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1. Introduction and Notations

Recently the asymptotic distribution of the statistics based on the
multivariate normal samples were derived by the use of the funda-
mental formulas of the series of the zonal polynomials [1], [2], [7]. The
purpose of this paper is to give the asymptotic distributions of the
statistics based on the complex multivariate Gaussian distribution which
was developed by Goodman, N. R. [3], James, A. T. [4] and Khatri,
C. G. [5], [6]. To obtain these distributions, we need also the funda-
mental formulas of the series of the zonal polynomials of the positive
definite hermitian matrix. If we do not notice in this paper, we as-
sume that all the matrices are m X m positive definite hermitian matrices.

Let S be a positive definite hermitian matrix whose characteristic
roots are 4, ++-, 4, such that 2,>-.->2,>0 and A=diag (4, ---, ,) be
a diagonal matrix whose diagonal elements are 1, ---, 4, in a descend-

ing order. Let C(S) be a zonal polynomial of S, which corresponds to
the partition = of k into not more than m parts. It can be represent-
ed by

CuS) =2 (1)%(S)

where %,(1) is the dimension of the representation [£] of the symmetric
group and X(S) is the character of the representation {x} of the gen-
eral linear group [4].

Let

@y ey @y by e, by; S, T)=31 51 10l 2[5, d(S)C'.(T),
@y, -, ay, by = D NN X T

where
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[a].—_—jj;(a:—a'i"l)ku , (a)z__:a(a-l—l)...(a_[_x_l) ,

k=ki+---+k,, kh>--->k,>0.

We denote as JFo(---, -+ +; 8)=,F™(- -+, -++; 8, I) if T=I,.
Let S and R be positive definite hermitian matrices and T be also
an hermitian matrix, then

1) [ etr(—RS)(@et Ry -"C(RT)MR=1"s(a, 5)(det S)CTS™)
where I',(a, £)=z"" 2" I'(@a+k.,—(z—1)), and
@2 | . (et Ry det(I—Ry—~C(RS)NR=L22 00 ¢ (s),

I'.(a+b, k)

where I',(a)=a""2[I" ["a—(a—1))=I"(a, £)/[al..
Let X be an mXn arbitrary complex matrix and U be a unitary
matrix on the unitary group U(n) of order n, then

(1.3) SU( etr (XU+U'XNdU)=Fi(n, XX),

where d(U) is the unitary invariant measure of the unitary group with
total volume unity.

We use the following notations. Let X be an mXxXn (m<n) com-
plex matrix which has a complex Gaussian distribution with mean
M,,, and covariance matrix X, then we denote as X~ CN,(M, 2).
Let S be an hermitian matrix which has a complex Wishart distribu-
tion of n degrees of freedom with a non-central matrix £, then we
denote as S~CW, (2, n, 2).

2. The fundamental formulas of the sum of the zonal polynomials

In this section, we consider only m Xm positive definite hermitian
matrices. Let X be hermitian matrix and

Z=ZR+1:21, ZR:(Ufﬁ), 21_—_(055)’ o, ‘le, 2, e, m,

where I =3% gnd 3" =—237. We here define the hermitian differen-
tial operator matrix a as follows.

(2.1) a=aR+iaI 3 a=(a,,ﬁ) y 33=(afp y al=(a£ﬁ) 5

and

1446, 0 1—6,, o
0F =—""ef and 9%,= af .
T2 adR, T2 e,
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From the symmetry of Y2 and the skew symmetry of 37, we can see
0%, =0% and 9;,=—0!,. Hence d; and 9, are a symmetric and a skew
symmetric differential operator matrices, respectively.

Let f(2) be a real valued function of an hermitian matrix ¥, and
it belongs to C~, then we have a Taylor series expansion of f(X) in
the neighborhood at Y=J5, as follows.

(2.2) f(2)=etr (2—20)9)f(2)|:-x, -

We can show easily that (2.2) is same as (2.3) if S is an hermitian
matrix.

(2.3) f(S)=etr (§—2)3) f(2)|5-5, -
The following lemmas are fundamental.

