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1. Summary

In this paper distributions of the largest latent root are studied for
the following cases, based on the multivariate complex gaussian distri-
bution, (i) that of the complex Wishart matrix; (ii) that of the com-
plex Beta matrix, related with testing equality of two covariance mat-
rices, with the MANOVA case, and with testing independence of two
sets of variates; and (iii) that of the complex F matrix when two co-
variance matrices are not equal. Khatri [5] and [6] gave the result of
the case (ii) in an analogous formula to Roy [8] for the real case, and
also case (iii). In Sections 38 and 4 of this paper the results of the cases
(ii) and (iii) are expressed by the hypergeometric functions with hermi-
tian matrices as arguments. We also obtain the distributions of the
smallest latent root. Hayakawa [3] gave the distribution of the largest
latent root of the case (i). In Section 5 we obtain the approximation
of the distribution of this case following the method in Sugiyama [11].
For the real case, Muirhead [7] gave an asymptotic distribution which
is valid over some range.

2. Introduction

The discussion is based on the p-variate complex gaussian distribu-
tion studied by Wooding [12] and Goodman [2]

(1) f@)=(*| 2 )™ exp (—(z— E(2))' 27 (z— E(2)))

where z=x+1iy and ¥ is pXp hermitian positive definite complex co-
variance matrix of which the jk elements o, is given by
0% if j=k
Oix=—

(ajk"l‘iﬁjk)ﬂjo'k if j:pek .
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If the pXxn matrix Z=(z, z,--+,z,) is a sample of n complex valued
vectors from the above distribution with E(z)=0, then the sample

Hermitian matrix S=n"! ﬁ‘, 2Z,=n"'ZZ' is the maximum likelihood esti-
j=1

mator for ¥, and A=ZZ' is distributed as

(2) (Fm)| Z ") (etr —Z~'4)| A[7(dA)

where
Iyn) =272 Mn—i+1) .
i=1

The above complex Wishart distribution W(p, n, 3 ) is derived by Good-
man [2]. James ([4] and personal communication) develops the theory
of the zonal polynomials based on hermitian matrices, and the hyper-
geometric functions of hermitian matrices. He also gives the results
for the multivariate distribution problems derived from the complex
Wishart distribution. The complex analogue for the distribution of the
largest latent root discussed in Sugiyama [9] and [10] may be derived
starting with James’s results. In this paper the theory is developed
along this direction in the cases (ii) and (iii). It seems very possible
that the method of Constantine and Venables [1] can be used in the
complex case also, and so leading to finite series of positive terms in
these cases. Throughout the paper the same notation as James [4] is
used for the complex multivariate gamma function

Ffa)=n>>o2 ] Ma—i+1),
i=1

the complex multivariate hypergeometric coefficient
y4

[al.=1T (@—i+1),,

i=

where x=(k,,---, k,), ky=---=2k,=0, and k,+ - - - +k,=k, the zonal poly-
nomials of an hermitian matrix C’,(A), and the hypergeometric functions

n e e . e . — = [a’l]x' - [a' ]tét(A)
Al it b D= H 1 k]

~ . _ & [ad. - - [a,1.C(4)CAB)
19° %y Wp,y, U1, * %, Uy, )B— - = .
Fia a,, b b,; A, B) g Z - b L.OAL)k]

The inequality A<B means that the hermitian matrix B—A is positive
definite. James (personal communication) gives simple recursive formula

of C(A)
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Coryori(A) =3, Cty o i (A) = 02,1 Cit 1y (A)
+a£3-zc(21+1,ﬁz+1,$4 ,,,,, Qp)(A)— ce

where a; is the ith elementary symmetric function and (I::l, 122,- .., I::,,)

is the conjugate partition to x=(ki, k;,+ -+, k). We know that C,(A)
=a,. So from this we can calculate the zonal polynomials from the
bottom upwards.

