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1. Introduction

The purpose of this paper is to show a unified derivation of the
asymptotic expansions of the distributions for (i) the generalized vari-
ance of the noncentral Wishart matrix, (ii) likelihood ratio statistic for
multivariate linear hypothesis, both when the matrix of noncentrality
parameters is of the same order as the sample size, and (iii) tr S,S;!,
when S, has the Wishart distribution W,(J,, n,) for large n=n,+mn, with
0i=m,/n>0 fixed. The unified derivation is given by considering the
asymptotic solutions of the system of partial differential equations for
hypergeometric function ,F, of matrix argument obtained recently by
Muirhead [3].

He obtained an asymptotic solution for ,F; and applied it to the
asymptotic expansions of the Hotelling’s statistic, Pillai’s statistic for
central cases and the maximum root of the Wishart matrix, all of which,
however, can also be derived by our direct evaluation of ,F} in Sugiura
and Fujikoshi [7]. For the above three problems, the direct evaluation
is not successful and the method by differential equations is useful. It
should be noted that using different technique, the asymptotic expansion
for the problem (i) is obtained by Sugiura and Nagao [8], (ii) by Sugi-
ura [6], (iii) by Nagao [5], from which we could conjecture the type of
asymptotic solutions for ,F) in general case.

2. Test statistics expressed by ,F,

Let S have the noncentral Wishart distribution W2, n; 2). Then
the characteristic function of 4% log |S3~!/n| can be expressed by Con-
stantine [1] as

R i L)
. ,Fl(—itJW; —;-'n; ——nﬂ) ,
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where 2=mn# and 6 does not depend on .

Using the same notation as in Sugiura and Fujikoshi [7], the char-
acteristic function of the likelihood ratio statistic —2plog 2/ym with
m=pN=N-—s+(b—p—1)/2 for multivariate linear hypothesis, where N,
b, and N—s mean the sample size, degrees of freedom due to hypothesis
and degrees of freedom due to error respectively, can be written by
Constantine [1] as

2.2) cz(t)=r,,<%m_u,/m_bj+—1> pﬂ< % mt b+i+1>

{2 s 2252 |

. 1F1<_it4/m; —;-M—mit+%+ﬂ; _m0> ,

where the matrix of noncentrality parameters 2 is assumed to be maé.
The naturality of this assumption was illustrated in Sugiura [6].

Finally let S, have W,(2,, n,) for i=1,2. When S, and S; are stoch-
astically independent, the moment generating function of =% tr S,S;*
for n=mn,+mn, can be expressed by Muirhead [4] as

(2.8) M(t)=E[etr (t4/n S;S:Y)]

_ 1 1 1 . 1 1 Y

= [Pp<§n>/rp<§nz):|¢<-§nu E’nz‘i'—z—(p-l-l), Jntf') )
where I'=2,%;! and
2.4) ¢(a;c; IN=[1/(a)] Ss>o etr (—I'S)|S|e=#+02| [+ S|e-e-w+vrgs |

This statistic can be used for testing the hypothesis H, : 3,=2; against
the one-sided alternatives H, : X.2;'>1I, and the asymptotic expansion
was obtained by Nagao [5]. It may be remarked that Muirhead [4]
derived the expression (2.8) based on the joint distribution of the char-
acteristic roots of S,S;!, but it can also be obtained by taking X,=1,
X,=I'"! in two Wishart distributions and making the transformation
(S1, S))—(S7128,8714, Sy).

3. General asymptotic expansions

Generalizing the characteristic function Ci(t) and Cy(t) in (2.1) and
(2.2), we shall consider an asymptotic solution of ,Fi(a;c;dR) for R=
diag (ry,--+,7,) and a=aW/m +a, c=pm+pvn+p (8:#0), d=rm+
7w +7, (1:#0), which by Muirhead [3], can be characterized as the
unique solution of the system of partial differential equations
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3.1) 'riaF+{c——(p e DILLL 9F
or; 2 jriori—ry)or, 2% ri—7r; 01y

i
=adF
for 1=1,2,---, p, subject to the conditions that (a) F is symmetric with
respect to ry,+-+, 7, and (b) F is analytic about R=0 and F(0)=1. Putt-
ing W=I—(I—(r/B)R)™" and log F= (/N +ay)log |I-W|+H(W) or
equivalently, modifying (6.7) in Muirhead [4], the first differential equa-
tion in (3.1) can be rewritten as

*H ( oH
ow? ow,

+wl{—2a—2+-;—(p—1)—c+ﬁzd/r,} +2(a+1)w!