LEMMA 1. Let £ be a partition of k into mot more than m parts,
.e.,

IE=(IC1, "';km)v k=k1+"'+km! k1>"'2km20

and let
ay(r) =27k (ke—2a) and  @y(x)=237 k. (k. —3ak,+3a%) ,
then
(2.4) (@1(r) +E)C(Z) =tr (46))CZ)| -4
(2.5) {3a2(x) — 28s(x) + 6k, (x) — 6d,(x) + 3k — 2k} C.(Z)

=[8(tr (40)") +3(tr (40)*ICLZ)| 54,
where A=diag (4, - -+, 4,) 18 a diagonal matrixz of latent roots of X.
Proor. From (1.1), we have

2.6 .
26) I',(n)(det 2) SE’=R>°

=[n1,(%) Cs) .

etr (—n2~'R)(det R)*C.(R)dR

We can see easily that the L.H.S. of (2.6) is invariant under the trans-

formation R=UWU’ such that =UAU' where A=diag (4, +--, ,) is
a diagonal latent roots matrix and U € U(m). Hence we can rewrite
L.H.S. of (2.6) as (2.7),

@1 n™

T(m)(det Ay Ly, T (=A™ W) (det WY —"Cu(W)AW .

Here we expand C(W) into a Taylor series expansion in the neighbor-
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hood at W =4 by the use of (2.3). Then we have a following asymp-
totic expansion

2.8 —L —_ -1 n—m
(2.8) o et A)"S . etr (—ndW)(@det W)

x etr (W —A)d)dWCI(Z)| 5
—etr (—49) det (I——%A&)—"&(Z') [5on

= {1+i tr (Ad)*+
2n

+0QU/n)| CE) -4

On the other hand, R.H.S. of (2.6) also have an asymptotic expansion
such that

2.9) {1+—(a1(x)+k)+ —{383(x) — 20ty (r) + 6Kt () — 631y (x)
35— 2k) +0(1/n*)}6,(2) .

Hence by comparing with the both side of order 1/n and 1/n we have
Lemma 1.

LEMMA 2.
(2.10) z = Z”ké (2)3 =a7-(tr 3)" etr (z3) .

(2.10) holds for all integers r.

@1y 23 E”L“I;Q@l=(xz tr '—g tr 5) etr (x3) .

(2.12) é X L‘;’;ﬂ(f_)%@: {7+ tr Z*(tr Z)"—a7+(tr 3)+

<

+2rz*! tr 3*(tr Iy ' —rar(tr 3)"
+r(r—1)z” tr ¥(tr 3)" %} etr (22) .

@13 S ﬁ%: {2 (tr 37+ 4o tr 3*— 20 tr 3 tr 3°
+3a*(tr 2 —4a® tr 3*+z tr 3} etr (x3) .
@14 3= %@: {20* tr 3*+3a(tr 3)'— 34 tr 3

+2x tr X} etr (x3) .
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PROOF. Since etr (wZ’)=§02 («*C(2)/k!), we have (2.10) by differ-

entiation or integration on both sides, succesively. From Lemma 1,
we know

a,(x)C.(Z)=tr (49):C.(Z)| s 4—kC.(2) .
Multiply #*/k! on both sides and sum form k=0 to infinite, we have

oo

P an('f)C ) —tr (M0)2 etr (3)| 54— tr 3 etr (z2) .

k=0 =«

From the definition of 9, the first term of R.H.S. becomes

tr (49) etr (23)]5_i= z AA,B.s3.s €XD (w 3 a,,) .

o @
PP (
{ ¢<ﬂ oo + oo?

nrﬁ
tr A2 etr (z4) .

Ms

T etr @2)l:-s

Hence we obtain (2.11). (2.12) can be obtained by applying the Leib-
nitz formula of differentiation to (2.11). As we can show (2.13) and
(2.14) by the same way as one of [7], we will omit.

3. The asymptotic distribution of the statistics based on the non-
central complex Wishart matrix

Recently Fujikoshi [1], [2] has obtained the asymptotic distributions
of a generalized variance and a trace of non-central Wishart Matrix.
In this section, we give the asymptotic distribution of these statistics
based on a complex non-central Wishart matrix by the completely same
way as [1] and [2].

THEOREM 1. Let nS be distributed with CW,(Z, n, 2) and let’s as-
sume that Q is a comstant matrix with respect to n. Put

3.1) A=+ n/m log {det S/det 2} .
Then we have

Pr(2<a} =0(x)+ G+ Gy G +O<—1‘),
vymn mn mnvmn

where

Gi=L (m =2 tr Q&)+ 1 0() .
(3.2)
G,=% {m*(m*+2)—4m’ tr 2-+4(tr 2)'}0(z)
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1 2 1
— 4) (6
+ 12 (m*+1-2tr Q)0 (:v)+-—7 %),

G3=—11§ {(mA@m?—1)+6m tr 2} 0©(z)

+%{mz(m2+2) (m?+4) —6m*(m*+2) tr 2+ 12m(tr Q)
—8(tr 2)'} OD(x)

+—2;5 {5m*+20m*+12—20(m?+1) tr 24 20(tr )%} O (z)

()
1 mr2—2tr Q)o@ .
+ 144 (m*+ T

O®(x) denotes the k-th derivative of the standard mormal distribution
Sunction O(x).

