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1. Introduction and summary

Let S,, S, be independent m X m matrices on n, and n, degrees of
freedom, respectively. S, having a Wishart distribution and S, having a
non-central Wishart distribution with the same covariance matrix. Hotel-
ling’s generalized T? statistics is defined as

(1) T=n;'T?=tr S,S;*.

When 7, becomes large, the distribution of T? approaches that of x
based on mn, degrees of freedom. Ito [7] and Siotani [10] have inde-
pendently derived asymptotic expansions for the cumulative distribution
function (c.d.f.) of 77 in the central case by using the idea of a per-
turbation as in physics. The non-central distribution was treated by
Siotani [11] in the same way and later by Ito [8], who used the integral
representation of the characteristic function of 7¢ due to Hsu [6]. But
neither could obtain the term of order »;?. Recently Siotani [12], Fuji-
koshi [3] and Yoong-Sin Lee [14] have derived the asymptotic form of
the non-central distribution of 7¢ up to order n;? from the expansion
of its characteristic function or Laplace transform ¢(t). However, the
function which is expanded does not converge for all ¢, but it only con-
verges for some restricted region. Therefore, the expanded function is
not a characteristic or Laplace transform of the original statistic in the
strict sense.

The exact distribution of T over the region 0<7<1 has been ob-
tained in the general case by Constantine [1], using the method of zonal
polynomials and generalized Laguerre polynomials of matrix argument
developed by James [9]. Constantine’s solution has the form

—_ I'n((m+my)/2) mny/2-1 _
2 IO =F gy e (S
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e (— T)k n1+n2 nl/‘l—p
x4 k!(mn1/2)kg< 2 ) Le®),ITI<L,

where

Fm(a)=nm(m—l)/4ﬁr( _ a;l) , p=_;_(m+1) ,

@=TT (a-231), . @.=al@tD)-@tn-1),
and L™?(S) is a generalized Laguerre polynomial of matrix argument
S, corresponding to a partition x« of k into not more than m parts.
Davis [2] suggested that the asymptotic expansion of the c.d.f. of T¢
can be obtained from (2) by changing the argument to T'=n;'T¢ and
integrate term by term. In this paper, we give the exact bound of the
convergence, 0= T?<m,, of the asymptotic form in terms of the prob-
ability density function (p.d.f.) of 77 up to order m;* by preparing some
formulas for the generalized Laguerre polynomials of matrix argument
and for univariate Laguerre polynomials.

2. Some useful formulas for generalized Laguerre polynomials and
the univariate Laguerre polynomials

Constantine defined the generalized Laguerre polynomial Li(S), (y>
—1), by the Hankel transform of matrix argument in the following way.

Let S and R be positive definite symmetric matrices of order m.
Then LI(S) is defined by

(3) etr (—S)L(S)= S}M A/(RS)(det Ry etr (—R) C(R)IER ,

where A (RS) is a Bessel function of matrix argument and C(R) is a
zonal polynomial corresponding to a partition # of k into not more than
m parts.

The following lemmas are very important for our argument.

LEMMA 1. (Hayakawa [3])
(4) Y L(S) =Ly A-(tr S) , p=—;—(m+1) ,

where the left-hand side (L.H.S.) is a summation over all partitions &
of k into mot more than m parts and the right-hand side (R.H.S.) is a
univariate Laguerre polynomsial.

LEMMA 2. (Sugiura and Fugikoshi [12]) Let C/(S) be the zomal
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polynomial of degree k corresponding to a partition x={k,,---, k,} of k
ki =ky= - =2k, =0) for an mXm positive definite matrix S. Put

(5) a(0)=33 .k, —a)

(6) ayr)= i'{ k(4K — 6k, +3a?) .

Then the following equalities hold

(7) | % 51 a,(s)CLS) =4 tr §* etr (2S) ,

(8) = % 3 aa)C(S)= [408(tr S7)+ 32 tr S+ 3a(tr S)°
tatr S etr (@S)

(9) | 7”;_ 3 al()CAS)=[(tr SV +40° tr S°

+2*{tr S?+(tr S)*}] etr (xS) .

We can give a similar set of results for Laguerre polynomial
Lr2(S).

