
+0(m™7) ,
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where

k0=—;—34+%3:+%s§+%'3283_233—232_2(p+l)sx ,

(3.12) foo= — 48— 8,8, — 8,8} — 88; — 28,8} — 28,8, + 83, + 245,+16s, ,
k4=282+83433+88§ .
It follows that the characteristic function (3.2) can be expressed by
(3.13)  exp (—2/2)| 1Hm 2 {(it)o, + ) +m™ 33 @0 wn+0(m™7)|
a=1

where

v.=%sz+-§sf+—;—(b+p+1)sl+bp ,

V3= —234—-%33—832—481 y

—ilg—st+—g—sé+711-328?+28183+(b+p+7)83+—1—(b+p+1)8i‘

’w2=*gs4+
+%(b+p+25)8182+-é—(bp+5b+5p+13)8z
(3.14) + {-é—(b+p+ 1)2+_;_bp+4}s=;
‘ bp bp
+O+p+1) (L 2)s+bp( L +1)

W, = —%?—ss—&sz—&sf—3235——%0—333? '—-13—03283—(b+p+ 1)s;s,

—4s;—4sgsf—2(bp+31)s4—.13£(b+p+ 1)slss—§(5bp+46)ss

—25{—2(2b+2p+83)s:5,— 8(bp+4)s,—2(b+p+1)si— 4(bp+2)s, ,

ws=28+ 40 8384+ 200

$3+16s,8,+ lgo 838+ 88,8, +32s;

3 9

+ _Séfl 8,8;+328,8,1+8s? .

Inversion of the characteristic function (3.13) yields:

THEOREM 3.1. Let —2plog A=—pNlog |S.(S.+S.)™"| be the likelihood
ratio statistic for testing the multivariate linear hypothesis where S, has
W2, N—s) and S, has W2, b; 2). Correction factor p is given by m=
pN=N—3+(1/2)(b—p—1). Under 2=m8b, we have
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P({—2plog 2—m log | I+20|}/(zy/m) <)
=0(@)—mH{n. 0V @)+ 10 @)/}
+m—1 é wh@(h)(x)r—za_l_()(m—ﬂﬂ) ,
where t'=—2s,—4s, for s;=tr {(I+20)'—1I}’ and @(x) means the jth

order derivative of the standard normal distribution function &(x). The
coefficients v, and w; are given by (3.14).

4. Asymptotic expansions of Hotelling’s and Pillai’s statistics

The characteristic function of Hotelling’s statistic, /7 tr S,S;'—
V7 tr 26 with n=N—s can be expressed by (3.2) for A=—26, B=1I and

ll( T)=tr 20Tf-—tl‘ TnTe ,
I(T)=—tr 20T} +tr T, T2,

4.1)

" Based on Lemma 2.1 and Lemma 2.2, the similar computation as in
Section 3 yields:

THEOREM 4.1. Using the same notation as in Theorem 3.1, we have,
for Hotelling’s Té=n tr S,S;3,

(4.2) P(yn {tr S,S;1—tr 20} /r<x)
=0(x) —n " {v,0P(x) /7 +v,0%(x)/}

_l_,n—l é wzu@(Za)(x)T—za_*_O(n—s/Z) s
a=1

where *=8 tr 6(I+0) and for s,=tr ¢,
v =bp+2(p+1)s, ,

’Us=%4"sa+3232+831 ’

(4.3)  w,=4(3p+4)s+ 20+ 2p+3)s + (2b(0*+ p+2)+12p+12) s,
+§bp<bp+2) ,

128
3

+16(p+1)si+32(bp+5)s,+8(bp+2)s, ,

W= 20948 s+ 2(:348 838, + 5;2 8,83+ 51283 4 2568,8,+32s] .

w,=160s,+ (p+1)s;s5+ (% bp+ 320>ss+ 64(p+1)s;s,

By Constantine [2], it is known that under the null hypothesis 2=0,
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(4.4) Eftr (S,S:)]=bp/(n—p—1) .

Consequently if we take m=n—p—1 (4=(p+1)/2) and put T2=mtr S,S;,
then the expectation of 7 is the same as the expectation of the limit-

ing distribution of 77, namely, the x-distribution with bp degrees of
freedom. This will suggest the use of m in the asymptotic expansion
instead of n. In fact it is easy to see that Theorem 4.1 holds, when
we replace » by m in (4.2) and v;, w, by 9;, w, given below :

b =bp, U=, ,

fvz=4sz+48f+4(b+p+1)81+%bp(bp+2) ,
(4.5)
64

0, =160s,+ <?bp+320>ss+32(bp+5)sz+ 8(bp+2)s: ,

1703=’w5 .

It may be interesting to note that each coefficients in the asymptotic
expansion by m in (4.5) and (3.14) is symmetric with respect to b and
p, whereas v, and w, in (4.3) are not.