PROOF. We can easily obtain the characteristic function ¢(t) of 2 as
follows :

(3.3) etr(—g)(%)“mr(”“t(”)/ ) Fin+itvmim, n; Q).

Hence by expanding (3.3) as the series of order 1/¥n and by applying
Lemma 2, we have the asymptotic expansion of ¢(t). Therefore, by
inverting this series, we obtain the result (3.2).

THEOREM 2. Let nS be distributed with CW,(Z, n, Q).

Case 1. 2 is a constant matriz with respect to n. Put i= J n-
(tr S—tr 2)/z, where t*=tr 3*, then

(3.4) Pr{i<z} =@(x)—~/L‘_+£—- n:’}_ +0( )

where

Ti=00(@) L2 L B2 gog),
T

Tzzfi”gx_)< soyl L .Q)2>

2(x)

+12”

‘ w4 99) :
(8 tr I'+4tr 03 tr 3+ (tr 2y,
T

7,=2°@) {tr S'Q+tr 30 tr zm+% (tr ZQ)‘}
T
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(5 5 4 2
+¢ (ac){trZ‘ +tr2’QtrZ +(trZ'Q) trZ'“_i_trZ'“trZ’.Q}
8 5 4 6 3
O (x) {__ IX 1 3 z} OV(x) 313
+ TET tr 2 tr Z"‘+ 18 tr TQ(tr 3%) T62 (tr ).

Case 2. Q2=n#, where 0 is a constant matrix. Put

=Y e S—tr (I+0)3), o=tr (I+20)5".
g

Then we have
. M, M, M
3. <zl= ) S e o 3
3.5) Pr (i<o) =0(s) - F 20 I +0(n)
where

_ O¥(z)
M, By tr (I+36)2°,

M=2® i1 (1440)5+ 2@ (41 (1430)57),
444 184*
MF%”Q tr (T+ 50)254-&(”5) tr (I+30)5° tr (I +46)5*

() 3
+ ==L 16200 (tr (I+36)2%).

PrOOF. Case 1. As the characteristic function ¢(t) of 1 is given
by

(3.6) o) =etr (— g)etr(—u‘/ 2 >det(I— 1/mZ)_"

en(oft- )

we expand this as the series of order 1/¥/n by using the formulae
such that

z) =etr ( v its) {1—;_; tr 3]

T

det (I——
nrt

2—_22
w” pvc N

(-7 3 =1+

where the above formulas are only valid for |t|<+ nz/|4|, where 2, is
the maximum latent root of 3. Hence
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o(t), for |t|> VIZIT ,
o=y exp( - L)1+ T+ I I o( )],
for |t|< GT ,

where
- él L1, Ty= glzp(it)zﬁ . THr= g Ly (it)#1

and l,’s, 7=1,2,3 are the corresponding coefficients of @®*-Y(x) or
9 (x) in T,’s.
Since, for arbitrary positive integer k,

1

i AV
2_11' S]t|<~/.f/|11| exp ( ?’tx) eXp( 2 >(?¢t) dt

= (—1)* 0% (z) — exp (—itx) exp (—g)(it)kdt ,

Slzl>~’“r/llll

the second term is estimated by

exp (—1itx) exp (—— 322-) (et)dt

‘ 2 Sm> VRe/I3]
1

t’)
exp| —— |t*dt
T S» VE /14y p( 2

! Sexp<-— g;;)[(“/sz>k_‘+(k—1)<‘/lflf)k"%---
+(k—1)(k—3)~--3-1(%>_1] for k=even,
1
—ex p( 2z=>[< |Z|T> +k— )(ﬁr) tee
+(k—1)(k—3)---2] for k=odd.

This implies that the second terms is O(1/n') for arbitrary positive in-
teger 1.