LEMMA 3. Let LY 2(S) be a generalized Laguerre polynomzial cor-
responding to a partition c={k,---, k,} of k (ky=---=k,=0) for an
m X m positive definite matriz S, and ax) and ayx) are given by (5)
and (6). Then

10 L)
=k(le— 1)[m{ﬂ+—n Lyi(tr S)— (n+m+1)
xtr S LEmp+i(tr S)+ tr S? Lyi+(tr S)] ,
any ax(k)L2*~%(S)

= k[T Lt §)—tr S Lif(tr S) |

+3k(e— )| medlm At m 3] ponpesir )

— {(m+1)n+m+3} tr S Lp+(tr S)
+ {(tr Sy+tr 8% Linp+o(tr S)]

mn{n*+3(m+1)yn+m*+3m+4}
8

+4k(k—1)(k—2)[
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x Lpnp+i(tr S)—-i’— {12+ 3(m 4 1)n+m?+3m+4}
xtr S Lrmr(tr S)+%{(tr S)+(n4+m+2) tr S

X L (tr ) — tr S° LEnp+s(tr S)] .

(12) X aix)L*(S)

=k(k—-—1)[ mn{(m+1)n+m+3} Lpp+(tr S)
4
—{(m+1)n+m+3}(tr S)LF"3+*(tr S)

+ {(tr Syt +tr 8% Lpnp+o(tr S)]
+4k(k—1)(k—2)[% {02+ 3(m+ Ly +m+3m +4)
x Lpn2(tr S)—%{n’+3(m+1)n+ m+3m+4}

sctr S Limi(tr S)+—3—{(tr S)+(n+m+2) tr S}
x L2ty S)—tr S Lrn+o(tr S)]

Fh(k—1) (k—2) (k—3) [ {(mn?+2(m? +m + d)n?
+(m3+2m2+21m+20)n+4(2m2+5m+5)}L"‘"’“3(tr S)
e {mn°+2(m’+m +4ni+(mP+2m*+21m+20)n
+4(2m=+5m+5)} tr § Lymp+(tr S)
+—{2[(m+n+1)2+6] (tr S)*+[(mn+20)(n+m+1)

+12] tr 8% LEp+(tr S)— {2(n+m+1) tr S tr S*
48 tr §%) Ly (tr )+ (tr SHELEE+(tr S)] .

PROOF. From the definition of L**-?(S) and Lemma 2, (7), the
generating function of 37 a,(x)L*~?(S) is given by

etr (—8) 5L R a@LS), =<t

=§R Au-o(RS)(det B etr (—B) 53 - z:a.mc (RMR
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== Sm A,p J(RS)(det Ry*~? etr (—(1—2)R) tr R*dR

w’ S e
=W SR>0 A"”‘P(l_m R)(det R)y**-? etr (—R)

X {Cm(R)—-;—C(,z,(R)} dR .
Hence by the definition of L*-?(S), again, the R.H.S. is
& 4 _ 8 Ngmp-s( S \_11ms(_8
(L—g)mna+t etr( l—x){L(” (1—x> g o <1—x>I )

Therefore, we have

(13) 52 S a@LS)
=z}(1—x) ™"t exp <— lfx tr S)
i3]

Since from the tables of Constantine [1],

Lig(S)— 5 L "S) ="M AD (4 mt 1) tr S+t S,

the R.H.S. of (13) becomes
2 exp <_L trS) [mw(l_x)-m—z
l—2x 4
_(n+m+1) tr S(l_x)—mn/2—3+tr S2(1_w)-mn/2—4:| .

Hence by the use of the generating function of a univariate Laguerre
polynomial, i.e.

(1— )~ exp (- - z)=§ ,f-fL:(z) . (i<,

k=0

we can expand the R.H.S. of (13) as a power series in z, and compar-
ing the coefficient of z* on both sides of (13), we have (10).

The proofs of (11) and (12) are done completely the same way as
the one of (10). In these cases, as we need the explicit forms of Lag-
uerre polynomials corresponding to tr R, tr R*+(tr R)}, tr R® and (tr R?%?
we write them here and will omit the details of the proof.