The following two equations are easily proved by the uniqueness
of Laplace transforms, by the same way as the real case,

(3) etr (—A),Fi(a; b; A)=,F\(b—a; b; —A),

(4) 2F~'1(a1, a5 b; A)=|I——A|"‘22F’1(b—a,, ay; b; —A(I—A)™)
=|I—A|"~*2,F\(b—a,, b—a,; b; A) .

Applying the reproductive property of zonal polynomial in James [4]
(5) |, o8 (— A AP CLAB)CB) @A)=Tfa, 5)
we may obtain the following result of the beta integral
(6) | 141721 I1— A[=2CA) @A) =Lt )] Fyle-+u, ICA) ,

where I'(a, £)=(a).l'(a). To show this
It, Ol w)
={. Lo et (—(S+ TSI T CS)ICAD) AS) (@T)

o (let R=S+T)
=1 etr (—R)ISI| R—S|*C(S)ICN)AS) @R)
(let S=RS)

~

=[ Voo, [t (=B R CARS)CAS))
x| 8[=2| I—S[*-*(CAS)/CAI))(dS)(dR)
=Lt +u, x) SI | 8|2 | I—S|**(C(8)/CI))(@S) .
From the above result we have
(7) S | A=) I— A|**CAB)(dA)=([(t, )W)/ Iyt +u, »)C(B) ,

where u>p—1, and t+k,>p—1. Let u=p. Then with A replaced by
xA in (7) we obtain the following lemma which is used to find the dis-
tributions of the largest latent root in Sections 3 and 4.
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LEMMA.

(8) | 141-CaB)@a)
=(F D)t +2) [/ [t + pl)CA B+ .

3. Distributions of the largest latent root and the smallest latent
root of the complex Beta matrix

Let A, and A4, be two independent matrices having the complex

Wishart distribution W(p, n,, ¥) and W(p, n,, ) respectively, where n,,
n:,=p. Then the cdf of the largest latent root of the equation |A4;,—
(A;+ A;)A|=0 is written as

(9) P(B<xI)=C S:t | B|"~?| I— B[+"*(dB)

where B=(A,+ A;)"2A(A,+A,)7, and C=Iy(n+n)/[[(n)(ns)]. Ex-
panding |I—B|=? in a series of the zonal polynomials, and applying
the lemma, we obtain for the cdf of the largest latent root

10 P(B<eD)=CE S (-m+rl/k) | |BIC(B)B)

=(Fm+n) (D) T ()L f(my+ p))ar?
X Fy(—ns+p, 0y m+p; ),
where

(Lo + ) () (o), + D))
= CuAm— P+ (a—p+ D (mi+9)) -
This may be rewritten by (4) as
1) P(B<al)=(Ty(m+n)l ()| Fm) (ny+ p))am?(1— )=
Xzﬂ(”h"'”x» pyn+p;al) .

The cdf of the smallest latent root of the equation | A;,—(A;+ A,)1|
=0 is given by the same method as follows
12) ~ P(B>zI)=P(I—-B<(1—x)I)
=(Ly(ns+n) (D) Fy(m) [ (no+ p)) (1 —z)a»
X o Fy(—ny+p, My matp; A—2)I) .
The hypergeometric functions in the (10) and (12) are terminated in

the finite terms. The percentile points may be found by applying the
Newton-Raphson method or other known procedures.
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4. Distributions of the largest latent root and the smallest latent
root with unequal covariance matrices ¥, +J,

Let A, and A, be independently distributed as the complex Wishart

distribution W(p, n,, Z,) and W(p, n,, 3,) as (2), respectively. Then the
distribution of F=A;24,A4;'"* is given by James [4] as follows

18) f(F)=|Z (L +n) T () (ns)) Fo(my+ny; — 3, F)| F[udF)
where 2=2%,2;!. Since
Fong+ny; — 2, F)
=5 S (Il | C(—Z UFT)@U)
k=0 =« 1246 )]
the edf of the largest latent root is given by
14 PE<yD=|Z (L mt+m)/lm)lin) 3 5 (In+ml k)
X S S " | FnsC(— - UFT") (dU) dF)
up

0

where (dU) is the normalized invariant measure on the unitary group
U(p). By the lemma we have

15  PE<yD)=|Z [ mAm)l o)+ p m)y™
x 31 53 ([ +mal il [+ LK)

x Sm C(—yT'Z-0)@U) .

