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1. Introduction and summary

The purpose of this paper is to give the asymptotic expansions of
the likelihood ratio (=L.R.) criteria for testing independence of g-sets
of variates and for testing that several distributions are identical. The
test of independence is investigated by many authors. The unbiased-
ness of this test is shown by Narain [7]. Under the null hypothesis,
Box [2] gave the asymptotic expansion of this test criterion in a more
general formulation, the first term of which is y’-distribution. Recently
Consul [4] obtained the exact distributions in some special cases by con-
sidering the inverse Mellin transformation. On the other hand, under
the alternative hypothesis Siotani and Hayakawa [8] gave the limiting
distribution of this criterion by using the differential operator due to
Welch [11], which is a normal. Especially, with the help of the hyper-
geometric function of matrix argument due to Constantine [3], Sugiura
and Fujikoshi [10] derived the asymptotic expansion of the criterion for
testing independence of two sets. Also Sugiura [9] gave the asymptotic
expansion under local alternatives. However, the criterion for testing
the equality of means and covariance matrices is seldom researched.
Only Fujikoshi [5] gave the asymptotic expansion under the assumption
that covariance matrices are equal, the first term of which is non-
central y2. The author [6] gave the asymptotic expansion in other prob-
lem by deriving a natural extension of the normal approximation to the
¥* distribution to multivariate case. We shall give the asymptotic ex-
pansions by applying this method to these two test criteria, the first
terms of which are normal distributions.

2. Some useful formulas

In this part we shall state some fundamental lemmas used in the
latter sections.

* Now at Kumamoto University, Kumamoto, Japan.
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LEMMA 2.1. Let S (pXp) be distributed according to the Wishart
distribution W(2,n). Then for any pXp matrizx B, we have

(2.1) E[tr BS]=ntr BS
and
(2.2) Eftr S’]=n tr 2*+n(tr Z)*+n? tr 22 .

The above proof is given by Nagao [6].

LEMMA 2.2. Let a p(p+1)/2X1 vector (Yu, Yu,:**» Ypps Yizs Y1sr*
Yp-1.,) be distributed according to the mormal distribution with mean

vector (wyy, Wy, "+, Wpp, Wpz, Wiz, **, Wp_y,p) AN cOVATIAMCE
P p(p—1)/2
1 .
. 1 0
(2.8) 1/2 1/2
0 e
1/2

Define symmetric matrices Y and 2 as

Ya Y2 * * Yy @y Gz ° Wy
(2.4) Yz(yzl Yoo * * * yzp) and =( Wy Wy * wzp) .

Yot Yoz * * * Ypp

Then for any pXp matrices A, B and symmetric C and diagonal ma-
trices A, K, the following formulas hold.

@25) E[tr AY]=tr AQ,
(2.6) E[tr AYBY]=tr AQB.Q—%—-;— tr AB’ +% trAtrB,

@2.7)  E[tr AY tr BY |=tr AQ tr B.Q-i——lz— tr AB +% tr AB',

2.8) E[tr AYKY tr AY]=tr (12KQ) tr AQ +% tr Atr Ktr AQ
+% tr AK tr AQ+tr AAKQ+tr AA'KQ
2.9)  E[tr (AY )] =tr (40)° +% tr £Q +_g_ tr Atr £Q

(2.10) E[tr (AY ) tr (CY)]
= tr (AQ)* tr (CO)+ % {tr £+ (tr 4)%} tr (CQP+4 tr (424C2C)
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+2-{tr Coo+(tr CY} tr (AQ)'+(br ACY+tr (4CY
+% {tr £+ (tr A7) {tr C*+(tr C)Y} .
These formulas were used except for (2.10) in deriving the asymptotic

expansion of multivariate Bartlett’s test in Nagao [6].

LEMMA 2.3. Let pX1 random vector V be distributed to N(b, I).
For any symmetric matric A and pX1 vectors a, B and 7, the following
formulas hold.