(14) Lg;-r(S):l';ﬂ—tr S.
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(15)  2LS)+5 LEA(S)

- mn{(m+1zn+m+3} —{(m+1)m+m+3} tr S

+tr S*+(tr S)*.
(16) L&’)"”(S)-—%L&’ff’”(S)+%L?{a’>"(S)

=%{n2+3(m+1)n+m2+3m+4}—%{n2+3(m+1)n

+mi+3m+4} tr S+%{(tr S)+(n+m+2) tr S} —tr S

AN LES)— L ™S)+ 15 L (S)

— 2 LE5"S)+ 5 LX(S)

=%”— [mn*4-2(m*+m+4)n*+ (mP+2m?+21m +20)n
+42m +5m+5)]
—-;—[mn’+2(m’+m+1)n2+(m°+2m2+21m+20)n
+4@m+5m+5)] tr S
3 {2L(n o+ 1+ 6] (b S+ [(mn+20)(nt-m -+ 1)+12]
Xtr 8 —2{(n+m+1) tr S tr S*+8 tr S} 4 (tr S?)?.

LEMMA 4. Put

a+j—1 oo %
Ptaso)(®, 2)=hgizy=eXD (_ @ ) z (xz/2)

2/ 24 (a+3) i kla+i)e
and put
G2e42/(Ts 2) = Gray2;=€XD (—2)gay04(%, 2) |

1.€., Gr42;(%, 2) 18 the probability density function of mom-central X dis-
tribution with 2a+2j degrees of freedom and non-centrality parameter
z, and, for comvenience

(a) ()= 2”;(a) :

Then the following equalities hold
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o (—o/2'Li(e) _
@) (@) 5 T =

) & (—@2PLaE) _
@) @@ 5 GO = bt

@) @@ 5 IO by~ 2h it

@) (@)@ CUDLE) g 43k, — Syt
k=0 k'(a),

o KT a+3
(24) (a) (x) 162-0 ( xécz')(al)l : (z) =h 2at8 4h2a+6 + 6h2a+4 - 4h2a+2 +h2a
= . k

@) @@ 3 I — bt e s

> (—2[2)°Li7\(2) _ . 2
@) @@ 3} O g2t Do s
+ (# 2+ e+ aat Do

> (—/2)*Li(z) _
@) @@ (kx;_{l))!(a)(—f)—zhza”—(2z—a—1)hz,,+4+(z—a—1)h2¢+2

& (—/2)*Li*'(2) _

@) @@ 5 GO = ot (32— D

— (82— 2a— gy s+ (2—at—2)hgeys .«

PrROOF. (20) is another type of generating function for L;™'(2).
We can show (21), (22), (23) and (24) in the same way. We prove here
as an example, (22).

o (—o2PLE) _ 1 o (=22 (1)t 2t Lot
B h@. (@ s k) {k(k—1)+2(a+ Dk +a(a+1)}

_ 1 2 (=32t
@ i (k—2)!(a+2),

2Aat) & (—2/2PLE) | & (—af2fLite)
@, i (—Dla+2), = klat2),

+

Hence the third term is obtained from (20) by replacing a—1 to a+1.

> (—/2)*Li*(2) _ _x\ & (xz/2)*
(29) 5 klat2) exp( 2)20 at2),

By differentiating both sides of (29) with respect to x and multiplying
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both sides by z, then

o (—2/2)* Lt (=) _ _xN_x & (xzf2) & (w2/2)*
2 —1lat2), P ( 2)[ 2 2 i), T (k——l)!(a+2),‘]°

Thus, the second term is obtained.
By differentiating both sides of (29) twice with respect to z and
multiplying both sides by a?, then

S (—x/2) Lt (2) _ _x\[2 S (xz/2)
2 (h—2)la12), _exp( 2)[22 & Tt D),

o S (xzf2) S (wz/2)"
2 B =Dt (k—z)!(a+2)~]'

Adding these results, we have

exp(—2)[pE 5 g e &R (1 1)

2a), -0 kl(a+2),  2a i (k—1)l(a+2) la+l K

= (@a2r (1 1 1
TR 2@ tD), { @ e T k(k—l)”

_ _x\[_ 2 S (@2f2)f o, & (wrf2 | (wz/2)
“exp< 2)[22((1)2 S R @t 2 2a B Rat), T k!(a),,] '

Hence we have (22) by multiplying both sides by (a)(x).
Formulas (25), (26), (27) and (28) can be obtained in the same way.
As an example, we prove (27). From (21),

iﬂ@ﬂ@l:[_ z (w2/2)* ns (xz/2)’°] exp( x) .