(32 wl—w)|

[0

+l_z"} wl(l_wl)(l—wj)] H __1_5”\_‘ wy(1—w, oH
2 j=2 —wy ow, 2it w—w; 0w,

.
=a{c—ﬁzd/rz—(a+1)w1——é-j§ w,} ,
where W=diag (w,, -, w,) and H(w) is symmetric with respect to w,

.-, w, subject to H(0)=0. We shall look for a solution of (3.2) of the
form

(33) HW)=3 QW)

under the condition Q,(0)=0. Substituting (3.3) into (3.2) and equating
the term of order =, we have 8Q,/0w,=ay(8,—71B:/7:—a:wy)/B:, Which im-
plies

(3.4) Qo=al(5101——;-a10'2/192) ’

where o,=w{+--- 4w} and 8,=8,/B;—r/r.. Equating the term of order
J/ 1 yields

B. g‘l + {.Bl—wl(.31+2a1—.327’1/7‘2'*'2“1"0?} SS;;

=a (8= Bl w1 +a)} ——a Sjw,talfi—frin—aw) ,
giving
(3-5) Q1 = {51(410 - 011,31/.82) +a150} g+ -]2; a3 [a151(51 + 2a1/132) + afﬁl/ﬂg

—a (Zao + %‘) / .Bz] - %‘ (i/Be)as(30,+ 2a,/B2)



520 NARIAKI SUGIURA

+ -é—afth/ﬂ% - *i' aﬂ'?/ﬂz ’

where d,=pi/B:—710/7:. Similarly we have
GO Q=3oe+|Talatb)fi+L(as—La) /o]

_al<al+ .3251>0'10'2/.32 —a1(010'3+ )/132 ’
where

9:=—(B1/B2) {(as— B,/ B2)0: + a6} — 8004/ Ba+ 0y
1., 1. o\, 1
9:= o (a3/B2) (!30/.32 +—2- g’ — 51) + 0} (8:/82) { —aify/Bi+ ( +2a°>a1/,82}
2 (B1e+2a0/B) (oo — 25,85, + i)

5 (@00]80) (Bt 20+ 1= i) — - @l +a)

(1) 00=1 (@B (— 1+ e+ 383, + 285t + 2 Ba— 20+ Bl — il
1 1
) (@i/By) {(4"0 — 20,8/ B:)6: + 22,0, + -2—51}

+§(51+2a1/ﬁz) (08,3, + 200/ B) + 2B B — (1 + 2 s}

0= — @8 {65f+16alal/ﬂ2+ (/o) — (6a0+§) / Bt/

95=2(a3/B3) (ar/Be+0y)
- —é" a:/ .Bg .

Thus we get

THEOREM 3.1. An asymptotic solution of the hypergeometric func-
tion Fi(aw/n +ay; B+ Biv/ N +Bo; (rsm+1v % +10)R) for large value of n
with B;#0, 1,#0, 18 given by

(3.8) |I-W ["'"+*oexp|a(d0,— Law/p) +n Q0 Q, +0(m~m)]
where W=I— (I— (rz/ﬁz)R)_l, g;= tr W/ and 51 = ‘Bllﬁz - 7'1/7‘2 . The Cmﬁci'

ents Q, and Q, are given by (3.5) and (3.6) respectively with 3,= /B, —
rolr2-



ASYMPTOTIC SOLUTIONS OF THE HYPERGEOMETRIC FUNCTION 1/ 521

For problem (iii), it is proved by Muirhead [4] that the function
¢a;c; ') given in (2.4) satisfies the same system of differential equa-
tions as for Fi(a;c;I"). Hence generalizing the moment generating
function in (2.3), we shall consider an asymptotic solution for ,Fi(an+
ay; Bim+py; v ntR) where R=diag(r;, -+, 7,) and B,#0. The function
G=log F(an+a,; Bin+pBs; ¥ mtR) is the unique solution for

@9 n( 5+ (Z )t (pm—vatro g (0-1)

oG
— =4 ntlan ,
or, 2 =2 ri—r; ory (@ +a)

15 m }ﬁ_l STy
2 j=2 1‘1-—7‘,

subject to the same condition as in (3.1). Substituting an asymptotic
series i Q7 into (3.9), where Q. is symmetric with respect to »,
k=-1

-+, r, and @Q,0)=0 for all k, the similar computation as for Theorem
3.1 yields

THEOREM 3.2. An asymptotic solution of Filan+ay; fim+p; v ntR)
for large value of n, when B,#0, is given by

(3.10) exp [V 7 (a/Bi)tos + (/28 0:(1 — i/ By) + 1~ V2Q +n7'Q, +O(n )] ,
where o;=tr R’ and

Q= (1—e/ .31) (1—2a/ ﬁx)aﬂ’sts/ (3.3?) +(a —alﬁo/ .31)t01/ B »
(8.11)

Q=1 tanfi (L — /) (L— et/ 1+ 50/ B)
] L ouge | (aw—anulB) (L — 20/ ) — - s (1+280) (L —au/B)]

1l o/
—rap(l—a/f) }

4. Asymptotic expansions of the three statistics
The first factor in (2.1) can be evaluated as in Fujikoshi [2],
(4.1) (2/n)f‘P“7Pp<-;—n+itJ'ﬁ> / r, (é_ n)

—exo[ o~ L (L pip+1yi+ 2 pity]

g {?15 p(p+1)it+§p(it)‘} +O(n‘3/2)] .