(2.11) E[tr AVV']=tr Abb'+tr A,
(2.12) E[dVBV]=dabgb+a8,

(2.13) E[tr AV&'VV']=tr Aba’bb’+2a/'Ab+a’btr A ,

(2.14) E[dVBVy'V]=a'bfbyb+aB'b+a'rBb+a'bg'y ,

(2.15) Eltr AVV" tr Va'l=tr Abb tr ba’+tr A tr ab'+2 tr Abet ,

(2.16) E[{tr AVV'})]=(tr Abb'}+2 tr A trAbb'+4 tr A%b’
+(tr Ay+2tr A?

(2.17) E[(@'V)]=(a'd)'+6a'a(a’b)*+3(a'a)* ,

(2.18) E[(@V)'tr AVV]
=(a'b)? tr AbY' +a'a tr Abb' +2a'b tr Aab’+(a'b)? tr A
+2a'b tr Aba’+d'atr A+2 tr Aaa’ .
The proof of these formulas is easy.

LEMMA 2.4. Let f,(t) be the characteristic function of a statistic A,.
For [t|l<4/nC (C>0), if this function f,(t) is given by

1
N
+ —'rl_z- {Ba(t)*+by(3t)! + be(it)} ] +0(n—)

(2.19) f=exp[]14

5 {ait+aq(it)’}

then the asymptotic expansion of the distribution A, is obtaimed by
(2.20) P(z,.sw>=a>(x)—%{a@ﬂ%x)w@@xmn
+L (007@)+50(@) +bIO@) +0)

where ®(x) means the jth derivative of the standard normal distribution
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Sfunction O(x).

ProoF. The inversion formula of the first term in (2.19) is given by
1 e %% exp [%t)z]dt

@.21) L
1 S:, et exp [@]dt 1 e~ exp [Qg—)-z-]dt .

2r Smwﬁc
=% 2 2r Slzlzﬁc

AV
Then we must evaluate the integration (27:)"5 e = exp[(zt) ]dt.

2

ltlzvaC

1 —uz t 1(~ t
(2.22) — e rexp| ——|dt| =— exp| ——|dt
2r Jitlzvee 2 T Jvac 2
1 [ nC’]
= - .
“rydnC exp 2

Therefore the order of the function %2 exp [—nC?%2] is O(n™") for suf-
ficient large . The same results of the other terms can be shown by
the analogous argument.

3. Non-null distribution of the L.R. criterion for independence

Let px1 vector X, distributed according to N(g, 2), be partitioned
into q sub-vectors with components p, p, -, p,, respectively. The vec-
tor of mean g and covariance matrix Y are also partitioned similarly ;
ie.,

X(l) ‘u(l)
2 2
3.1) x=( X" ), =
X.(q) l‘zq,
and

3.2) S=| Zu Zmc -2y

...............

Given a sample X;, X;---, Xy of N observations on X, we wish to test
the hypothesis H:ZX,,=0 (i+J) against the alternatives K:ZX,,#0 for
some 1, § (i#7). Wilks [12] has defined the L.R. criterion V by

(3.3) y=_ISi"
q
'I:[; I S'a IN/Z
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where S is defined by
N _ —
(3.4) S=(X.— X)(X.— XY,
a=1

and is partitioned in the same manner as J in (3.2). The corresponding
matrix S,, is defined and partitioned similarly. Putting m=pN, we can
express (3.3) as follows.

(8.5) —2plog V=m‘q;‘,log|S,,,,l——mlog|S| ,

a=1
where the correction factor p is given by (see Anderson [1])
2<p“—:§pi>+9(pz—épi>

(3.6) p=1— 6N<p2_ép:>

Now we define the statistic Y=(¥.s)as-1,....» as follows:

Y E—l/ZSE—l/z_mI
vV2m '
Then the limiting distribution of this statistic can be easily seen to be

p(p+1)/2 dimensional normal distribution with mean zero matrix and
covariance (2.3). More precisely, the limiting distribution of a variable

(yllf Yazs"**s Yopr Y12,°* *» yp_l,p) is given by

3.7)

(3.8) C-etr [—%W] ,

where C=(2r) r@+v/4.2p@-v/4 Hence, using the statistic Y defined by
(3.7), we can express the statistic —2plog V as follows.