For Pillai’s statistic V=(n+b) tr S,(S,+S,)~!, we easily have E[V]
=bp under the null hypothesis. Noting that V has asymptotically x*-
distribution with bp degrees of freedom by Fujikoshi [3] under 2=0,
m=n+b (4=—b/2) may be recommended for the asymptotic expansion
as is traditionally used.

We can write the characteristic function of m=*V—,/m tr 26(1+26)"!
as (3.2) for A=—(I+20)"'+(1+26)"%, B=(I+26)"% and

I(T)=tr CT.C(T,+ T.)—tr C{C(T.+ T»)}*,
I(T)=—tr CT{C(T.+ T} +tr C{C(T.+ T,)}®,

(4.6)

where C=(I+26)"'. A similar computation as in Hotelling’s T; statistic,
though it is more tedious, yields the following result:

THEOREM 4.2. Under Q2=m8f for m=n+b, the non-null distribution
of Pillai’s statistic V=m tr S,(S.+S,)™* can be written by

P({m™*V—y/m tr 20C}/z<x)
=0(x)+m ™ {v,0C(x)/r +v,0V(x) <}

+m—l é w2n¢(2a)(m)z.—2a+0(m—3/2) ,

where C=(I+26)7', *=2tr CX(I—C? and for t;,=tr L'’=tr (I-C)’, each
coefficient is given by
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v =—bp+(b+p+1)t,—2t,+t,— 21+t ,

v=4 tr L(I—L)*(—I+4L—131.L2+Ls> ,

wz=%v:+bzo—6(b+p+1)ta+(11b+111o+34)tz—(8b+81o+74)ta

+(2b+2p 4 T8)t,— 40t + 8t + 23t: — 66t ¢, + 56t ¢, 1+ 2012
—241,t,— 168,85+ 3t + At it + 15

w,=2tr L(I—L)}(4I—40L+1121*— 12713+ 64L*—12L%) +v,v; ,

WQ=—;—'U§ .

Here we can see again that each coefficient before ¢, is symmetric

with respect to b and p.

HIROSHIMA UNIVERSITY

[1]
[2]
[31]
[4]
[5]

[6]
{71

[8]
[91]
[10]
[11]

[12]

[13]

REFERENCES

Anderson, T. W. (1946). The non-central Wishart distribution and certain problem
of multivariate statistics, Ann. Math. Statist., 17, 409-431.

Constantine, A. G. (1966). The distribution of Hotelling’s generalized T3, Ann. Math.
Statist., 37, 215-225.

Fujikoshi, Y. (1970). Asymptotic expansions of the distributions of test statistics in
multivariate analysis, J. Sci. Hiroshima Univ., Ser. A-1, 34, 73-144.

Ito, K. (1960). Asymptotic formulae for the distribution of Hotelling’s T statistic, II,
Ann. Math. Statist., 31, 1148-1153.

Lee, Yoong-Sin (1971). Distribution of the canonical correlations and asymptotic ex-
pansions for distributions of certain independence test statistics, Ann. Math. Statist.,
42, 526-537.

Mann, H. B. and Wald, A. (1943). On stochastic limit and order relationships, Anxn.
Math. Statist., 14, 217-226.

Nagao, H. (1970). Asymptotic expansions of some test criteria for homogeneity of
variances and covariance matrices from normal populations, J. Sci. Hiroshima Univ.,
Ser. A-I, 34, 153-247. :
Siotani, M. (1957). Note on the utilization of the generalized student ratio in the
analysis of variance or dispersion, Ann. Inst. Statist. Math., 9, 157-171.

Siotani, M. (1971). An asymptotic expansion of the non-null distribution of Hotelling’s
generalized 7¢-statistic, Ann. Math. Statist., 42, 560-571.

Sugiura, N. (1969). Asymptotic expansions of the distributions of the likelihood ratio
criteria for covariance matrix, Ann. Math. Statist., 40, 2051-2063.

Sugiura, N. (1973). Asymptotic non-null distributions of the likelihood ratio criteria
for covariance matrix under local alternatives, Ann. Math. Statist., In press.
Sugiura, N. and Fujikoshi, Y. (1969). Asymptotic expansions of the non-null distri-
bution of the likelihood ratio criteria for multivariate linear hypothesis and independ-
ence, Ann. Math. Statist., 40, 942-952.

Sugiura, N. and Nagao, H. (1971). Asymptotic expansion of the distribution of the
generalized variance for noncentral Wishart matrix, when Q=0(n), Ann. Inst. Statist.



FURTHER ASYMPTOTIC FORMULAS FOR THE NON-NULL DISTRIBUTIONS 163

Math., 23, 469-475.
[14] Sugiura, N. and Nagao, H. (1973). Asymptotic formulas for the distributions of two

trace statistics for testing the independence under fixed alternative, Comunication in
Statistics, In press.