Putting al:'—’it, ﬁz=1/2, 7’2=—1, aozﬁl=ﬁ0=r1=Tg=0 and R=0 in The‘
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orem 3.1, gives the asymptotic formula for the second factor in (2.1),
which, combined with (4.1), proves the characteristic function of 7 -
log |S2~Yn|—+/n log | I4+26| to be

(4.2) exp [—t2r§/2][1—n"/z {95(it) +gyit} +m! §3 (it)ﬁkhz,,+0(n-8/2)] ,
where 2=2(p—a,) for o;=tr (I—(I+26)"')’ and

"=TPT

az+—;—p(p+1) ,

ga=2¢74'—'§0's+§p ’

(4.3) hz=%{af+az—p(p+1)}2+%a4+2o‘laa+%a§—4a'3—4olaz

+ortol+Lpp+1)
hi= <—0'4+'§0'a—'%p> {oi+0:—p(p+1)} —%%4'160'5—1004‘{'%—? ’

2
h6=%<——204+—§70'3—-§-p> .

Inverting the characteristic function (4.2), we have
(4.4) P(yn log |SZn|— /7 log | I+260]|<7x)
=0(2)+n""*(g@(x)[,+ 9,0 ¥(x)/z})
+n! ké hg,@‘z"’(m)‘tl‘”‘ +O(,n-s/z) .
=1

After some rearrangement in each coefficient in (4.8), we can see that
the result is exactly the same as previously obtained in Sugiura and
Nagao [8].

For problem (ii), the first factor in (2.2), namely, products of four
gamma functions can be expressed from (2.7) in Sugiura and Fuji-
koshi [7] as

(4.5) 1+ itm ™ bp-+m (i) {bp+L (op)] +0(m™)

The second factor of Cy(t) can be evaluated by putting n=m, o= —1it,
‘32=1/2, ‘31=‘_7:t, o=(b+p+1)/4, T2=_1, ao=r1=ro=0, and R=0 in
Theorem 3.1. The same argument as for (4.4) yields

(4.6) P(—2plog /v — v/t log | [+26|<z:)
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=0(x)+m V2 {u, @V ()7 + u@® ()%}
3
+m—l 2 vu¢(2k)(w)12—2k+0(m—3/2) ,
k=1

where ri=4¢,—2¢, for o,=tr {I—(I+26)7'}/ and

u,=%{af+az—(b+p+1)al} b,

U= —20'4+%03*‘802+401 ’

4.7 vz=—g—¢n+%—a{+2am+—g—o'§+-1—azaf—(b+p+7)a,

—%(b+p+25>om—%(b+p+1)az+%a,(5b+5p+pb+13)
(1 e Lppial 1

+aif L O+p+1)+ bp+4} (p+b+1)( . Pb+2)01

+b(Lpb+1)

v= —aza4—a4a}‘—%a,+ 320, +(b+ p+1)a,a4+i??-a:a,+_132¢;,aa
—(62-+20)0,— 1 (p-+b-+ Do, —dori—4a+ 5 (5pb-+46)
+2(2p+2b+3)0,0;+ 20} — 8(pb+4)o: — 2(b+ p+ 1)t +4(pb+2)s, ,
v,=2<—a4+%0,—402+2a1)2 :

Again this result agrees with Sugiura [6]. Finally for problem (iii),
the moment generating function M(t) in (2.3) satisfies the same initial
condition for ,F;, namely, M(t)=1 for I"'=0. Putting a,=p,/2, a=0,
Bi=—p:/2, Bo=(p+1)/2 and R=—TI" in Theorem 3.2, we obtain

(4.8) P(«/T’If(tl’ SIS;I—.Olpz_l tr F) <T3x)
=0(z)— 1" {a,@V(x)r5! +a, 0P (x)ri "}

3
+n7 3 bu P (2)r ¥+ 0(n ™),
k=1
where 72=2p,0;%, for ¢,=tr I’ and

a,=p,0:(p+1)ay ,

a;= % 0107 (1+20(/p2)s
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4.9)

NARIAKI SUGIURA
b= p10;* {(8p+4)p10:' 4+ (2p+3)} a2+ p1o: * {1+ pi(p+1)Y/2} 07,

be=20,07%(1 +5pxpz"+5p¥p;2)m+—§—(p+ 1)(1+ 20,0 )20 010, ,

bs=-g—pfpz“’(1 + 20,07} .

It is easily verified that the above result is the same as the Theorem

12.1

in Nagao [5].
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