q
(3.9)  —2plog V=m(3log| .. |~log | X[} +vma(¥)+a(¥)
+m g (Y)+0ym™) ,
where the coefficients ¢q,(Y), ¢(Y) and ¢(Y) are given by

W Y)=vE {é tr (; a),,pY,;,q),’.,> —tr Y} ,
(3.10) a(Y)=tr V'~ 3 tr (g q),pY,,,q>{,,>2 ,

2 2 q 3
qz(Y)=—§——{Z} tr (ﬂz q>,,,,Y,,,<D{.,> —tr Y*} :
a=1 T

The above symbol 31 means the summation {12, i} and Y,; and @, are
Bt =1 r=1
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submatrices of ¥ and @=237"23'* respectively, partitioned in the same
manner as S in (3.2), where

0
(3.11) z,,:( 2n ) .
0 ° .

Now putting V'=—2plog V—m{i logIZ'“I—-long'I} in (3.9), we
a=1

can easily see that V'/¥Ym—+'2 tr ('0—I)Y=0,(m""?). Hence the sta-
tistic V’'/¥'m converges in law to the normal distribution with mean
zero and variance 7} =2tr (223'—1I)?, which was shown by Siotani and
Hayakawa [8]. Further, the characteristic function of V'/v'mz, (z,>0)
can be expressed as

(3.12) Cy(t)=E [exp (itge(Y)/zv) {]_ +mVitq(Y)/ry
o+ mitg ey +-L@0rai(V3 [} + 00

Expressing ¢,(Y) and ¢,(Y) in (8.10) in terms of S, we have

(3.13) a(Y) =ﬁ tr (55— 39S
and
(3.14) a Y)=% {tr (18— él tr (5228..)'—2m tr 3-1S

+2m 3 tr (z;:s,,)} .

Since the statistic S distributes according to Wishart distribution
W&, n=N—-1), we have

(3.15)  Elexp (itgy( Y )/zy)]

=Cy. | 1Sr0m T retr [~ Llz-r 2 (55 yls]as
2 Jmr,
_ ‘I— 24t (21/225121/2_I)|—m/2—d ,
vmzy,

where 24=N—m—1. Applying the asymptotic formula log|I—A/yv/m|
= —-ﬁ m=?tr A*Ja+O(m=*P"), we can get the following asymptotic for-
a=1
mula (3.16) for [t|<+/mC with C=7,/2 jmin |ch (222522 —T)|™!, where
=1, D

oee,

ch,(B) means the characteristic root of a matrix B.
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(3.16) Efexp (itq(Y)/zv)]

—exp [(‘;)2] 1+ 3%)?? tr (Z35 — P+ -1 sy itfey )

+ 200 e (oxat— 1y B (o (e 1y +om

v

Moreover, applying Lemma 2.1 to E[q(Y) exp (itq(Y)/zy)], we have
(3.17) E[q(Y) exp (itq( Y )/zv)]

e [W] (L) (£ o

—2 3 tr {(E25V) | 71:[ Sp-edarg
2 5o tr (2230, 22 + A0 (-S4 24)

Xtr (235~ 1P —12 3] tr (335} (25 .

24 33 tr (23512~ 12p |+ 40 35} 1 2p

—2 3 tr {(ETV)L | tr G551} +0m) .
As the third term in (3.12) is of order m™, we can regard the variable
Y as the random matrix having a normal distribution with mean 0 and

covariance (2.3). Also putting A4,=(@,, P, -+, P,,) and B=+v2 (9’0
—I)it/ry, then we can easily see the following relationship.

(3.18) A,BA.= ‘/_"’t N Pl 0935253 T Y L
and
(3.19) AAA=A, .

Therefore making use of Lemma 2.2 after some modification, we have

(3.20) ElgY) exp (itgl(Y)/zy)]

_ (P12 2824t (2% | & - &
—exp[ 2 ] 3 [ o, {7+§1pa tr (225'2)0ud Ep")f
2‘/_ (“) (S tr (31 —3 3 tr (T

—tr (2251__[)3_]._2_1-%,_1_22)} ] +0(m—1/z) .