0 k) 2a i K@+ 1), | ioo kla), 2

By differentiating both sides of the above equation with respect to z
and multiplying both side by z, we have

& (=2/2) Li(z) _ _x\[ 2 & (/2 w2 (x2/2)
& D), P ( 2>[22a B TatD), 2 5 k)
r O (w2[2)f  x & (wz/2)F

© 2a i Blat1),  2a = (k—1)(at1),

1 __(%2[2)"
T D)@, ] '

Since

x? i (xz/2)F —(a+1) x* i (x2/2)* 1z x? i (xz/2)*!

g #=0 El(a+1), 2(a), i=0 kl(a+2),  2%a)s i=t (k—1)!(@+8)e;
T @22 x & (wz/2) @ 2 (xzf2)k!
2 5 i), 2a i Rt Dy 5y 2 = Dlat 2
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(27) follows by simple calculation.

Note. In Section 3, we sometimes need the following type of sum-
mations. For example,

xa—l oo ( x/z)kLu+5(z) xa-l i ( x/z)kLa+3(z)

@ o G—B@, | @ G |

The first sum is obtained in the following way.
L o (=22 L) _ (—=/2)*Li**(2)
i) 2 =)t e, T H@) 3 (@t 4),
=h2a+l2—2h2a+10+h’2¢+3 .

The second sum is obtained in the following way.
z & (—/2)* i) _ (=2/2)*Li*(2)
T aT®) St 2® D,
= —2hsar 12+ (82— a—4)hsa s
—(32—2{1—8)h2,+°+(z—a—4)h2,+, B

3. Derivation of the asymptotic probability density function of 77

In this section, we denote n, by n.
Let us write

(30) r=nT=T7.
Then the p.d.f. f(x) of x =T; is represented by (31),

nz mn/ZFm((n +n2)/2) mn/2—1
®1) Tomgd(mnfz) (S

S 1 n/2-p
xk2=0 k!(mn/2)k<_ :;) E (n—iz-m) LEHS) -

This series is convergent for |x|<m,.
Using a Stirling-type asymptotic expansion, we have

nym™2 m((n+nz)/2) 1
) [(my/2)[(mnf2) — 2" (mn/2) [ ('n m—1) -2

X {3m"n—2m’(3n —3n+4)
+3m(nt—2n*+5n—4)—8ni+12n+4}

+oqm)

96%2

(33) (”—J;”’2->‘=(%)k[1+—;1;{al(~)+nk}
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+ eiw {8(k) — ay(k) + 6n(k — 1)ay(x) + 31k (k— 1) +- k)

+o(t/m)] .

Therefore, by inserting (32) and (33) into (31), we obtain the asymptotic
expansion of the p.d.f. of # up to order 2.

wmn/z—l oo 1 x k n/i-p,
B e (=8 S ) k!(mn/Z)k<__2—> [Z‘. Lr-3(S)

{8 trnln—m—1)+ 4@+ ni} L2 S) |
Mg \ =

+-—1—-{2 {mn{3min—2m¥(3nt—3n+4)
96n; ¢

+3m(n®—2n*+5n—4)—8n*+12n+4} +24dmn(n—m—1)
X {a(x)+nk} +16 {3a}(x) — ay(x)+6n(k—1)a,(x)

+ 30kl — 1)+ L2(S) | +O(/m) |

The next problem is to calculate each term by using the previous
lemmas in Section 2.