Next we estimate ¢(t) for |t|>+ nrz/|4]. Let w.’s a=1,2,--,m,
be the diagonal elements of H'QH such that HYH'=/, then

ot (=7 2) Yefern B (1= ) )
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m t2 -1/2
<exp {2 wa(1+——223) }
a=1 nrt

a=1

m 22 —1/2
<exp {5‘_, wa<1 +—2%> } =Constant.
1
Hence

I_Z; S|t|>ﬁr/ul| exp (—'th)go(t)dt|

< Const. S det (I —

Feoz) o

t> rr/lll

=Const.S dt

1> VAe/12y] E( x/_z' )’"

<Const.

g(1+ 2 t’) m‘dt

t>Vne/|2]

< Const. dt

> Va4

|
o

<Const. 'i:',)Sw.m
(

™
() ™

n‘l' |21 >(1 2_%)—(1751&/2—1)
mn— )( + A

=Const.

o[2).
n
for arbitrary positive integer .

Thus, summarizing the above consideration, we have (3.4), formally.

Case 2. This is obtained by the similar way as Case 1.

4. The likelihood ratio criterion in a linear model

In the linear hypothesis we have a following canonical model.
Let the each column vectors of Y=[y,,¥: -, Urluxy b€ independent-
ly distributed with the complex normal distribution with the same co-

variance matrix . The hypothesis H and the alternative K are speci-
fied by

H: E(?Ia)=0, a=1’ 2""7 'R and Qz+1,"', N. (QIqu)
41 K: E(@y.)#0, for some a (1<a<gq,) and
E(y.)=0, for some a=¢,+1,-:-:,N.
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The likelihood ‘ratio criterion for this test is expressed by
=< det A )”
det (A+B)
q
where A= ﬁ 9.9, and Bzz_l‘,ly,,ﬂ,’,. Under K, A~CW,(Z, N—gq,) and

a=go+1

B~CW,(2, q, 2), 2=IT"3"', where I'=Ely,---, Yol
Put 2=—plog 4, where pN=2n—2¢,+q,—m. Then the character-
istic function ¢(t) of 2 is given by

(4.3) Iim(n + (g + m)/2)f’m(n(1 —2it) — (¢, — m)/2) etr (—9)
I'n(n — (g — m)[2)T n(n(1—2it) + (g, + m)/2)

~1F1(n+5(ql+m), n(l—zz't)+§(q1+m>; Q)

=@i(8)gu(?) -
We expand (4.3) as before.

(4.2)

$i(t) = x*qﬂ"{1+ T mt gt 2)(x2—1)+0<%>}etr(—9),

(t)=etr (x.Q)[l——l-{x' tr P+ a2%((gi+m) tr 2—tr 2)—a(q+m) tr Q)

24 240’ §=A ””"+O( )]

where

Ay=—24B tr Q+12B(tr ) +12B tr &,

A,=24B* tr Q—12(2B*+1)(tr Q' —48B tr P'+12B tr @ tr P+8tr &,
(4.4) A=12(B'+1)(tr 2)'+36B tr @*—24 tr *—24B tr Q tr P+ 3(tr 2,

A,=16tr 2+ 12B tr Q tr @ —6(tr ),

A=3(tr 2 .

2=(1—2it)", B=}2—(ql+m) .

Therefore, we obtain the asymptotic expansion of #(t) with respect to
the order 1/n as follows.

@45)  $(t)=aumetr (1 —x)Q)[1+—1— { tr 2+ 2*((qi+m) tr 2—tr Q%)

—a(qi+m) tr 2} + {—am(m’+qi—2)

242
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8
+(@m(m’+¢i—2)+ Aa*+ 3 A7} +O<%)] .

Since we know that exp {(1—=z)tr Q}xa™*? is a characteristic function
of the y* variable with 2(¢gym+p8) degrees of freedom and with non-
central parameter §’=tr 2, by inverting (4.5) we have a following
theorem.

THEOREM 3. In the linear statistical testing hypothesis model (4.1),
we have the asymptotic distribution of A under the alternative K as fol-
lows :

(4.6) Pr{—plog A<x}=Pr {1, (0" <z}
5 {7 @ Pr (g o) <)
+((@i+m) tr 2—tr 2) Pr {3, n+(0") <=}
- (ql+ m) tr ‘Q Pr {nglmn S x} }
1 )
+—24—n,' { —gim(m’+qi—2) Pr {x3,, <=}
+(@m(m*+qi—2)+A,) Pr {12}
6
1
+ a2=3 Aa Pr {X§q1+2a S x} } +O<W) ’

where pN =2n=2N —2q,+q,—m, and A, and B are given in (4.4).