Similarly we have
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3.21) Elg(Y) exp (ita( ¥ )fey)]
—exp [(“)’] [ (pz b3 pa) + PP+ D)+ 3 (br S0 T T 5
)t (TR E S 25 i+ )
+ L) ‘“’ LS [2 5 o @zsyp -89 —2p |+ 24+ 21p
—16 E tr {(Z335Y)%) 2. +8 2 tr 3,27, H(Z25Y) e
X ZuSi {5} =16 3 br ST (2] nEp Sl

+(“) {3y —2 33 tr (5537} + 28] | +Om) .

Therefore for |t|<+mC* with some positive number C*, the char-
acteristic function of V'/y/mz, is given by

322 Cr=exp [ ][1 +71_h~{;(p Sp) L Tﬁ |+ tra—1y

+3c} +2p—2 fétr {4 i“] (:%) }

) rorme].

1
m a=1 v

where 73, =2tr (A—1I)* with A=33;' and the coefficients h,, h, and h,
are given by

hy=1 <p2—éllp?.>2+—;—(p’—2 % p?.—p> — 47

0
+% (tr zpaz..:z.ﬁz;;)m-% S r (T2 ZuZil)

(3.23) he=(3pi-p)[Str {Azn,—%ra—p—g— tr(A-17]

a=1

+2tr (A—I)+ tr(A Iy— Si_‘,ltr{Az}“{A"}.,a

+2 Dt (A 5 b 5T (A TS A
a=1
, x 28
8 53 tr T, 35 A 3, 5+ 1650+ 20

a,

h=1[ 5 tr(A—Iy+33—2 5 tr (4 +2p]
a=1
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By Lemma 2.4, we have the following theorem.

THEOREM 3.1. Under the fived alternative K:Z3,#0 for some i, j
(1#7), the distribution of V'=—2plog V+mlog|A|, where V is given by
(3.3) with A=333', can be expanded asymptotically for large m (=pN) as

(3.24) P(V'|y ity <)
=) —m*{07@) - (¢~ 3 82) /v

+¢<3>(x)[% tr (A—1I)° 437} +2p—2 il tr {4? ] / T%}

+ ! 3 ha0@) /T +Om™)
a=1

where 12 =21tr (A—I) and 99 (x) means the jth derivative of the stand-
ard mormal distribution function @(x). The coefficients h,. with 4=
(n—m)/2 are given by (3.23).

This theorem was given by Sugiura and Fujikoshi [10] in case ¢=2.

4. Asymptotic expansion of the modified L.R. criterion for testing
that several populations are equal

Let px1 vectors X;, X, -+, Xiv, be a random sample from N(g;,
3) (¢=1,2,---, k). For testing the hypothesis H:3,=3,=..-=23,, p=
p=-++=p, against all alternatives K:ZX,#2%, or m+#p, for some i, j
(i#7), the modified L.R. criterion is given by (see Anderson [1])

A1)  —2logA=m 1og| {S+ zi;l N.(X(a)-X’)(Xw—X)'} / m]

— S m, log |S./m.] ,
a=1

N, _ _ _ N, _
Where S=é S,, y Sa=2 (Xgp'—‘X(a)) (Xaﬁ_X(n))’y X(a):.Na—lsz Xapo X=
a=1 A=1 =
— k
NS N.X®, N=SIN., n.=N.—1, n=31n., m.=pn., m=3m., p.
a=1 a=1 a=1 a=
=m,/m and correction factor p is (4.2).