(i) The first term is obvious from (20) and Lemma 1.
_ gt & (—x/2)F n/2—p
(35) U (=5) e mn/2) 2 Flmm2), = =)

—etr(—S)__&™* 1 _x) 5 (wtr§/2)
=etr (—S) A (mm2) exp( 2) = kl(mn/2),

=gma(®; tr S) .
(ii) The term of order 1/n,:
From (10), (20), (21) and (22),

xmn/2—l

< ( - mlz)k n/23— P,
Zmn/zr(m,n/z) ;‘5;‘:) k!(m’n/Z)k ; ad(’C)L,/ (S)

(36) etr (—S)

=%{mn(n+m+1)—4(n+m+1) tr S+4tr 8%} gmnis

+ {(n+m+1) tr S—2 tr Sz}gmn+6+tr S2gmn+8 ’

and from Lemma 4, (25),
xmn/Z—l

- ( - x/ 2)k n/2— D,
2m2 [ (mn/2) E kl(mmn/2), 2 kLIPS)

=—tr ngn+4+ (tr S——";—n‘>gmn+2 .

37) etr (—S)
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Hence, by combining these results, we have the term of order 1.

(38) Ay=mn(n—m—1)gn,—2n(mn—2 tr S)gmns2
+ {mn(n+m+1)—4@n+m+1) tr S+4 tr S*} gmnss
+4{(n+m+1) tr S—2 tr S} gnnrst+4 tr Smass -
(iii) The term of order 2:
From Lemma 3, Lemma 4 and Note, we have the following formulas.

xmn/z—l ©

(— x/2)k 2 n/2—p,
2mn/2]“'(mn/2) &= k!(’m'n/2)k Z‘] al(K)L,/ (S)

[mn{(m+1n+m+3} —4{(m+1m+m+3} tr S

(39) etr(—S)

|

44 tr S*4+4(tr S)] gm.“—% [mn {n*+3(m+1)n+m?

+3m+4} —2{8n*+10(m+1)n+3m*+10m+15} tr S
+4{4(tr S)*+Bm+3n+T7) tr S*} —8 tr S*1gmn+s

+—1% [mn {mn®+2(m*+m+4)n* 4+ (m*+2m?* 4+ 20m +21)n

+4(2m2+5m+5)} —8{mn*+2(m*+m+T)n’
+(m*+2m*+39m + 38)yn+2(Tm*+19m +-22)} tr S
+16{n*4-2(m+1)n+m?+2m+20}(tr S)*
+8{mn*+(m*+m+44)n+44m+82} tr S?
—32{(n+m~+1) tr S tr S?+10 tr S*} +-16(tr S*)’1gmn+s

+%[{m’n’+2(’m2+m+4)n’+(m’+2m2+21m+20)n

+4(2m?+5m4-5)} tr S—4{n'+2(m+1)n+m?+2m4-10}
X (tr Sy —2{mn?+(m*+m+26)n+26m+44} tr S*
+12{(m+n+1) tr S tr S*+6 tr S*} —8(tr S*)*1gmnr 0

+—;-[2{n2+2(m+1)n+m’+2m+7} (tr S)?

+ {mn*+(m*+m+20)n+20m+32} tr S*
—4{3(n+m+1) tr Str S*+14 tr S*} +12(tr S*)*1gmns1z
+2[(n+m+1) tr S tr S*+4 tr S*—2(tr S**1gnnins
+(tr S gmnste -

AR 3 B /) Y0 Y 7

(40) etr (‘_S) 2”‘”’2['(’”&”/2) k=0 k!(mnlz)k €

=——;—{mn-—2 tr S}g,m2+%[3mn{(m+1)n+m+3}
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—4{3(m+1)n+3m+10} tr S+12{(tr S)*+tr S} Gmnsa
—%[mn{n’+3(m+l)n+mz+3m+4} —6{n*+4(m+1)n

+m?*+4m+T} tr S+12{2(tr S)*+(n+m+3) tr S}

—81tr S*1gmnrs—3[{n*+8(m+1)n+m?+3m+4} tr S

—{5(tr S)*+(4m+4n+9) tr S} +4 tr S*1gmnss
—6[(tr S)*+(n+m+2) tr S*—2 tr S*]gpns10—4 tr S*Gpnssz -

. xmnlz—l L (_xlz)k _ afp,
(41)  etr(=8) i —] ) TEeT k(k—1) 33 L*-2(S)