Let the latent roots of ¥=2%.3;' be w,, -+, »,, and 2=diag (#;). Then
we obtain the cdf of the largest latent root as
(16) P(F<yI)=(Fmy+nm) [ (0)T(mi+p) o (ms))
X |y "o Fy(ny+ 1y, ny; m+-p; —y8R7Y) .
Applying the formula (4) we may rewrite the cdf as
A7) P(F<yD)=((m+n)l{(p)/ [+ p)ons)
X |y@ T +yR2 1) " Fy(p—1a, ny; 1+ p; YR
X ([+y8™M™) .
The distribution of the smallest latent root is given by
(18)  P(F>yI)=[lyn+n)l(p)/[n)l(me-+p)]
x|y '@ T+y7' Q) M F(p—m, ma; matp; Y727
X(I+y~'82M7) .
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Let 2=1. Then we have the formulae (10) and (12) with y(1+y)™
in (17) and (18) replaced by x.

5. Approximation for the distribution of the largest latent root of
the complex Wishart matrix, and the non-central complex Wishart
matrix with known covariance

Let A=nS in (2). Then the cdf of the largest latent root of the
sample hermitian covariance matrix S is given by

(19) P(S<zI)=P(A<nzl)=([(n))™* S X-'etr (—B)| B|"*(dB) .

0<B<nz
Without loss of generality we may assume Y'=diag (¢7%, -, 0;'), where
oy,+++, 0, are the latent roots of ¥. Let T be an upper triangular
matrix with diagonal elements ¢,; and off-diagonal elements ¢,;=%;;z+1t;;;.
The Jacobian for the transformation B=T'T is 2°t:~'t%-%...t,, given by
Goodmann [2]. Then (19) is rewritten as

20 PE<zD=@INm) | exp (] (tha-+ti)

0<T'T<nzz !
xcexp (=33 th) TT -5 T1 dtndtes [ dti

i=1 i=1 i<i i=1
§(21’/f' »(1)) S_w €xp <_ KZJ (e +t%j1)) i—l;[j_ dti;rdt;

» P »
XS , €Xp <“2 t?i) [Tt T dt .
(tu} i=1 i=1

i=1

For the ranges of ¢,, i=1,---, p, we give the following necessary con-
ditions, based on 0< B<nz¥ ™,

0<t:i<nzai_ly 7:=1y"'7p-
And further, let s;=t, 1=1,---,p. Then we obtain

1

@1) P(A<zD=T] (So L exp (s ds I (n—i+ 1)) .

So for large » we have the approximation of the cdf of the largest
latent root as

y
P(A<z])= ;Q P(n—iin=2n20;")

where y? denotes a random variable having a y’-distribution with 5 de-
grees of freedom.

Let the matrix A=nS be distributed as a non-central Wishart (see
James [4]). We may prove that
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(22) lim Fi(n; Z'MM'3'A)=exp tr (Z'MM'Z-'S) ,
n—oo

and the right-hand side exptr( ) has larger value than the ,F, for
sufficiently large n. Suppose that X is known. Then the distribution
of W=2X"'S is approximated by

23) F(W)=exptr(—£)exptr (W)
X [n""/fp(n)] exptr (—nW)|W|=»,

where 2=MM'Y~'. Applying the same method as before, we may ob-
tain the following approximation for the cdf of the largest latent root
of the matrix W

(24) P(W<zI)=exp(—tr Q)| I—n"'2|™ fl' P(pin-iin=2n2(1—n"'w,)) ,

where w,---, w, are the latent roots of non-centrality parameter £.
This approximate ecdf (24) is greater than the exact cdf for sufficiently
large n.
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