(&1 _1)\ 2P+3p—1 _ p—k+2
42) p=1-(3 - n)6(k—1)(p+3) np+3)

We define a random vector V, and matrix Y, as X“=m 23"V,
+p. and S,=m, 2. +v2m, 3*Y. 3, respectively. Also we define the

~ k k k
abbreviated notations ¥=3]p.3.+ > p.p.7. With n.=p.—> p.pt. and ¥,
a=1 a=1 a=1
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~ ~ — k ~ k _ k
=313, §.=3"y,, E=k3&, V=XU V.V, V=X Vo V. V.E,
a=1 a=1 a=1
V=3)va¥.V. and ¥=3vp.W.Y.0.. Then the statistic —2olog 4 in
a=1 a=1

(4.1) can be expressed in terms of V, and Y, («=1,2,---,k) as

~ k
(4.3) —2plog 4=m{log | £|-3} p. log | %. | + vARa¥, V)
+a(Y, V)+m g(Y, V)+0,(m™) .
The coeflicients ¢i(Y, V), q(Y, V) and ¢(Y, V) are given by

WY, V)=vE tr Vo, 0¥~ 1) Y+2tr V,

(“44) @Y, V)=tr V—tr VV"+ z": ere. 424 z pulle—tr T

2V tr PV—tr Vi tr VP 4+ S tr Y2,

— k 1 ~ ~ =
q(Y,V)=44tr V4+2tr 3} v.VE—-2ktrVE&—v2 trYV
a=]1 pa

HVE IV —VE e T3 682/ 2 tr T3 bt

—21tr 17'1:/'4-2 tr VVV' —2tr V i‘. e —44tr V zk}l 088
a=1 a=

n 2«3{? tr P dtr V4202 tr T4V tr TV
42 tr W'V+§ tr V342 tr V27

2~/-§_ k 1 trYj,

3 a=1 p‘

where A=-;— é (n.—m,).
a=1

From (4.3), we can easily see that A’/Jﬁ={—2p log A+mép¢'

a=1

log | A. I} / v/m converges in law to a normal distribution with mean zero

and variance =2 é patr (A, —I)Y+4 :V_] pa tr A,,;y,,r;,{,f’“ with A4,=3.3-.
a=1 a=1
Thus the characteristic function of A'/y/mz, (z,>0) is given by

4.5) Cut)= E[exp (ita( Y, V)/n){l +m (Y, V)it/es

1

+m @Y, V)itfeat = ai(Y, V)itfeo]} | +00m) .
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By the lemmas in Part 2, we have the following theorem.

THEOREM 4.1. Under the fixed alternative K:3,#+23; or p.+p; for
some 1, j, the distribution A'=—2plog A+m ﬁ‘, 0. log | A.| with A,=35"1
a=1

where —2plog A is given by (4.1), can be expanded asymptotically for
large m (=pn) as

4.6) PL|vymz,Zx)
=¢(w)—m"/2[¢“’(x) {24a,+t1+sl—-;—t2—sz+%p(p+1)}/u

+(D“’(m){ Gyt tr T —4trbb'S1—2tr A'—8tr AS—4 tr &

—4tr 58420 /23| +m $0.0%@) /7 +00m ),
where the coefficients g, (a# 1, 2, 3) are given by
0y =da24a,+t,-+4)+ 24, +8 é, 514
+%{t,+sl—t2—sz+kp(p+ D} {ti— s+ 8,+4das}
—‘2:2_1 oo tr AN(A,—T)—2 ?k:‘l‘" tr A, tr A(A.—T)
+23 o, tr A A+4 3 p tr AE—hbr 3 p. Ay 5
—2tr A Z A,—2trA 2 npl S —4dtr A—4 2 p. tr Apnt3-
—4 z pnl S A tr A,—4tr 8 2 A, +4tr g peAnb' E!
4 z": o S tr A,—4tr 8 i: g S —84tr 8
+2§1 ptr A tr A A+21tr 31 p A A+4 S oo tr A5
+43 o tr A, br AB+4tr 8A42 31 g5 tr A4
Atr B4 tr 5544 % oo tr A tr gt 518
43 g Sty tr A,,E+é= tr Al tr (5”;1 p,,A.,)’