5. The likelihood ratio test for the independence

Let S be distributed with CW, (¥, N) and let’s partition S and ¥
into m, and m, rows and columns (m,<m,) as

S_[Sll Sl2:l 2_[:211 212:| .

S{g Szz ’ Z{z 222

The likelihood ratio test for the independence H: 3,=0 against all al-
ternatives K: Y,,#0 is given by

det S ¥
1 A=\ et s, det s,/
(5 ) ( det Sn det Szz >

LEMMA 5. Under the alternative K, the moment of A" is expressed as

(NI, (N —my+ Nh)
(N—m)l,, (N +Nh)
- F\(N, N, N+ Nh; 33'5,,55'30) .

r, -
6.2) = det (T — Z515 35 20)
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PROOF. The proof of this lemma is different from [7]. Let 3t
=D and let’s partition D as

Dz[z_)u Dn} _
D}, D.

Then the expectation of A* is written as follows

1 - - det S wn
A)y=—_ __y-1 N-m d
B I',(N)(det 2)¥ S §1=5>0 otz (=278)(det.5) < det S, det S,, ) §

f,,,(N) (det X)¥ S§i1=‘gu>°

dSzz etr (—D”,Szz) (det S”)N—m

dsS, etr (—D,S,)(det S,))¥ ™

Ss§,=s32>o

. Ss etr {—(ﬁizslz'l'szg{z)} det 74 —Sﬁlﬁslzsa;lg{asﬁ1/’)N+Nh_mdslz .

Let S,=S\?WS;{*, then dS,,=(det S,;)"(det Su)™dW. Hence

(5.3)
Ry 1 — N—m.
B> F W@y ) Sisyon o0 O (= DusSu) (et Sy
S _ ngz etr (—D”Sg;)(det Szz)N-m’
S5a=S3>0

: gW etr {—(S¥*DLSYW+SY*DuSy'W")) det (I, — WW'y¥+¥r-ndyy |

Since det (I—WW’) is invariant under the transformation W to WU,
U e U(m,), we first project etr{—(S;,”f)(,Sl‘(’W+S}{’D,ZS,1,”W')} into the
space of g(WW’) and we integrate ¢(WW') on the whole space such
that WW'>0. Therefore, by using (1.3),

SW etr {—(S¥'DLSY*W +S¥*Dy,Si* W)} det (I —W W'y +¥r-mg W
- SW aw Sm,) etr {—(SYDLSY* WU + S DSy T W)
-det (I —WW')¥+¥=mg([])
= SW det (I—WW')¥+¥=m F\(m,; SY*D,,SpD},SY*WW')AW .

Hence by applying the Hsu’s lemma in a complex case and (1.2), the
above integral can be written as

(5.4)
n.mlmz

ﬁ (m ) S R'=R>0 (det R) "2~ det (I _R)N+Nh_moﬁ 1(’”1«2; S111/2D128221_){2 111/ ’R)dR
my 2 -

D
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[ (N —my+NE)
I, (N+NR)
Thus inserting (5.4) into (5.3), we have the moments of 4 by integra-
tion with respect to S;; and S, as follows
L (N (N) o (N—mat N)
[o(N) ' (N + Nh)(det )"
-F(N, N; N+ Nh; D;'*DuDi'Dfs) -

=g™™

oﬁ' \(N+Nh; SuDlezzﬁfz) .

mlm

(det Dyy)~"(det Dy)™™

Since
det 3 =(det Dy)(det Dy)~* det (I — 352155 Zh)
F(N)=z"ml, (N—m)l (N),  m=m+m,,
we have (5.2).

THEOREM 4. The asymptotic distribution of the likelihood ratio
criterion for the testing of independence between two sets of variates is
expresses as follows.

Let i=—(p/cv/n){log A—log {det Z/(det 3y)(det 2»)} "}, where A is

(5.1), 2n=pN=N—(m;+my) and r=2Vtr P, P=353,55'5,. Then
mm,0(x)  2(tr P*— tr P)0“(x) }
3

T T

3 Aa¢(2a> 1
+ 3 2a(””)+0<nﬁ),

6n a=1 T

Pr (1<) =¢(x)——~/1_—ﬁ—{

where
A, =3[mm;+(mmy)*+(tr P)*—2m tr P]
A,=2[10 tr P*—3(5+2m,m,) tr P*4-6(m;m,+1) tr P]
A,=12[(tr P¥*+(tr P)*—2tr P tr P*].

PROOF. The proof is done completely the same way as the one of
Theorem 3.
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