=(tr 8)gmnrst+ {(mn+2) tr S—2(tr S)*} gmnss
+% {mn(mn+2)—4(mn+2) tr S+4(tr S)*}gpnis -

Ly amt o (—mf2F AL
(1) etr (=) o B iy, ¢~ D DL ()

[mu(n+m+1)—4(n+m-+1) tr S+4 tr S*)gmnis

N

——;-[mn(n+m+1)(mn+4)—2(n+m+1)(3mn+16) tr S
+4{2(n+m+1)(tr S+ (mn+12) tr S*} —8 tr S tr S*]gmass

—%[3(n+m+1)(mn+4) tr S—8(n+m+1)(tr Sy
—4(mn+9) tr S*+12tr S tr S g,ns

—_;. [2(n+m+1)(tr S+ (mn+8) tr S2—6 tr S tr S gmmim

—tr Str S*gontss -

Combining (35), (36), (37), (39), (40), (41) and (42) with (34), and ar-
ranging them appropriately, we obtain the term of order 2 in the fol-
lowing form.

43)  A,=mn{3mn*—2(3m*+3m+4)n’+3(m*+2m?+5m +4)n—8m?

—12m+4}gn.—12mn*(n—m—1)(mn—2 tr S)gpnse

+6n[mn {3mn*+8n—(m+1)(m*+m—4)} —4 {dmn?
—(m*+m—8)n—(m*+2m*—3m—4)} tr S+8n(tr S)?
+4{mn—(m*+m—4)} tr S*1gpmnrs—4[mn {3mn?
+(@m*+3m+16)n*+24(m +1)n +4(m*+3m+4)}
—6{6mn’+3(m*+m +8)nt — (m +2m*—2Tm —28)n
+4(m*+3m+4)} tr S+24{2n*+(m+1)n+2}(tr S)?
+12{2mn*—(m*+m—16)n+4(m+2)} tr S*—24n tr S tr S?
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—82 tr 8% gpnss+ 3[mn {mnt+2(mi+m+4)n?
+(mP4+2m*+21m +20)n 4+ 4(2m?+5m +5)} —8{4dmn?
+(EmP+5m+24)n+(mP+2mE+45m+-44)n
+4(8m*+8m+9)} tr S+16{6n:+6(m+1)n+m’
+2m+15}(tr S)*+16 {3mnt+36n+18m+32} tr S*
—32{4n+m-+1} tr S tr S —256 tr S*+16(tr SE1gmnis

+24[ {mn* +2(m 4+ m +n'+(m*+2m* +21m +20)n
+4(2m*+-5m+5)} tr S—4{2n*+3(m+1)n+m?
+2m+9}(tr S —2{2mn’+(mi*+m+32)n+8(83m +5)} tr St
+12(2n+m+1) tr S tr S?4-64 tr S*—8(tr S 1gmas10

+8[6 {n*+2(m +1)n+m?+2m+ T} (tr S)!+3{mn®
+(mi+m+20)n+20m+32} tr S’ —12(4n+3m+3) tr S tr S?
—160 tr S*+36(tr S gmns12+96[(n+m+1) tr S tr S?
+4 tr 8'—2(tr 8*)*1gnnsut+48(Lr S*)’Gmnsis -

Hence we have obtained an asymptotic expansion of the probability
density funection of T¢ as far as the term in n;%
We summarize our results in

THEOREM. Let S, and S, be independent Wishart matrixz with n and
ny degrees of freedom, and let S, have a non-centrality parameter matrix
S. Then the asymptotic expansion of the probability density function of
a generalized Hotelling’s Ti=m,tr S,S;' which is only valid for 0 Te<m,
1s given by

F@) =gz, tr S)+-A_y A

1/n3),
in, | ogm TOWm)

where g, (x,tr S) is a probability density function of a mon-central X
variable with mn degrees of freedom and mon-centrality parameter tr S.
A, and A; are given by (38) and (43), respectively.

Note. It should be noted that the coefficients of each chi-square
probability density function are in a slightly different form from the
ones of Siotani [12]. However, by rearranging the variables of each
coefficients, we have the same results as Siotani’s.
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