a

=1
k ~
+2 31 pupy tr AparlS A4 +2 pﬁ'._ pops 1T Acgni St tr ALA,

=1 a 1

k k ~
+ 20 paps T Agyl37tr A S+ > P27 ) tr AuA,

a 1 a,f=1



78 HISAO NAGAO

k k
-2 Z‘{ o.tr A2—2 ZE patr Alppi5-1—2 Z panlE1n, tr A%
k ~
+2 ;1 P05 tr AL Ay 73142 Z puylE g tr Aa<é p..Aa>
a,f= a=1 a=1
k
+2 33 e Sty tr AyA i3 L B2 3 ppitr A4

a,f=1 1

L

k
+3 31, 200t (A1 (- ep-+-4) (ep(p+1) 261

=

+2 > p, tr A, trp. 3514,
a=1

4.7) g4—2a4+-§74a1a3+{tl+sl—--§—t2—sz+ kp(p+1)}{_4_a3+4trvf

—Atr b5 —Atr B4 tr E5 —2tr A—8tr A5+2a2}
+8a;+2da,(4tr T —4 tr by’ S-'—4 tr 52— 4 tr 55'+2a,
—2tr A8 tr A5)—8tr 3 p(A.— I} 4.4

—16 32 p, tr (A, — [ A58 tr AT +8 tr Abb'5-1—16 tr 57

+16tr5bb'57-1+_§_trA8+16trZ125+16trA +8tr A5
+8trAﬂ'ﬂ+16 °+16trEZE’—-gaa——Strfiz—wtrﬁE+4a2

+8§1 p. tr Appi S48 tr (z 0. A ) Bb' 3148 z potr ALEAE
83 p. tr (AEP+8 3 p. tr AA Ay, 5148 31 p. tr SA.Ey,
X7 51+8 3 p, tr B ABppl 51— 8 tr 31 oAbyl A5

—16 él potr A, Ap.pl A5 +16 i potr AE 51416 z”: o
xtr A, Ep b3 416 z"; o, tr A, AAE+16 é potr 3154, A
+16 i, oo tr 9yt S8 A A+16 z potr A Enp 318

+8 g 0. tr (A A)—16 tr & z, 0.5yl AP —16 21 oo T 7.7,

X A3-18416 é 0. tr A, A, z ol ALE1

g,=%(2a3+6 tr #—6 tr b5 —3 tr A'—6 tr 52—6 tr 55"

+8a,—12tr AS):



and

(4.8)
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2=2a,+4tr 5. The above notations mean that
k k k k
t=>1trA,—> p.trA,, 6= p.tr Ai+3 pu(tr A.),
a=1 a=1 a=1 a=1
k ~ k ~
=27t +24 3 ppi .
a=1 a=1
k ~
B=tr §+3) pi3 'p. tr A, ,
a=1
k
a’ﬂ=2 pntr(Aa_I)ﬁ ’ (.B=11 27 3: 4) ’
a=1
k ~ k k ~
b=2 paAnrlu ’ A= 2 pa(Aa_I)Aa ? E=2 PaAaﬂanzz'-l ’
a=1 a=1

F=3 pAnlALS
a=1
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CORRECTIONS TO

“NON-NULL DISTRIBUTIONS OF THE LIKELIHOOD RATIO CRITERIA
FOR INDEPENDENCE AND EQUALITY OF MEAN VECTORS
AND COVARIANCE MATRICES”

HiISAO NAGAO

The statement of Theorem 4.1 (Ann. Inst. Statist. Math. 24 (1972),
67-79) is in error. I would like to thank Dr. T. Hayakawa for point-
ing this out.

We should read as follows:

S .05 tr A/ S A A, —— 3 pupy b1 ApniZ AL

3 oS tr A2 p L) —— 3 oS tr A4,
tr 55/ —tr 835'3!

tr ASS' ——tr ASS5'3

tr A5'Ss —— tr ASE5'3-'5

tr 828" —— tr 515551

k ~ ~
3 oo tr AEAE —— 3] p, tr A, EASEZ
a=1

a=1

k . k -
Dp.tr&AEp gl — E}l p. tr 8'37A Byl

a=1

S oo tr AE' b S —— 3 po tr ASE S b5

a=1 a=1

k - - % - -
> pu tr B ALA — S po tr i E' 2T ALA
a=1 a=1
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